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Nomenclature

						Amplitude Temperature (Celsius)
						Thermal Diffusivity (m2/s)
						Specific Heat (J/kg.K)
						Fourier Number
						Grid Spacing (metres)
						Thermal Conductivity (W/m.K)
						Density (kg/m3)
						Time (seconds)
						Timestep (seconds)
						Temperature at East Point at Current Time (C)
						Temperature at North Point at Current Time (C)
						Temperature at Current Point at Current Time (C)
						Temperature at Current Point at Next Timestep (C)
						Temperature at South Point at Current Time (C)
						Temperature at West Point at Current Time (C)
						Temperature at Point ‘x’ (C)
						Column Midpoint / Column at Peak Temperature
						Standard Deviation
						Laplacian Transform




1. Introduction
As part of the Advanced Computational Methods (ACM) third year module a required assignment was to create and analyse a Matlab script. Matlab is a mathematical based programming language centred around the use of matrices as a mode of calculation for differential equations. The software is used in a variety of fields including science and engineering due to its abilities to display graphical data and perform complex calculations which would otherwise take a long time to complete manually. This becomes useful in topics such as thermofluid mechanics and the thermal diffusion seen in this report where processes involving matrices are repeated a number of times in order to produce the final result.

The script to be created needed to model the process of heat transfer through a 2D aluminium plate until the plate reached equilibrium. The mathematics behind the script comes from the ‘Taylor Series’, Central Difference Approximation and the Finite Difference Method, specifically the explicit version of this method. The calculations for this involve choosing specific points in the plate (nodes) that would form a matrix and determine the temperatures at each node over a period of time using the temperatures of the nodes surrounding the chosen point.
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Figure 1 – Example of Notation in Finite Difference Method




2. Mathematics Behind the Programming
2.1 Taylor Series

The Taylor Series was created by mathematicians Brook Taylor and Colin Maclaurin and would form part of the main basis of the script alongside the Finite Difference Method (FDM). The series came from a new function being rewritten as a series of other functions being infinitely summed together as seen below in equation 1, simplified in equation 2 using summation form. The equation shown below in equation 2 is the expansion of f(x) about the point where x is equal to x0. This Taylor Series formula was then used in heat transfer calculations using difference approximations as seen below in section 2.2.


Equation 1


Equation 2
2.2 Difference Approximations
From the Taylor Series numerical differentiation can be implemented to approximate the first and second derivative of a function, these formulas are known as the forward, backward and central difference approximations. The difference approximations consider how the point in focus (x0) is affected by the other points around it with a space of ‘h’ in between. This will be known as the grid spacing between the nodes in the calculations for the Matlab script and will be very important later on.
The forward difference approximation takes the concept of x0 + h as the nearby point to x0 (replacing x in equations 1 & 2) as shown in equation 3. This is rearranged in equation 4 in order to produce the forward difference approximation for the first derivative of f(x0), f’(x0), in equation 5. As h gets smaller within the approximation then the accuracy increases meaning once h is equal to 0 the approximation becomes an exact formula.


Equation 3

Equation 4


Equation 5

Much like the forward difference approximation, the backward difference approximation is formed in the same way except the x0 + h now becomes x0 – h. Equation 6 shows the effect of this replacement with equation 7 showing what it looks like after being rearranged and equation 8 then showing the final backwards difference approximation for the first derivative of f(x0).


Equation 6


Equation 7


Equation 8

These two other approximations can be combined to give the central difference approximation by subtracting the formula in equation 6 from equation 3, seen in equation 9. This is then rearranged in equation 10 to show the final central difference approximation in equation 11. The central difference approximation is used as the primary discretisation method in this script as it has the smallest amount of error when compared to the other approximations, especially when h is at its smallest. It is also useful for determining temperatures at the boundaries using a simple method as will be shown later in the report.

Equation 9


Equation 10


Equation 11

From the first differential the second differential can also be calculated if instead of subtracting equation 6 from equation 3, the two are added together as shown in equation 12. This is then simplified in equation 13 and then rearranged in equation 14 to show the final approximation for the second derivative, as used in section 2.3.








