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Introduction to differentiation
Calculus
This is an important branch of mathematics and it is split into two main topics; Differentiation and Integration. We shall start with differentiation.
Differentiation has many applications, e.g. velocity and acceleration calculations, turning points on a curve etc. It is surprising that although students who are able to ‘differentiate’, usually by finding something called the derivative or  do not really understand what it is they have found!
Some people think “it is the change in y with the change in x” – but that is confusing for a start. I always introduce it like this, returning to graph theory momentarily:
If you have a straight line and you want to find its gradient (or slope), then you construct a right angled triangle, with the straight line itself being the hypotenuse side of the triangle and by definition, the gradient of a line (m) is equal to the tangent of the angle which the straight line makes with the horizontal i.e. .	
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So from the graph,  .
As you move from the point A to the point B, it is the y co-ordinate value that changes, and as you move from the point B to point D it is the x co-ordinate value that changes, so:

For a straight line, m is the same at every point on the line. If instead of a straight line we had a curve, for example  as shown on the next page. If I asked for the gradient of the curve  you couldn’t really answer the question because, unlike a straight line, its gradient is not the same at every point on the curve. Because the curve is twisting and turning its gradient is different at different points.
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Let me be more specific, let’s say I want to find the gradient at the point on  where . In which case, without knowing differentiation we would draw a tangent to the curve at  - not easy to draw accurately either! Having drawn the tangent at , we now find the gradient of this tangent as we would for any straight line (i.e. draw a triangle, like we did earlier).
Once again, the slope of the curve  at the point  is given by:

In calculus, change in y may be written  and change in x may be written , so we can say that:

Therefore, the significance or meaning of    is that it represents the slope of a curve at any point on the curve. In order to determine  we use a list of standard derivatives – the most important of which being:

Where n is any number. Learn this; it is very, very important.
Tables of standard derivatives are given in most textbooks. For the purists amongst you, it is possible to prove the above derivative by using a technique called ‘differentiation from 1st principles”, my advice – don’t bother, it can get confusing.
As I said earlier, it is not easy to draw a tangent accurately, so we won’t bother using a graphical method of finding the gradient to the curve  at , instead we’ll use differentiation.
Example
Use differentiation to find the slope of the curve  at the point on the curve where .
So,  and differentiating this, using the previous standard derivative, gives  .
The  that we have here represents the slope of the curve  at any point on the curve. By this I mean that at every point on the curve, I could draw a tangent, the slope of which would be the slope of the curve at that point.

	Tangents




Notice that the tangent at the point  on the curve  would just be the x axis itself. There are an infinite number of tangents that could be drawn to the curve – I’ve just drawn 4.
So  is the slope of any tangent to the curve . However, we want the slope of the tangent at the point , so we simply substitute   into  to give:


So we’ve seen that one of the applications of differentiation is that it can be used to find the slope of a curve at any point on the curve. In these notes, I will just show you the techniques/short-cuts/tricks that can be used to find . Be able to master these and then you will be able to use differentiation for a purpose!



Find  for each of the following:
Q1)   
Hint: Before differentiating, make sure the x’s are separate, and that the x’s are on the top. This one is straightforward: .

Q2)      (not separate)



Q3)     (it is the x’s you are differentiating, any constants in front just stay there in the answer).



Q4)     (remember, the differentiation of a constant is always zero).

Why? Well, as  , we can write   as:

Now if we differentiate:

And as anything multiplied by zero is zero:


Q5)      (we must bring the x up to the top first):




Q6)  



Q7)  
We can write this as:


We can now rewrite the answer as:


Q8)    (some people might use the ‘Quotient rule’ here – see later if you don’t know what that is. The easiest way would be to write it as:




Q9)    
there are several ways of doing this one, but the easiest way would be to write it:

Now expand the brackets:




But what if we had  ? Don’t even think about multiplying , twelve times! See ‘function of a function’ rule later.

There are other useful standard derivatives:



                                                                                     
                                                                                        
Where a is any constant.
Let’s have a look at some examples:

Q10)  



Q11)  


Q12)  



Q13)  


Q14)   (don’t forget that we want separate terms!)
Multiply out the bracket (remember we add indices):



Q15)  





There are lots more standard derivatives that you should get used to – practice using them!
Up to this point, I have kept to y’s and x’s in our examples. However, any two symbols can be used, with the resulting appropriate derivative.
Example
If , we get  and not   , for obvious reasons. The calculation is still done the same way:


If you recall, I said that there are many different applications of differentiation, and sometimes you may need to differentiate for a second time. When you do this, you obtain the ‘second derivative’, which is usually written:

Example
If , find   .
You have to find  first, and then differentiate again to find  .
Therefore:

, , etc are obtained in a similar way, but it’s highly doubtful that you’ll ever need to find them!
All of the examples that we’ve done so far is what I’d call ‘the easy ones’, by that I mean that you can find  just by using the list of standard derivatives carefully. We are now going to consider more difficult differentiation questions, and with these you will need to use ‘the rules of differentiation’, in addition to the standard derivatives used already.
There are three rules that you must know:
1) The Product Rule
2) The Quotient Rule
3) The Function of a Function Rule
Page 1 of 9

