Linear Programming

INTRODUCTION

Suppose you are an entrepreneur making plans to make a killing over the summer by traveling across the country selling products you design and produce yourself.  To be more straightforward, you plan to follow the Grateful Dead all summer, selling t-shirts.  You plan to make two styles: a tie-dyed short-sleeved  t-shirt, and a screen-printed sweatshirt.  You are really good with tie-dye, so you can charge a lot, and you can earn a profit of $25 for each tie-dye.  You make a profit of $20 on each sweatshirt.  You have four days before you have to leave for the summer, and you want to figure out how many of each one you should make and try to cram into your van before you take off.  

You only have four days, but you are planning to put in 14 hours a day before you go.  It takes you 30 minutes to make a tie-dye, and 15 minutes to make a sweatshirt, so you need to choose carefully how you are going to spend your time.

Also, you realize that you have a limited amount of room in your van, and that sweatshirts take up more space than t-shirts.  Being a true engineer at heart, you calculate how much room you have in your van, and decide that after you wedge things between seats, you have 40 cubic feet to work with.  You also calculate how much volume a tightly packed t-shirt takes up (0.20 cubic feet) and how much volume a sweatshirt takes up (0.50 cubic feet).

The question is, how many t-shirts an how many sweatshirts should you make?  If this was you, how many would you make?  (Get some answers and write them on the board.)  

Now let’s try to be a little bit scientific about how we go about this.  If we were going to try to model this mathematically, what should we model?  What are the decision variables?  Are they the number of square feet of t-shirts?  The hours spent on sweatshirts?  The color to dye them or how fast to dry?  We want to make two decisions:  1.) How many t-shirts to make, and 2.) How many sweatshirts to make.  If we want to be mathematical, we need some variables.  Let’s assume x1 is the number of t-shirts and x2 is the number of sweatshirts.  Now, how can we use these variables to model the problem?

The answer is that we can use them to express our profit function.  Therefore, we can write that our total profit (which we will call z) equals 25x1  + 20 x2.  We want to choose x​1 and x2 to maximize these profits.  Well, why not make a thousand of each?  Because we have a time constraint on how much time we can spend making them, and we have a constraint on how many of them we can transport.

How can we express these constraints?  The total time we spend  making them must be less (or equal to) than the total time we have to work on them.  If we spend 0.5 hours making each tie-dye, then the total number of hours spent on tie-dyes must be 0.5x1.  Similarly, the total time spent on sweatshirts must be 0.25 x2.  If we have 14 hours each day for seven days, the total time available is 4*14 = 56 hours.  Therefore, we can write this constraint as  0.5x1 + 0.25 x2  <= 56.

We also have a constraint on the volume of products we can bring with us.  Each t-shirt takes up 0.20 ft3, so the total space taken up by t-shirts will be equal to 0.20 x1.  If each sweatshirt takes up 0.50 ft3,  the total space taken up by sweatshirts will be equal to  0.50 x2.  We have 40 cubic feet to work with in total, so we can write this constraint as: 0.2x1 + 0.5 x2  <= 40.

Let’s summarize the expressions we have created.  We can write the problem as:

Maximize
z =
25x1  + 20 x2
subject to
0.5x1 + 0.25 x2  <= 56



0.2x1 + 0.5 x2    <= 40



x1  >= 0



x2  >= 0

It should be obvious, but we can’t make a negative number of t-shirts or sweatshirts, so just for the sake of completeness, we have added the last two constraints.  

Now, let’s define a few terms.  We have already introduced x1 and x2, which we will refer to as decision variables.  We will refer to the above collection of terms as an optimization problem, because we are trying to optimize (maximize) the profits we get.  We will refer to the terms z =
25x1  + 20 x2 as the objective function, because it is the function that represents our objective, which is to maximize our profits.  The terms 0.5x1 + 0.25 x2  <= 56 and 0.2x1 + 0.5 x2    <= 40, and x1  >= 0 and x2  >= 0  we will refer to as the constraints.  Notice that the objective function and all of the constraints are linear in the decision variables.  Hence the name, linear programming.

Ok, now we’ve figured out a way to express the problem mathematically.  How should be go about trying to find a solution?  We want to find the values of x1 and x2 that maximize our profits. Before we randomly try a bunch of points to try to find the best ones, we need to identify the values of x1 and x2 that are permitted (“feasible”)  by the constraints.  Because we only have two variables, we can draw everything on the board.  To get started,

we draw a pair of axes, one each for x1 and x2.  