 Equation 12


Equation 13


Equation 14

2.3 Finite Difference Method
The Finite Difference Method (FDM) uses the previously explained difference approximations in order to create formulae that can be used in the heat transfer calculations for conduction. These formulae constitute the explicit method of the time-dependent thermal diffusion model used in the created Matlab script. The model is developed from this original thermal diffusion equation (equation 15) that describes conduction in solids. The thermal diffusion equation is linked to the Laplacian transform equation shown in equation 16, which will form the basis of the new differential equations.


Equation 15


Equation 16
In this case the plate is only considered two-dimensional as opposed to three-dimensional and so the z aspect of the previous equation can be removed when discretising it. Hence, at the node where the temperature will be calculated (P), the central difference approximation for the second derivative is used on  and the forward difference approximation is used on  as shown below in equations 17-19. If these equations are inserted into the previously shown thermal diffusion equation (equation 15) this will give the formula for determining temperature at node P (equation 20), this is then rearranged to show the formula used when writing the Matlab script (equation 21).




Equations 17-19


Equation 20

Equation 21


The value of F0, shown in equations 20 and 21, is known as the Fourier number (formed using equation 22) and is crucial to determining the outcome of calculations and how reliable they are. The Fourier number is involved in the ‘stability criterion’ (equation 24) which is used in order to keep the temperature calculations from becoming unstable and keeping them reliable. The stability criterion also limits the value of the timestep () once both alpha and the grid spacing are fixed in order to keep the Fourier number from becoming too large.


Equation 22 & 23

 
Equation 24












3. Writing the Script

Following the understanding of the background mathematics behind the calculation process the next step was to begin coding the script itself within Matlab. One of the most important yet sometimes forgotten steps when creating a Matlab script is to begin it with the two commands shown at the very beginning of figure 2. Both commands are used as a means of keeping the workspace clear and maintaining an element of order as to make sure the code looks efficient when running. The first of these commands, ‘clc’, is used to clear the area known as the ‘command window’ which is where the code is executed, while the second command, ‘clear’, is used to clear all previously stored variables from a previously executed code. Figure 2 also shows the variables which were set in the first preparation section of the code before any complex calculations are conducted. Some of these represent previously shown formulae such as the variable ‘a’, while ‘t’ represents the starting time and ‘outeredge’ is used to store the temperature of the outside edges of the north boundary where the temperature will always stay at 10 degrees Celsius. The right-hand side of figure 2 shows the green text which is used when coding to keep track of what each line of code means for the code writer, it also helps to keep the code tidy, structured and easy to read. This can be shown throughout the full written code for this task but just an example of it is shown here.  
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Figure 2

[image: ]The next step following the creation of some variables was to write a piece of code which allows the user to input some values to be used within the calculations as seen in figure 3. The first two lines of figure 3 show the dimensions of the plate being stored after the user inputs them in the command window, these are then used to determine the number of columns using the grid spacing inputted on the next line. If statements are then used however in order to check if the value inputted by the user for the grid spacing is viable in relation to the grid dimensions in terms of size or divisibility. The maximum value of the timestep is then calculated using the maximum value of the Fourier number without breaking the stability criterion, this is used to warn the user of the maximum allowed value without stopping the code.







Figure 3
In figure 4 the Fourier number is calculated, and should the numbers previously inputted by the user break the stability criterion an error message is shown, with the process of the code broken. The number of columns and rows are also determined dividing the dimensions by the grid spacing and adding one to account for the column on the eastern boundary. 
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Figure 4
Following those previous steps, the final part of preparation coding involved setting the initial plate temperatures including the north boundary where the heat source was coming from. The first line in figure 5 creates a matrix with the size as set by the user and sets all the values in the matrix to zero using the ‘zeros’ function, while lines two and three set the north-western and north-eastern points to ten degrees Celsius. The if statement below those previous lines is then used to check if the number of columns is odd or even using the ‘rem’ or remainder function. This is used since the midpoint in matrices with even column numbers is in between the two middle columns, whereas in odd numbered matrices it sits directly in a column. The standard deviation can then be calculated using the formula in equation 26 rearranged from the formula used to determine temperature in equation 25, this is possible as the temperature and column number already being known for the previously given north-western point. The north boundary temperatures are then determined and outputted as part of the rest of the temperature matrix.

