Research on Bayesian Network Learning Based on Optimizing Fringe Search
Abstract 
	How to construct Bayesian network (BN) efficiently and accurately is a hot research topic in the area of artificial intelligence. A classical BN learning method uses A* algorithm to find the best path from the starting node to the target node in the order graph of all the variables. This method maintains the search boundary using the open list and priority queue. Although this method can effectively find the optimal path, the cost of maintaining the priority queue is very huge, resulting in requiring large memory. In addition, this method is inefficient and can only process limited number of variables. IDA* is a variant of A* search algorithm, which is a search method based on non-information iterative depth first search strategy. In the search process of the algorithm, every iteration needs to repeat all operations of the previous iteration, so that the memory utilization is lower than A*, but large number of nodes need to be visited repeatedly. In order to solve the above problems, this paper proposes a Bayesian network learning method based on optimizing fringe search (Fringe BN). 
1. Introduction
Today is an era of huge data. With the rapid development of science and technology, data of various industries keep emerging, and the amount of data is rapidly expanding, which not only provides abundant data sources for our scientific research, but also brings unprecedented research opportunities. Due to the complexity of domain problems, randomness of data in the process of data generation, imprecision of human understanding of the problem and the existence of some potential interference factors in the process of data acquisition, the data has the characteristics of high complexity and a lot of uncertainty. On the other hand, with the continuous improvement of human knowledge level, the dimension of data is also increasing. These characteristics bring great challenges to our research and mastery of data laws. Therefore, the research on representation, inference and learning methods of uncertain problems based on high-dimensional data, so as to extract useful data information efficiently and quickly, has become an important scientific problem urgently to be solved.
Bayesian Network; BN) is one of the most effective methods to study high-dimensional uncertainty problems, and its application has penetrated into various branches of all walks of life, such as: Medical diagnosis (Path Finder network, Child network, ALARM network, etc.), industry (product design, reliability analysis, etc.), financial analysis (securities risk and return, venture investment decision-making, etc.), computer systems (spam filtering, computer system fault diagnosis, etc.), military (target recognition, etc.), ecology (tree regeneration assessment, etc.), bioinformatics (gene linkage analysis, etc.), coding (channel coding, etc.), machine learning (naive Bayes model, etc.), temporal data and dynamic model (dynamic Bayes model, etc.). It can be seen that innovative research on the theory and method of Bayesian network and scientific construction of more effective models and algorithms will effectively promote the ability and efficiency of solving problems in the practical field.
As a probabilistic graph model, Bayesian network not only organically combines graph theory with probability theory, which is convenient for us to intuitively understand its internal mechanism, but more importantly, it has a solid mathematical foundation, which is conducive to its in-depth development in theory. Since it was proposed by Pearl in 1988, the basic theory of Bayesian network (structure learning, parameter learning, posterior inference) has been perfected. However, as structure learning is NP-complete and the data dimension is increasing (the data dimension may be far larger than the data size due to the limitations of some practical problems due to their attributes), the structure learning methods in literature are gradually unable to meet the needs of practical problems. The topic studied in this paper is precisely aimed at this urgent need and put forward.
Bayesian network, also known as causal network or probabilistic network, is developed to solve the uncertainties in the field of artificial intelligence. It was first proposed by Pearl in the form of graph model, which describes the relationship between variables through the probability-based graph model. This direct dependence relationship is represented by directed fringes between nodes. Each node corresponds to the random variable in the problem domain, whose value is the state of the node, and the solution is obtained through the abstraction of the problem. At present, Bayesian network is one of the most effective theoretical models in the field of uncertain knowledge expression and inference (Cooper et al. 1992). The combination of probability theory and graph theory knowledge into graph model structure enables the solution to have stable mathematical logic foundation and flexible inference mode, and the way of knowledge acquisition is more efficient and efficient. Bayes network has good logical reasoning ability and acceptability. In view of uncertain problems, it combines qualitative analysis with quantitative analysis to find a model structure beneficial to researchers, so as to optimize people's decision-making and evaluation behavior. At present, Bayesian networks have been applied in many fields, such as medical diagnosis, language understanding, speech recognition, pattern recognition, data mining, artificial intelligence, financial analysis and so on. How to construct Bayesian networks efficiently and accurately has attracted the attention of many scholars and become a research hotspot in the field of artificial intelligence.
