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Task 2 – Documentation
This report describes an R script made to produce the Fibonacci and Pell sequences for indices from 0 to 199. [1] In addition, it uses ratios of consecutive Pell numbers to approximate the number √2, and it calculates the associated error and the decimal accuracy of each approximation. The documentation illustrates the code, presents the overall structure of the program in a flowchart, and describes how the script was tested and validated. 
The script begins with the command n <- 0:199 to create a vector of indices. However, since R uses 1-based indexing [2]I , these values are actually stored in memory in positions 1 through 200. So, for a later calculation, the script also stores the length of this index vector using N <- length(n).
n <- 0:199
N <- length(n)
 
fib  <- numeric(N)
pell <- numeric(N)
 
approx_sqrt2 <- rep(NA, N)
error        <- rep(NA, N)
accuracy     <- integer(N)

Memory is allocated for all necessary outputs. Numeric vectors are created to hold the Fibonacci and Pell sequences, along with additional vectors that house the approximations of the square root of 2, their corresponding errors, and the estimated values for how accurate the approximations are in decimal form. These vectors are pre-allocated to use memory efficiently and to avoid resizing problems that can crop up when using loops, which can also mess with indexing.
[bookmark: _Int_hEbfpy9s][bookmark: _Int_7XmBkdfA][bookmark: _Int_nUYdJmEX][bookmark: _Int_MAvbuTIv]Both the Fibonacci and Pell sequences need two starting values. The Fibonacci sequence, in mathematical terms, goes like this: it starts with ( F_0 = 0 ) and ( F_1 = 1 ). The Pell sequence, on the other hand, also starts with zero, but every term after the first is built using the term two places back in the sequence plus the term one places back in the sequence. The second sequence also has to start off with a one and a zero. 
fib[1]  <- 0   # F0
fib[2]  <- 1   # F1
 
pell[1] <- 0   # P0
pell[2] <- 1   # P1


Once the initial values have been established, the script uses a solitary loop to fabricate terms for both sequences, starting from index 3 and going up to index N. Each new term in the Fibonacci sequence is determined using the well-known recurrence relation:
F_n = F_{n-1} + F_{n-2}.
Meanwhile, the next term in the Pell sequence is derived from the corresponding Pell recurrence relation:
P_n = 2P_{n-1} + P_{n-2}. [3]
Both sequences are thus looping together, with each term in both sequences depending solely on its immediate predecessors. By the end of this section of the loop, the script has filled up both sequences together up to the Nth term.
for (i in 3:N) {
  fib[i]  <- fib[i - 1] + fib[i - 2]
  pell[i] <- 2 * pell[i - 1] + pell[i - 2]
}

[bookmark: _Int_AY4zoBz6][bookmark: _Int_huXPc5NE][bookmark: _Int_33rbE7Aj]The script then approximates ( \sqrt{2} ). It employs a known mathematical property:
[bookmark: _Int_40drfJwS][bookmark: _Int_WpdasNJE][bookmark: _Int_kF2K0iRR][ \lim_{n \to \infty} \frac{P_{n+1}}{P_{n}} = 2. ] [4]
[bookmark: _Int_0w5a25KJ][bookmark: _Int_AN3AkLdt][bookmark: _Int_MqlPh5Mp][bookmark: _Int_uO2qdpcy][bookmark: _Int_UiW0ib80][bookmark: _Int_TwdUjj3f][bookmark: _Int_RBa6SJTW][bookmark: _Int_6qhMikTK][bookmark: _Int_ystXMDAc][bookmark: _Int_d4xrxUOT][bookmark: _Int_TspDeXnQ]To carry this out, the actual value of ( \sqrt{2} ) is calculated first. A second loop then determines the ratio ( \frac{P_{n+1}}{P_{n}} ) for each valid index. The loop begins at index 2 because ( \text{pell}[1] = P_0 = 0); starting earlier would result in division by zero. For each approximation, the script computes absolute error bound ( e ) with respect to the true value ( \text {true value}; \sqrt{2} ) using:
[bookmark: _Int_hMEJVbq5][ e = | \text {approximation} - \text {true value} |. ]
Following this, the loop estimates the accuracy of the ratio.
sqrt2_true <- sqrt(2)
for (i in 2:(N - 1)) { approx_sqrt2[i] <- pell[i + 1] / pell[i] error[i] <- abs(approx_sqrt2[i] - sqrt2_true)
if (!is.na(error[i]) && error[i] == 0) { accuracy[i] <- 16 } else if (!is.na(error[i])) { accuracy[i] <- floor(-log10(error[i])) } }
 [5]
Final step of the script involves merging all the results together into one data frame called pelldata. This data frame accommodates the index, Fibonacci number, Pell number, the approximation of, the absolute error rounded to the nearest integer, and the decimal number that represents the accuracy of the result.
pelldata <- data.frame( Index = n, Fib = fib, Pell = pell, Approx_Sqrt2 = approx_sqrt2, Diff_from_sqrt2 = round(error, 5), Decimal_Accuracy = accuracy )
pelldata
]
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approx_sqrt2[i] = pell[i+1] / pell[i]
error[i] = |approx_sqrt2[i] - sqrt2_true|
if error[i] == 0 → accuracy[i]=16
else accuracy[i] = floor(-log10(error[i]))
Make final data frame pelldata
Index, Fib, Pell, Approx_Sqrt2,
Diff_from_sqrt2, Decimal_Accuracy
End