Equation 25

Equation 26
[image: ]








Figure 5
The entirety of figure 6 shows the calculation process used to determine the temperatures at each node in the plate at each time step. The first two lines of the code in the image show the variables used in the while loop being created and set at zero. The while loop then begins and is followed by for loops which repeat the temperature calculating process for each node in the matrix other than the ones on the north border which will remain at a constant temperature. It is not just the one formula from equation 21 however that is used in this script. This is due to the fact on boundary points some nodes do not exist in the matrix, for example on the southern boundary (i.e. the last row of the matrix) you cannot use the southern node from the line below as it does not physically exist. This poses an issue which is resolved by heading back to the formula for the first derivative formed by the central difference approximation (equation 11). At this point the derivative is equal to zero due to  being equal to zero. If for example, the eastern and western nodes are evaluated then these nodes can be shown to be equal to each other according to equations 27-29. This can then be used for the northern and southern nodes too. These if statements in figure 6 then check if the code has reached a boundary point (including corner points) and if so, they will use the node from the opposite side replacing the node which does not exist. If the code is not currently at a boundary point, then the standard formula from equation 21 is used.




Equations 27-29
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Figure 6
The final section of code in figure 7 begins by checking if the newly calculated plate is identical to the previously calculated plate and hence the plate will have reached thermal equilibrium. If this is the case the loop condition changes and hence the while loop is broken allowing the plate to be displayed via the last line of code. However, if the plate is not the same then these temperatures are stored in the ‘oldplate’ variable and the code returns to the top of the while loop (shown in figure 6) after showing the current plate temperatures and the time that has passed.
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Figure 7













4. Analysis & Evaluation

Once a script is complete it’s extremely important to conduct analysis of the script and test that firstly it works as intended, but also that it is as efficient as possible. The first test conducted is to check that all the error messages function as required so that the code is stopped before giving results which violate the rules of the formulae. Proof of each error message being tested and working correctly can be seen below. Figure 8 shows the dimensions error message being tested while figure 9 shows the grid dimensions error, the original code for both of these errors can be found in figure 3. Figure 10 meanwhile shows the stability criterion error working which is crucial to the calculations being reliable (the original code for this found in figure 4).
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Figure 8
[image: ]

Figure 9
[image: ]


Figure 10
In the previous paragraph it was mentioned that it is important to make the code as efficient as possible in order to not waste time writing defunct sections of code. The code originally stood at exactly 99 lines (including spaces), however since the first draft of the code some points for improvement were noticed and one of these can be seen below (figure 11 & 12). The screenshot shows two unneeded lines were removed in relation to the initial plate creation, instead an edit was made to the north boundary temperature calculations to include these two points without adding any extra lines of code.  
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[image: ]Figure 11 – Original Code






Figure 12 – Improved Code
Once these checks had been completed it is vital to check the validity of the calculation results as otherwise the code needs to be altered again. As seen in figure 13 the code does everything as required, calculating the boundary temperatures and then all other node temperatures up until they reach the thermal equilibrium point (they no longer change). 
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Figure 13 
[image: ]In order to analyse the results of the code some variables were altered while keeping all others constant to see if the expected results were produced. The first of these tests involved changing the grid spacing while keeping the starting plate temperatures, plate dimensions (4x4) and timestep (500 seconds) constant. Figures 14-16 show the results as the value of h changes. As h changes the column number changes as does the Fourier number, this is directly involved in calculating the node temperatures so this should have a direct effect on the end result. The trend shows that as h increases (the number of columns and rows decreases) the time taken for the plate to reach thermal equilibrium has increased even though the timestep has remained constant. As expected, there is a larger differential in temperatures between the nodes the smaller the number of columns due to the fact the nodes are measured much further away from each other in figure 16 than figure 14. For this reason, you would also expect the time taken to reach thermal equilibrium to be longer as there are much bigger gaps between the temperatures meaning it takes longer for the nodes to reach a midpoint. This is also why it is suggested in the code to give as small an h value as possible as the smaller gap between nodes gives a more accurate value as it’s much more like a real plate. Overall these results do show what was expected and hence prove the code to be reliable.