The main work is as follows:
	 (1) In this paper, a bidirectional linked list structure is adopted to store search boundaries to avoid repeated access to a large number of nodes and eliminate IDA* repetitive state. The order of nodes of bidirectional linked list is optimized in fringe search, the flag bit is used to avoid sorting nodes, and the better nodes are rapidly expanded through local optimization.
	 (2) According to the characteristics of BN, this paper optimizes the method of dynamic threshold adjustment. It is helpful to select an appropriate number of excellent nodes to expand, so as to shorten the time of node expansion and improve the accuracy of node expansion. Experimental results show that the Fringe BN algorithm can not only process more variable data, but also improve computational accuracy and efficiency.
2. Literature Review
	The structure learning of Bayesian networks refers to the process of finding a network structure that best matches the sample set under the condition of a certain number of sample sets. Bayesian network structure learning is a NP hard problem, and the learning time increases exponentially with the increase of nodes. There are three kinds of bayesian network structure learning methods: constraint-based method, scoring based method and hybrid method. The constraint-based method firstly makes use of statistics or information theory to quantitatively analyze the dependencies among variables, and then looks for a network model consistent with the independence of these conditions and dependencies (Li Weiwei, 2009). The representative methods mainly include TPDA (Cheng et al. 1997), Incremental Association Markov Blanket (IAMB), Interleaved Incremental Association (Inter-IAMB), Max-min Parents & Children, MMPC) (Junyi et al. 2014), HPC (Gasse et al. 2014). The main differences between these methods are the learning strategies of Markov chains and the testing methods of conditional independence. The constraint-based method is simple and has better learning performance and is easy to find the global optimal solution. However, when dealing with high-order conditional independence test, this kind of method is very computationally intensive and the results are not reliable. The scoring - based search method mainly includes scoring function and search strategy. These methods first identify all possible network structures, and then score all these possible structures to find the network structure with the highest score. Although scoring search method can search more accurate network structure, when the number of nodes increases, the possible graph structure will become more and more, resulting in a large search space, and this method is prone to fall into local optimization, thus affecting the accuracy of network construction (Zhu Mingmin, 2013). At present, several heuristic search strategies have been applied to the scoring search bayesian network learning method, including K2 algorithm (Cooper et al. 1992), K3 algorithm (Remco et al. 1994), Hill-climbing algorithm (HC) (Tsamardinos et al. 2006), tabu search (Tabu), Simulated annealing algorithm (SA) (Kirkpatrick et al. 1983), Integer Linear Programming (Bartlett et al. 2017), K-tree sampling (Nie et al. 2015; Nie et al. 2017), and constraint relationship (Li et al. 2018; Liao et al. 2019), entropy-based algorithm (De Campos et al. 2018; Scanagatta et al. 2018), order-based search algorithm (Niinimaki et al. 2016; Behjati et al. 2018), Variable grouping (Parviainen et al. 2017), Score-based Markov Blanket (Gao et al. 2017). Commonly used BN scoring functions mainly include BIC scoring (Bayesian Information Criterion)(Schwarz 1978), AIC scoring (Akaike Information Criterion)(Akaike 1974), BDe Scoring (Bayesian Dirichlet-Likelihood velence)(Heckerman et al. 1995), MDL scoring (Minimum Description Length)(Lam and Bacchus 1994), BDeu scoring (Bayesian Dirichlet Equivalent Uniform), etc. The hybrid algorithm first obtains the initial network by constraint-based learning method, and then further optimizes the network structure by scoring search method. This method combines the advantages of constraint - based and scoring - based search, and has high learning efficiency and can often obtain a better network structure.