Now, how do we draw in the constraints?  Let’s draw a line which represents each constraint.  First of all, we know that we must have x1 >= 0 and x2 >= 0.   The line that represents x1 = 0 is simply the vertical axis.  The constraint says that we must use points with x1 >= 0.  How can we show this on the graph?  We will shade in the area that represents the feasible points.  This constraint means that all of the points to the right of the vertical axis will be allowable.

The line that represents x2 = 0 is the horizontal axis.  The  points which will be x2 >= 0 will be all of the points above the horizontal axis.  We have already seen that x1 >= 0 means that we can only consider points to the right of the vertical axis.  If we only consider points above the horizontal axis and to the right of the vertical axis, the feasible region has been reduced to the positive quadrant of the graph.
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Now, the question is how we can graph the other two constraints.  Let’s look at the first one:

 0.5x1 + 0.25 x2  <= 56.  We want to draw the line which we obtain when this inequality is an equality.  So we set  0.5x1 + 0.25 x2  = 56.  If we set x2 = 0, we get x1 = 112.  If we set x1 = 0, we get x2 = 224.  We have two points, (112,0), and (0,224).  When we graph this constraint, we get:
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Now, the question is how we can graph the second constraint.  Let’s look at the first one:

 0.2x1 + 0.5 x2  <= 40.  We want to draw the line which we obtain when this inequality is an equality.  So we set  0.2x1 + 0.5 x2  = 40.  If we set x2 = 0, we get x1 = 200.  If we set x1 = 0, we get x2 = 80.  We have two points, (200,0), and (0,80).  When we graph this constraint, and add in the other constraints, we get:
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Now we can visualize the feasible set more clearly.  Our goal is to choose the point in this feasible set that has the highest possible profits.  We have an expression for the profits as a function of the two quantities, x1 and x2.  We know that the profits are: z = 25x1  + 20 x2.  What combinations of x1  and x2 could lead to a profit of $1000?  If we graph the line 1000 = 25x1  + 20 x2, we see that it passes through the feasible region:
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We notice that it passes through the feasible region, and we also notice that there are combinations of x1  and x2 which involve higher levels of both products, so we might be able to increase products by increasing the amount of each of the products.  If we draw the combinations that lead to a profit of $2000, we again see that the line passes through the feasible region:




     x2






        optimal profit line


$2000 profit line


$1000 profit line






x1
We want to find the highest profit line that is feasible.  We can do this by drawing higher and higher profit lines until we find one that is the highest that is feasible.  If we draw higher and higher profit lines, we eventually will find one that is just barely feasible.  The optimal value will be tangent to the feasible region at one of the extreme points of the region.  

Now that we have realized that the optimal point is where these two constraints intersect, we can solve for the point at which they intersect to determine the optimal values of x1 and x2.  

LECTURE THREE

Show how optimal intersection would change if prices changed.

Show how optimal will always occur at intersections.  Even if slope is parallel, only need to check intersection points.

What we want is a method that will let us check all of the points.  What we want is a way to find the best intersection points.  

At the intersections of the constraints, the constraints will be equalities.  We want to find the points where the inequalities are satisfied as equalities.  There is an easy way to write an inequality as an equality.   Suppose we have an inequality that involves x, the decision variable we are interested in: x >= 10, and we create another variable, s, that represents the amount of slack there is between the value of x and its minimum value.  Thus we can always write x + s = 10. If a slack variable has a non-zero value, that means that the corresponding resource is not being fully utilized.

The variable s is called a slack variable.  We can add a slack variable to each constraint in our linear program.  Can we use the same slack variable for all constraints?  Why or why not?  Depending on the values of the variables x1 and x2, some of the constraints may be satisfied at equality, (and have a slack of 0), while others may have more slack.  Therefore, not all constraints will have the same amount of slack, and so we can’t use the same slack variables for all of the constraints.

All of our other variables appear in the objective function. What coefficient should the slack variables have in the objective function?  Slack variables do not affect the value of the objective function at all.  Therefore, they should have an objective coefficient of zero.