[image: ]Figure 14 – h=0.5
 


[image: ]Figure 15 – h=1


Figure 16 – h=2
The other test changed the timestep as opposed to the grid spacing, hence in this case the grid spacing (0.5m) remained the same as did the starting temperatures and plate dimensions, which remained identical from the previous test. Figures 17 and 18 show the difference in results when the timestep is increased from 250 seconds to 750 seconds however the midpoint of these values can be seen in figure 14 where the timestep is 500 seconds. The screenshots below show that as the timestep increases the plate takes a shorter amount of time to reach equilibrium, however unlike the previous test because the number of nodes does not change the plates are identical. The reason the plate takes a shorter amount of time is because the same number of iterations takes place however the time gap between them taking place is increased meaning the plate is then in the equilibrium state much quicker. 
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[image: ]Figure 17 – timestep=250




Figure 18 – timestep=750
Following these tests, it is proof that the code is reliable in terms of reaching equilibrium however it is by no means perfect and there are some drawbacks to the code. For example, should the timestep chosen by very small and the number of columns or rows by very high the code will take a very long time to reach its end point, however it will be very accurate when it reaches its end. If the code was to be improved it could address the previously mentioned point to complete the process quicker and it may be possible to include the option of a three-dimensional plate into the code. In conclusion, the code completed was a success in terms of validity and reliability but could be improved or expanded in some areas.
5. Appendix 1: Full Script
clc             %Clear Command Window
clear           %Clear workspace
 
k=143;          %Define thermal conductivity of aluminium (W/m.C)
p=(2.8*10^3);   %Define density of aluminium (kg/m^3)
c=795;          %Define specific heat of aluminium (J/kg.C)
A=60;           %Define amplitude temperature (Celsius)
a=(k/(p*c));    %Calculate thermal diffusivity (m^2/s)
t=0;            %Define starting time (Seconds)
outeredge=10;   %Define boundary edge temperature (Celsius)
 
xdim=input('Give the dimension of the plate along the x-axis: ');                                   %Define x dimension (metres)
ydim=input('Give the dimension of the plate along the y-axis: ');                                   %Define y dimension (metres)
 
h=input('Give a value for the grid spacing (give smallest values for most accurate results): ');    %Define grid spacing (metres)

if h>xdim || h>ydim
    disp('Error: The grid spacing is too large for the dimensions of the plate.')                   
%Make sure grid spacing fits into plate dimensions
    return
end
 
if rem(xdim,h)~=0 || rem(ydim,h)~=0
    disp('Error: The grid dimensions must be exactly divisible by the grid spacing.')               
%Make sure grid dimensions are exactly divisible by the grid dimensions
    return
end
 
maxt=((h^2)*0.25)/a;                                                                                %Calculate minimum grid spacing can be
disp(['Note: The maximum value for the timestep is ' num2str(maxt)])                                %Output warning for timestep size
timestep=input('Give a value for the time step: ');                                                 %Define timestep
 
Fourier=((a*timestep)/(h^2));                                                                       %Calculate Fourier number
 
nocolumns=(xdim/h)+1;                                                                               %Define number of columns
norows=(ydim/h)+1;                                                                                  %Define number of rows
 
if 0 > Fourier || Fourier > 0.25
    disp('The stability criterion was broken, try some different values.')                          
%If statement displays if stability criterion was broken
    return
end
 
plate = zeros(norows,nocolumns);                                                                    %Sets initial matrix for the plate
 
if rem(nocolumns,2) == 0                                                                            %Checks if nocolumns is even
    midpoint=(nocolumns/2)+0.5;                                                                     %Create variable for point at which north boundary temperature is highest if column number is even
else
    midpoint=round(nocolumns/2);                                                                    %Create variable for point at which north boundary temperature is highest if column number is odd
end
    standarddev=sqrt((-(1-midpoint)^2)/(2*log(outeredge/A)));                                       %Calculate standard deviation for north boundary temperatures
 
for icol=1:nocolumns
    plate(1,icol)=A*exp(-(((icol-midpoint)^2)/(2*(standarddev^2))));                                %Calculate boundary temperatures on north boundary (heat source)
end
 