	Using open list and closed list, A* algorithm can perform better search, and then build smaller search trees. However, this method requires large storage space to store intermediate variables. IDA* is A variant of A* search algorithm, which is an informative search method based on the idea of no-information iterative depth-first search strategy (Korf, 1985). In the search process of the algorithm, each iteration needs to repeat all the operations of the previous iteration. This approach uses iterative deepening to keep memory utilization below A*. IDA* 's low-storage processing scheme results in the need to repeatedly access a large number of nodes with no ability to detect duplicate state. The fringe search algorithm is A new algorithm that balances the time and space constraints between A* and IDA* (Bjornsson et al. 2005). Fringe search eliminates the cost of IDA* iteration deepening by tracking the nodes that expand. Meanwhile, the fringe nodes are no longer kept in a fixed order in the fringe search method. So in extreme cases, the fringe search algorithm can extend the boundary nodes in exactly the same order as IDA*, or in exactly the same order as A* algorithm.
3. Methods:
3.1 The research methods
	In view of the problems of a-star using open and close list to store intermediate variables, resulting in A large amount of memory overhead, depth first traversal in wrong path, this paper proposes A Bayesian network structure learning method to optimize fringe search, and optimizes the search strategy by changing traversal mode and limiting the search depth by threshold value. The memory capacity, running time and accuracy evaluation of bayesian network results are improved.
	First, understand the research status of this topic, search literature and study the existing algorithms, make an in-depth study of the previous search strategy, and consider its shortcomings and optimization, such as the high cost of a-Star algorithm to maintain open and closed lists. Second, the existing algorithm is optimized from the aspects of expanding node mode, intermediate variable storage structure, expanding node depth limit, etc., so that the algorithm can build bayesian network more efficiently. Third, summarize according to the experimental results and data.
	In the fringe search algorithm, the nodes in the linked list do not have to be sorted in the optimal order, which is an advantage over A*. But the fringe search algorithm has the following three shortcomings :(1) the now list may contain many nodes with bad F value, resulting in the consumption of a large amount of storage space. (2) Unreasonable threshold setting method leads to the need to traverse a large number of nodes, and the inability to effectively distinguish the quality of nodes and the tendency to miss better target nodes, thus affecting the accuracy of Bayesian network construction. (3) Fringe search stops when the target node is found for the first time, resulting in missing a better path to the target node. In order to solve the above problems, this paper proposes an optimized fringe search method for constructing bayesian networks efficiently and accurately. On the one hand, the storage order of nodes in the bidirectional linked list is optimized to avoid sorting the nodes in the linked list. On the other hand, this paper proposes a dynamic threshold setting method for optimization. Without affecting the accuracy, the temporal and spatial complexity of the algorithm is greatly reduced.
3.2 Bayesian network
The Bayesian network is expressed as BN=(G, P), G=(V, E). V stands for node-set, V={X1, X2... , Xn}. E stands for directed edge set. P represents the conditional probability distribution between nodes. The edge between the variable Xj and Xi represents the dependence between Xj and Xi, and Xj is called the parent node of Xi. Expressed in Pai Xi parent set, the dependent relationships between Xi and Pai can use the conditional probability distribution P (Xi | Pai) to quantify. The joint probability distribution in the network represented by G can be decomposed into the product of all conditional probabilities As shown in Formula (1) :
                    (1)
Commonly used scoring functions include K2 score, BD score, MDL score, BIC score and so on. BIC score function is an approximate calculation of edge likelihood function under the premise of large sample size. For n variables X={X1, X2... , Xn} bayesian network G, where node Xi has ri values, namely 1, 2... , ri, and the value of the parent node Pai has a total of QI combinations, namely, 1, 2... , qi. If Xi has no parent, then QI =1. BIC score function of network structure G is shown in Formula (2) :
    (2)
In Formula (2), the first term represents the logarithmic likelihood estimation of G of The Bayesian network, which is used to measure the degree of fit of G. The second term represents the penalty for model complexity.
3.3 Bayesian network learning algorithm A*
A* algorithm (Hart et al. 1968) is A famous state space search method, which is often used to solve the shortest path search problem in ordered graphs. The cost of each node U in the figure is expressed as F(U)=G(U)+H(U), where G(U) represents the cost of the shortest distance from the initial node to node U, and H(U) represents the approximate cost estimate from node U to the target node.
(1) Structural ordered diagram
As shown above, Yuan et al. Transformed the search for the optimal parent set node for each node into the search for the optimal path, and learned the optimal Bayesian network using A* method (Yuan et al. 2013; Yuan et al. 2011;  Fan et al. 2015). The ordered graph of the four variables {X0, X1, X2, X3} is shown in Figure 1:


Fig.1 The order graph of four variables {X0, X1, X2, X3}
In Figure 1, the shortest path from the start node {} to the target node {X0, X1, X2, X3} represents a Bayesian network structure. Edges between nodes represent parent-child relationships between variables; for example, edges {X1}→{X1, X2} indicate that the parent set of variable X2 is in {X1}. A path is constructed by adding a new variable {X} to an existing set of variables U to generate a new node U∪{X} during optimal path exploration for an ordered graph. The cost of the edge is equal to the fraction of the subset in U as the parent set (i.e., Pax) of variable X. The fraction of the optimal parent set Pax needs to consider all subsets of variables in U, as shown in Formula (3). For example, the arc between the nodes {X1, X2} and {X1, X2, X3} is equal to the cost of BestScore(X3,{X1, X2}).
               (3)
(2)  Use A* to obtain the shortest path
In the ordered graph, the states of all nodes can be divided into three categories: original state, state to be expanded and state to be expanded. In this method, open list is used to store the nodes to be expanded, and closed list is used to store the nodes to be expanded. Initially, all nodes are in their original state. Expand the starting point and place it on the open list. The open list is generally stored by priority queue, which stores each node Xi in descending order according to F(Xi) value.
At each node expansion, select the first node {Xi,... , Xj}, and extend its adjacent nodes {Xi, Xj... , Xk}, save these nodes to the open list. At the end of expansion, the node {Xi,... , Xj} to the close list. When the node {Xi,... When Xj} is saved to the closed list, it does not need to be expanded later. Obviously, there will be duplicated nodes in the expansion process, for example, from the node {X1} can be expanded out of the node {X1, X2}, from the node {X2} can also be expanded out of the node {X1, X2}. Therefore, each extended node {Xi, Xj... , Xk} to determine whether it is in the open list. If {Xi, Xj... ,Xk} is not in the open list, it is saved to the open list. If the node {Xi, Xj... , Xk} is already in the open list, further determine whether the node is in the closed list. If present, discard the node {Xi, Xj... , Xk}. The A* algorithm follows the optimal expansion rule, and the nodes that are expanded first are better than those that are expanded later. If the node {Xi, Xj... , Xk} is not in the closed list, then it will be stored in the open list node {Xi ', Xj ',... , Xk '} cost comparison. If the current node {Xi, Xj... , the G value of Xk} is larger, indicating that it is a bad node and should be discarded. Otherwise, it represents {Xi, Xj... , Xk} is a superior node, which is added to the open list in the hope that it will develop a better path. Judging the duplicate nodes by closing the list can effectively speed up the expansion to the target node and greatly reduce the storage space.
As shown in Figure 1, node {X0, X3} can be expanded out of node {X0, X1, X3}. If {X0, X1, X3} is not in the open list, it will be stored in the open list for the next expansion. When you extend the node {X1, X3}, the resulting child node {X0, X1, X3} is already in the open list. At this point, you need to compare the costs of the two {X0, X1, X3} nodes. If the value of G({X0, X1, X3}) of node {X0, X3} extended from {X0, X3} is higher, indicating that it is a bad node, then {X0, X1, X3} in the open list will be updated. In addition, at each expansion node {Xi, Xj... Before Xk}, the node {Xi, Xj... ,Xk} is the destination. If it is a target node, an optimal path is found from the start point to the end point. When an optimal path is obtained, the highest scoring Bayesian network is obtained through the parent-child relationship between variables represented by each edge.