If we add a slack variable of s1 to the first constraint and a slack variable of s2 to the second constraint, our original Grateful Dead t-shirt LP can be expressed as:

Maximize
z =
25x1  + 20 x2     + 0s1  + 0s2 

subject to
0.5x1 + 0.25 x2  +   s1            = 56



0.2x1 + 0.5 x2              +   s2  = 40



x1  >= 0



x2  >= 0



s1  >= 0



s2  >= 0

SOLVING LP’s with the SIMPLEX METHOD
Let’s consider the same LP as before, but add a constraint on the maximum number of t-shirts and on the maximum number of sweatshirts.

NOTE: change the objective function values so the optimal is at a different point.

Maximize
z =
25x1  + 20 x2     + 0s1  + 0s2 + 0s3 + 0s4
subject to
0.5x1 + 0.25 x2  +   s1                                 = 56



0.2x1 + 0.5 x2              +   s2                       = 40



     x1                                     +   s3             = 103




    x2                                +  s4     = 70



x1 , x2 , s1 , s2 , s3 , s4 >= 0

We can graph it like this:





Let’s start with the easiest solution we can think of: x1  = 0, x2 = 0.  How much profit do we make?

If we could only produce one product, which one should we make?  Why?

How much of it can we make?

Move to this point.  

Now what are our total profits?

Is this the optimal place to be?  

How could we tell?

If we made one unit less, how many units of the other product could we make?

How would this affect our profits?  

LP MINIMIZATION PROBLEMS

Above, we considered formulating a linear program for a problem in which we were trying to maximize the objective value, subject to certain constraints.  Now let’s consider a problem in which we are trying to minimize the value of an objective function.

Show the problem:

How can we write this as a linear program with inequalities?

Minimize
z =
25x1  + 20 x2
subject to
0.5x1 + 0.25 x2  >= 56



0.2x1 + 0.5 x2    <= 40



x1  >= 0



x2  >= 0

How can we use slack variables to write this as a linear program with equalities?

Minimize
z =
25x1  + 20 x2     + 0s1  + 0s2 

subject to
0.5x1 + 0.25 x2  -   s1            = 56



0.2x1 + 0.5 x2              -   s2  = 40



x1  >= 0



x2  >= 0



s1  >= 0



s2  >= 0

A Note about the Method we would like to develop Solving Linear Programs
We want to develop a method for solving linear programs that will let us start at some initial solution and would then find the best solution.  Before we solve the problem, we don’t have any idea of what solutions are feasible.  It would be nice if we didn’t have to spend a lot of time looking around for an initial feasible solution.  The easiest solution that we would always like to start out with is the solution of all zeros.   Obviosly, this will not be optimal, but it would be nice if we could always use this as a starting solution.

If all of our inequalities are less than or equal to, then setting all of our variables equal to zero will be a feasible solution.  However, if there is a greater than or equal to constraint, setting all of our variables to zero may not be a feasible solution.  We would like to be able to modify our LP formulation so that the zero vector will be feasible, but that the value of the LP solution is not changed.

Do you see why we want to do this?  

Do you have any suggestions as to how we can do this?

ARTIFICIAL VARIABLES
When there is a greater than constraint, we want the zero vector to be feasible, we need to add an artificial variable to the constraint.  Unlike the slack variable, the artificial variable does not have any economic interpretation.  

What coefficient should the artificial variable have in the constaint?  It can have any value we would like, but things will be easiest if we use a coefficient of 1, and there is no reason to use anything else.

What coefficient should the artificial variable have in the objective function?  We only want to use the artificial variable to allow us to use zero as our initial feasible solution.  We don’t want it to appear in the final solution to the problem.  If it would appear in the final solution with a value greater than zero, that would mean that the solution doesn’t satisfy the original constraints.  Therefore, we have to make sure that it does not appear in the final solution.  The easiest way to do this is to give it an objective funciton coefficient which makes it a very unattractive variable to include in the objective function.  The way this is usually done is to assign it a coefficient of M, where M is some very large number. 

Because the constraints are always staight line segments and the profit function is always a straight line, we can prove that the optimal solution will always be at one of the extreme points.  The extreme points of the feasible region are the points at which the inequalities are satisfied as equalities.  This makes our life much easier, because instead of randomly searching through all of the feasible points, we know that we can find the optimal solution by only looking at the extreme points.

Minimize
z =
 25x1  +   20 x2  + 0 s1 + 0 s2
subject to
0.5x1 + 0.25 x2  +    s1             = 56



0.2x1 +   0.5 x2            +    s2   = 40



x1, x2, s1, s2 >= 0