disp('These are the starting temperatures on the plate: ')                                          %Displays starting temperatures for plate including boundary conditions
disp(plate)
 
oldplate=0;                                                                                         %Set variable for previos iteration plate temperature
loopcondition=0;                                                                                    %Sets variable for while loop condition
 
while loopcondition==0
    for irow = 2:norows
        for icol= 1:nocolumns
            if icol==nocolumns && irow~=norows                                                      %Eastern point - 2x west value as substitute
                plate(irow,icol) = Fourier*(2*(plate(irow,(icol-1)))+(plate((irow+1),icol))+(plate((irow-1),icol))-((plate(irow,icol))*(4-(1/Fourier))));
            end
            if icol==1 && irow~=norows                                                              %Western point - 2x east value as substitute
                plate(irow,icol) = Fourier*((2*(plate(irow,(icol+1))))+(plate((irow+1),icol))+(plate((irow-1),icol))-((plate(irow,icol))*(4-(1/Fourier))));
            end
            if irow==norows && icol~=1 && icol~=nocolumns                                           %Southern point - 2x north value as substitute
                plate(irow,icol) = Fourier*((plate(irow,(icol+1)))+(plate(irow,(icol-1)))+(2*(plate((irow-1),icol)))-((plate(irow,icol))*(4-(1/Fourier))));
            end
            if irow~=norows && icol~=1 && icol~=nocolumns                                           %Nodes not on boundary points
                plate(irow,icol) = Fourier*((plate(irow,(icol+1)))+(plate(irow,(icol-1)))+(plate((irow+1),icol))+(plate((irow-1),icol)-(plate(irow,icol))*(4-(1/Fourier))));
            end
            
            if irow==norows && icol==1                                                              %Southwest corner - 2x north & 2x east values as substitutes
                plate(irow,icol) = Fourier*((2*(plate(irow,(icol+1))))+(2*(plate((irow-1),icol)))-((plate(irow,icol))*(4-(1/Fourier))));
            end
            
            if irow==norows && icol==nocolumns                                                      %Southeast corner - 2x north & 2x west values as substitute
                plate(irow,icol) = Fourier*((2*(plate(irow,(icol-1))))+(2*(plate((irow-1),icol)))-((plate(irow,icol))*(4-(1/Fourier))));
            end
        end
    end
    
    if plate==oldplate                                                                              %Checks if newly calculated temperatures are equal to previous ones, if so breaks while loop
        loopcondition=1;
    else
        oldplate=plate;                                                                             %If not, stores newly calculated temperatures and continues with next iteration
    end
    
    t=t+timestep;                                                                                   %Calculates current time elapsed after each iteration
    disp(['After ' num2str(t) ' seconds the temperatures on the plate are:'])                       
%Displays newly calculated plate temperatures
    disp(plate)
end
      
    disp(['The plate has now reached thermal equilibrium after ' num2str(t) ' seconds!'])           
%Displays finished plate once it has reached thermal equilibrium
    disp(plate)
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clc
clear

k=143;
p=(2.8410%3);
e=795
a=s0;
a=(k/ (p*c)
©=0;

outeredge=10;





image5.png
xdim=input ('Give the dimension of the plate along the x-axis: ');
ydim=input ('Give the dimension of the plate along the y-axis: ')

h=input ('Give a value for the grid spacing (give smallest values for most accurate results
1f moxdim || h>ydim
disp('The grid spacing is too large for the dimensions of the plate.’)

zeturn
end

if rem(xdim,h)~=0 || Tem(ydimh)
disp('The grid dimensions must be exactly divisible by the grid spacing.
zeturn

end

(2°2)%0.25) /a;
disp(['Note: The maximm value for the timestep is ' num2str(maxt)])
timestep=input ('Give a value for the time step: ');
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Fourier=((a‘timestep)/(r"2));

nocolumns= (xdim/n) +1;
nozows=(ydim/h)+1;

if 0 > Fourier || Fourier > 0.25
disp('The stability criterion was broken, try some different values.')
zeturn