(3) Heuristic function
In A* algorithm, the definition of the heuristic function H(v) is shown in Formula (4). The heuristic function calculates the estimated value from the current node V to the destination node by summing up the corresponding scoring value of the optimal parent set of the remaining nodes (Yuan et al. 2012), and then uses H(v) to assist in selecting the optimal parent set of variable V.
                (4)
It can be seen that the selection of an optimal heuristic function H(v) is very important for the selection of optimal nodes. A heuristic function function is acceptable when the function estimate is always less than the actual cost. Based on the calculated G(v) and H(v), F(v) provides the best estimate of the cost of possible paths through node V, thus better finding the shortest path.
3.4 Fringe Search
Using open list and closed list, A* algorithm can perform better search, and then build smaller search trees. However, this method requires large storage space to store intermediate variables. IDA* is A variant of A* search algorithm, which is an informative search method based on the idea of no-information iterative depth-first search strategy (Korf, 1985). In the search process of the algorithm, each iteration needs to repeat all the operations of the previous iteration. This approach uses iterative deepening to keep memory utilization below A*. IDA* 's low-storage processing scheme results in the need to repeatedly access a large number of nodes with no ability to detect duplicate state. The edge search algorithm is A new algorithm that balances the time and space constraints between A* and IDA* (Bjornsson et al. 2005). Edge search eliminates the cost of IDA* iteration deepening by tracking the nodes that expand. Meanwhile, the edge nodes are no longer kept in a fixed order in the edge search method. So in extreme cases, the edge search algorithm can extend the boundary nodes in exactly the same order as IDA*, or in exactly the same order as A* algorithm.
Fringe search preserves the boundaries of the search, saving time with a small amount of space. There are three types of nodes in Figure 2: extended node (blue), extended node (gray) and visiting node (red). The boundary node at the beginning of each iteration is the leaf node between all access nodes, including extended nodes, extension nodes and access nodes. For example, the boundary node in Figure 2(1) is (N1, N4, N5, N6), and the boundary node in Figure 2(2) is (N1, N4, N7, N8, N6). Each branch in the figure has path costs. The G(v) value of node V is the sum of path costs. The H(v) value represented by the heuristic function is the number of moves needed to reach the bottom of the tree. The threshold is accumulated during each iteration. When the G(v)+H(v) value of node V is greater than the threshold, it indicates that V is a bad node and is saved to the next iteration. In Figure 2, the three leaf nodes generated by the first iteration are N1, N2, and N3. In the second iteration, F(N1) of node N1 is greater than the threshold, so it is reserved and not expanded. Leaf nodes N4, N5, N6 were derived from nodes N2 and N3. In the process of the third iteration, the F value of nodes N1, N4 and N6 is greater than the threshold. Leaf nodes N7 and N8 are derived from node N5. Finally, the node N8 is extended to obtain the target node N9.