Testing and Validation-
To ensure that the script generated the correct outcomes, numerous tests were performed using established reference values from the Fibonacci and Pell sequences, along with checks of manually computed approximations.
Famous Fibonacci numbers like 𝐹10=55 and 𝐹15=610 were pitted against the values held within the vector. 
Test - fib[11]   # F10
fib[16]   # F15

[bookmark: _Int_4SQ7Sd1x][bookmark: _Int_KOlXEsr3][bookmark: _Int_p14vYhc2][bookmark: _Int_jWRSmbo7][bookmark: _Int_4papGCUO][bookmark: _Int_f2PSMBDm]We also confirmed the accuracy of several early Pell numbers. The values we expected—( P_2 = 2 ), ( P_3 = 5 ), and ( P_5 = 29 )—were validated against the vector entries and matched perfectly.
Test- pell[3]   # P2
pell[4]   # P3
pell[6]   # P5

[bookmark: _Int_iFKXs3Hx][bookmark: _Int_zBxGmM3g][bookmark: _Int_d9iwlmAg][bookmark: _Int_0g6KIdUY][bookmark: _Int_Y8OGBPfM][bookmark: _Int_cW1259yq][bookmark: _Int_tUGdMIeV]To check the validity of the 2:2 ratio approximation, a set of defined numbers was used in testing. For instance, using the set where ( P_5 = 29 ) and ( P_6 = 70 ), the expected ratio was calculated and compared with the outcome produced by the script. The expected outcome was approximately 2.41379 (i.e., ( \frac{70}{29} )). The script returned the same value, thus confirming both that the loop is working well and that the signing approximation was a reasonable one.
Test- pell[6]        # P6
pell[5]        # P5
pell[6] / pell[5]
approx_sqrt2[6]

The accuracy of the calculation was evaluated using known error values of 10^−3 and 10^−6, which correspond to having 3 and 6 correct decimal places, respectively. 
Test- error_test1 <- 1e-3
error_test2 <- 1e-6
 
floor(-log10(error_test1))
floor(-log10(error_test2))
Out- [1] 3
[1] 6


Reflection-
[bookmark: _Int_X61zG25z][bookmark: _GoBack][bookmark: _Int_f0omoxKk]The challenges this assignment presented for me were a wonderful opportunity to grow technically, from both a coding and a mathematical perspective. One of the first steep learning curves I faced was trying to convert my own thinking from the mathematical world, where indexing starts at zero, to the R world, where everything is one-based. The easy mistakes I made with off-by-one errors when initializing the Fibonacci and Pell sequences and when populating the tables of values were a great chance to understand recursively defined sequences better. I also had to confront my own floating-point misunderstandings and debugging problems. My first several attempts produced wacky-looking decimals that I knew were not right. One major discovery was that the actual calculations I was doing with floor() were more important than I had realized in understanding the relationship between logarithmic error and significant digits. I am happy to report that I successfully implemented both sequences and the 2 approximations, validated the results, and deepened my understanding of the kinds of numerical methods I used, as well as of structured programming.
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