end

plate = zeros (norows,nocolumns) ;
plate(1,1)=outeredge;
plate (1, nocolumns) =outeredge;
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plate = zeros (norows,nocolumns) ;
plate (1, 1) =outeredg
plate (1, nocolumns) =outeredge;

if rem(nocolumns,2) = 0
midpoint=(nocolumns/2)+0.5;
else
midpoint=round (nocolumns/2) ;
end

standaradev=sqre ((- (1-midpoint)“2)/ (2*1og (cuteredge/A))) ;

disp('These are the starting temperatures on the plate: ')
disp(plate)
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Set variable for prevics iteration plate temperature
Sets variable for while loop condition

while loopcondition==0
for irow = 2:nozows
for icol= linocolumns
if icol==nocolumns && irow-=norows sEastern point - 2x west value as substitute
plate (izow,icol) = Fourier* (2* (plate (irow, (icol-1)))+(plate ((izow+l),icel))+(plate ((izow-1),1col))-((plate (izow, icol))* (4-(1/Fourier)))):

end
if icol==l & irow-=norows sWestern point - 2x east value as substitute

plate (izow,icol) = Fourier® ((2*(plate (irow, (icol+l))))+(plate ((izowsl),icol))+(plate ((irow-1),icol))-((plate (irow,icol))* (4- (1/Fouriex)))):
end

if irow=snorows && icol

& icol-=nocolumns Southern point - 2x north value as substitute
Pplate (izow,icol) = Fourier® ((plate (irow, (icol+1)))+(plate (irow, (icol-1)))+(2* (plate ((izow-1),icol)))-((plate (irow, icol)) * (4- (1/Fouriex)))):

end

if irow-=norows && icol

& icol-=nocolumns #Nodes not on boundary points
plate (irow,icol) = Fourier® ((plate (irow, (icol+l)))+(plate (irow, (1col-1)))+(plate ((irow+l),icel))+(plate ((irow-1),icol)- (plate (irow,1601))* (4- (1/Fourier)))):
end

if irow=snorows && icol==l tSouthwest corner - 2x north & 2x east values as substitutes
plate (irow,icol) = Fourier® ((2* (plate(izow, (icol+l))))+(2* (plate ((izow-1),icol)))-((plate (irow,icol))* (4- (1/Fouriex)))):
end

if irow=enorows && icol==nocolumns Southeast corner - 2x north & 2x west values as substitute
plate (irow,icol) = Fourier® ((2* (plate(izow, (icol-1))))+(2* (plate ((izow-1),icol)))-((plate (irow,icol))* (4- (1/Fouriex)))):
end
end
end
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if plate=oldplate

t=t+timestep;
disp(['After ' num2str(t) ' seconds the temperatures on the plate ar
disp (plate)

end

disp(['The plate has now reached thermal equilibrium after ' mum2str(c) ' seconds!'l)
disp (plate)
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Give the dimension of the plate along the x-axis: 6
Give the dimension of the plate along the y-axis: 7

Give a value for the grid spacing (give smallest values for most accurate results): 14
Error: The grid spacing is too large for the dimensions of the plate.




image11.png
Give the dimension of the plate along the X-axi
Give the dimension of the plate along the y-axis: &

Give a value for the grid spacing (give smallest values for most accurate results): 0.7
Error: The grid dimensions must be exactly divisible by the grid spacing.
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Give the dimension of the plate along the x-axis: 4
Give the dimension of the plate along the y-axis: 4

Give a value for the grid spacing (give smallest values for most accurate results): 0.1
Note: The maximum value for the timestep is 38.9161

Give a value for the time step: 40

The stability criterion was broken, try some different values.





image13.png
plate = zeros(norows,nocolumns);

if rem(nocolumns,2) = 0
midpoint=(nocolumns/2)+0.5;
else

midpoint=round (nocolumns/2) ;
end

standaradev=sqre ((- (1-midpoint)“2)/ (2*1og (cuteredge/A))) ;

for icol:

tnocolumns

plate (1, icol) =A*exp (- (( (icol-midpoint) “2)/ (2* (standarddev™2))) ) ;
end
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The plate has now reached thermal equilibrium after 1656336 seconds!
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The plate has now reached thermal equilibrium after 3275000 seconds!
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