Fig.2 Traversing nodes in Fringe search
3.5 Edge search extension model
Edge search uses two lists: the now list for the current iteration and the next list for the next iteration. In algorithm implementation, bidirectional linked lists are usually used to store the above two kinds of lists. At the front of the list is the Next list and at the back is the Now list. At the start of the algorithm, there are only start nodes in the NOW list, and the next list is empty. In each iteration, the now list is traversed to find suitable nodes to expand, and the generated child nodes are placed after the current node to wait for access. If no target is found at the end of the iteration, the now and Next lists are swapped. The NOW list is then iterated until the target node is found.


Fig.3 The iteration process of the linked list in fringe search
In FIG. 2(2), the search boundary nodes before iteration are (N1, N4, N5, N6), as shown in FIG. 3. The nodes in the NOW list {N1, N4, N5, N6} are then traversed sequentially. First, the nodes {N1, N4} with an F value greater than the threshold are stored at the end of the Next list, as shown in the second line in Figure 3. Second, N5 will be extended and removed from the NOW list. The child nodes {N7, N8} from N5 are stored at the head of the NOW list, so node 6 is accessed after them, as shown in the third line in Figure 3. Finally, because the F values of N7, N8, and N6 are relatively poor, they are stored at the end of the Next list, as shown in the fourth line in Figure 3. At this point, the iteration is complete. Every node in the list is accessed, but only the good ones are extended. When the iteration is complete, the NOW list will be empty. If the target node is not found, the threshold is increased. Then change the Next list to the Now list and start the next iteration.
3.6 FringeBN algorithm
In the edge search algorithm, the nodes in the linked list do not have to be sorted in the optimal order, which is an advantage over A*. But the edge search algorithm has the following three shortcomings :(1) the now list may contain many nodes with bad F value, resulting in the consumption of a large amount of storage space. (2) Unreasonable threshold setting method leads to the need to traverse a large number of nodes, and the inability to effectively distinguish the quality of nodes and the tendency to miss better target nodes, thus affecting the accuracy of Bayesian network construction. (3) Edge search stops when the target node is found for the first time, resulting in missing a better path to the target node. In order to solve the above problems, this paper proposes an optimized edge search method for constructing bayesian networks efficiently and accurately. On the one hand, the storage order of nodes in the bidirectional linked list is optimized to avoid sorting the nodes in the linked list. On the other hand, this paper proposes a dynamic threshold setting method for optimization. Without affecting the accuracy, the temporal and spatial complexity of the algorithm is greatly reduced.
3.6 Reverse figure
In the ordered graph, this paper selects the parent set with the highest score for variable X by scanning all candidate parent sets. That is, you need to compute all subsets of V\{X} and store the corresponding BN scores for those subsets. Attack needs to store a BN score and parent set. In order to save memory space and improve computing efficiency, this paper sorted all the optimal parent fractions of each variable X, and used bit vectors and bit operations to query the optimal parent set (Yuan et al. 2013). The arc {X1, X2, X3}→{X0, X1, X2, X3} indicates that variable X0 is a leaf node in the subnetwork, and the cost of this arc is BestScore(X0, {X1, X2, X3}). Table 1 shows a partially sorted list of the best scores for the X0 parent set.
Table 1. Partial sorted scores of parent sets for X0
	
	{X1, X2, X3}
	{X2, X3}
	{X1, X3}
	{X1, X2}
	{X1}

	
	6
	9
	12
	15
	17


By scanning the list of variables X, we get that the first parent set is the optimal parent set. This paper uses bit vectors and bit operations to remove non-candidate variables. First, bitvectors are used to store the best parent set of X, and then bitwise operations are used to delete one non-candidate variable at a time (Yuan et al. 2013). Table 2 shows the bit vectors for finding the best parent set for X0. The 1 "in the parents_{X_0}^{X_i} line indicates that the current parent set contains Xi, and the 0" indicates that the current parent set does not contain Xi. In Table 2, the parent set of X0 has only one parent set {X1}, which contains neither X2 nor X3.

Table 2. The bit vectors parentsX(X0) of X0
	
	{X1, X2, X3}
	{X2, X3}
	{X1, X3}
	{X1, X2}
	{X1}

	
	1
	0
	1
	1
	1

	
	1
	1
	0
	1
	0

	
	1
	1
	1
	0
	0


Table 3 shows the bitwise operation results after deleting the parent set including X1 of variable X0 using bitwise vectors. The initial vector value in line  is "1". The "1" in line  indicates that the current parent set does not contain variable X1, and the "0" indicates that the current parent set contains variable X1. The bit operation  removes variable X1 from the parent set of X0, as shown in line .
Table 3. The bitwise operation results of excluding parent sets including X1
	
	{X1, X2, X3}
	{X2, X3}
	{X1, X3}
	{X1, X2}
	{X1}

	
	1
	1
	1
	1
	1

	
	0
	1
	0
	0
	0

	
	0
	1
	0
	0
	0


It can be seen that the first candidate parent set of X0 is {X1, X2, X3}. In order to calculate BestScore(X0, {X2, X3}), X1 only needs to be deleted by bit vector, as shown in Table 3. Similarly, when calculating BestScore(X0, {X3}), we only need to delete X2 based on the candidate parent set {X2, X3} by using the bit vector. As you can see, this method can take full advantage of the results of the previous steps by removing only one variable in each search step, thus improving the computational efficiency.
In ordered graphs, there is symmetry between the start node and the target node. The shortest path from the destination node to the start node is the same as the shortest path from the start node to the destination node. However, with the increase of the search level, a large number of variables will be added to the candidate parent set, thus greatly reducing the efficiency of the scanning method mentioned above. In order to solve this problem, this paper changed the inverse order graph into the inverse order graph (Malone et al. 2014). In the reverse diagram, the topmost node containing all variables is the start node, and the bottommost empty set is the target node. For example, an inverse diagram with three variables {X1, X2, X3} is shown in Figure 4. It is helpful to improve the efficiency of obtaining the optimal parent set of variables by bitwise operation by iterating from the opposite search direction in the inverse graph and gradually decreasing the number of variables.

 
Fig.4 The reverse order graph of {X1, X2, X3}

4. Results:
	The algorithm is tested by data sets with different number of nodes and samples, so that the optimized algorithm can construct Bayesian network efficiently and accurately. It is superior to other algorithms in terms of algorithm memory, search time and accuracy of network structure, and at the same time, it can run node sets with more variables on limited devices.
	Study the operation process and code details of A-Star algorithm, improve algorithm defects, test the impact of breadth, depth and other traversal methods on algorithm efficiency; Fringe search tests the difference in memory and search strategy between linear and nonlinear logical structure pairs. The depth of traversal nodes is restricted by threshold dynamic growth, and the optimal threshold coefficient is found. The typical Bayesian network graph was used to generate experimental data using Netica Bayesian network analysis software, and the performance differences of the optimization algorithm under different node numbers and different sample sizes were tested respectively. Finally, summarize the research results and make improvements again.
5. Evaluation:
	From 2011 to 2013, Yuan et al. studied bayesian network learning from the perspective of searching the shortest path. A* algorithm is used to find the shortest path between the starting node and the target node in the constructed ordered graph (Yuan et al. 2013; Yuan et al. 2011;  Fan et al. 2015). The algorithm only needs to search the most promising part of the solution space to obtain the optimal bayesian network structure. Using open and closed lists to store intermediate variables requires a large amount of computer memory to process a larger number of destination variables. In addition, the network construction efficiency of this method is relatively low. In order to solve the above problems, this paper proposes a Bayesian network learning method (FringeBN) based on optimized fringe search.
	Bayesian network is a combination of artificial intelligence, graph theory, decision analysis, probability theory and other knowledge. It has unique advantages in the expression and reasoning of uncertain knowledge by using intuitive graph structure to describe the conditional independent relationship between random variables. It has been successfully applied to machine learning, medical diagnosis, economic forecasting, artificial intelligence, data mining, statistical reasoning and other fields. However, with the continuous expansion of network scale, it is very difficult or even impossible to construct Bayesian network only based on expert domain knowledge. Based on this, learning bayesian network structure from data and inferential calculation has become the focus and difficulty of this research. Learning Bayesian network structure from data is to find the network structure that best fits the data set under the condition of given data set, which is also the main problem of this research topic.
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