





Introduction

The task set for this assignment required a Matlab model to be created which is able to solve the time dependant thermal diffusion equation by using the finite difference method. This is required to calculate and show on a graph the temperature distribution on an aluminium plate with set initial boundary conditions. The temperature calculations used are based on the explicit method.
The code is first required to prompt the user to enter chosen values for the dimensions of the plate in the X and Y axis in meters. The user can then input a chosen value for the time step, followed by the grid spacing. At each time step, the temperature of the plate will be calculated and displayed on a heat graph. The graph will show the gradual change in temperature over time, throughout the aluminium plate and then the programme will finish when the plate reaches thermal equilibrium. This will then show the final result on the graph and calculate values for the number of iterations and the time taken to reach thermal equilibrium. 
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The constitutive equation of the problem 


The constitutive equation for this problem is shown below as a thermal diffusion equation. 


where  is the Laplacian defined by   in three dimensions

or, 
 in two dimensions, where Z is ignored. 

Here;
 t is time
T is the temperature 
  is the thermal diffusivity [m2.s-1] 
k is the thermal conductivity [W.m-1.K-1]
 the density [kg.m-3]
 the specific heat [J.kg1.K-1]












Description of the numerical method chosen to discretise the constitutive equation.

Taylor series
The function  can also sometimes be rewritten in terms of an infinite sum of other functions such as:



This can be rewritten in a more compact form using the summation notation 




The above Taylor series is the expansion of about pointand is called the Maclaurin series, when  = 0. 
An example of a function with no primitive is .  Maclaurin series,









Time dependant thermal diffusion model
Conduction is a form of heat transfer where an energy exchange takes place in both solids and resting fluids due to an internal change in temperature. For conduction to occur, there must be a direct connection between more than one interacting system. There are molecular and atomic levels of thermal energy transfer. Conduction of solids occurs from both lattice vibrations and movement of free electrons, fluids however transfer energy solely by molecular interaction. 
Conduction in solids is described by the following thermal diffusion equation


where  is the Laplacian defined by   in 3D; and where t is time, T is the temperature,   is the thermal diffusivity [m2.s-1], k is the thermal conductivity [W.m-1.K-1],  the density [kg.m-3], and  the specific heat [J.kg1.K-1].



The internal heat source Q in the problem is considered, this makes the thermal diffusion equation become 


When considering a uniform grid, the area of interest is shown in the below figure. In this figure, the grid spacing is shown as 
[image: ]
The finite difference technique is essentially a means of substituting the derivatives in the above equation by forward, backward and central differences from the Taylor series expansion.
This makes the differential equation into a set of algebraic equations which can be solved by using the initial and boundary conditions. There are a few methods that can be used depending on the stability, convergence, accuracy and speed required.  
Explicit method 
This differential equation is shown in the finite difference form by using central differences to discretize  and forward differences to discretise .

At the point P

and	


with the notation  temperature is evaluated at time t and location P,
and  temperature evaluated at time t + t and location P.
by substituting these two equations into the thermal diffusion equation, this gives 

where  is an expression used to represent the Fourier number



The finite difference shown in the two combined thermal diffusion equations is also known as explicit form because the unknown temperature  can be explicitly determined knowing the temperatures at the previous time step.
A limitation in this method is that once  and h are fixed, there is a maximum time-step size  which should not exceed the value required by the stability benchmark. The Fourier number must be less than 0.16 in the third dimension.


For given values of  and h, if the time step  surpasses the limit required by the above criterion, the numerical calculations become unstable as a result of the amplification of errors. 

Similar derivation for a 2D conducting region yields the analogous expression



with the following stability criterion the Fourier number needs to be less than 0.25




The Fourier number Fo is a dimensionless value which arises from the conduction equation, which is used widely when describing and predicting the response materials have under transient conductive heating and cooling. (W, 2016)














[image: ]Description of the finite model


The first step in the code was to add boundary conditions, these are set values for things like conductivity, density, specific heat and temperatures and will remain the same throughout. These are used later on within the equations. 

[image: ]
Above is a prompt which will open in the command window when the user runs the programme. The prompt will require the user to input their desired X and Y values for the height and width of the plate. For example, entering the values 10 for both and pressing enter will set the plate to 10m x 10m.




[image: ]
[image: ]Line 19 in the code requires the user to input a value for the grid spacing, prompting a value to be entered. The rows and columns are then set in the grid and the old plate zeros returns the scalar to zero. Alpha is then defined as k=p x c where k is conductivity, p is density and c is specific heat, as defined at the start of the code. The time equation is then defined and displayed, followed by an input for the time step which will prompt the user to enter a value in the command window. Below on line 33 is where the midpoint is found, followed by the standard derivation, where sqrt stands for square root.
The while loop is used to repeat an expression in a loop while it is true, while error is less than or equal to point x, the old plate is equal to the equation. The Fouriers number is defined in line 44 and an if statement is made for checking stability. This will require the values for grid spacing and time step to be altered if the stability is not met.
[image: ]
[image: ]This checks that numbers are whole and prompts the user to input a different grid spacing if a non-whole number or an incorrect value is used.

Another while loop is used here for the temperature distribution equation which is then displayed on a graph to visualise the temperature through the plate. The functions below the while loop show titles on the graph, a temperature scale and orient the direction of the heat transfer correctly.



Boundary conditions 

Dirichlet boundary 
In heat transfer questions, the Dirichlet boundary condition corresponds to a fixed surface temperature. If the surface comes in contact with a melting solid or a boiling liquid, there is heat transfer on the surfaces. When considering a problem which has a grid system covering its solution with boundaries corresponding with grid lines, a finite difference equation is required for each of the set of node points. This in most cases would include all of the internal and boundary conditions. The finite difference equation for each of the internal points can be derived from the material. This will result in an equation for each boundary condition. There are two cases which commonly occur foreach boundary point in heat transfer problems.
1.   Dirichlet boundary condition – where the boundary surface temperature Is known.   

Where  is a given temperature therefore, this equation provides a finite difference equation for the point B in the problem.  would be an unknown value without this and the problem would not be solvable. 
2. Neuman derivative boundary condition – where the boundary surface temperature is unknown.
In this case, the problem specification is in terms of the outward normal gradient of temperature. 		  	where K is given.
There are two methods here, convective. Where, h is the surface heat transfer coefficient which is usually a provided value.  k is conductivity, and  and  are boundary and ambient temperatures. 			

And radiative, where F is a geometric value, E is emissivity and  represents the Stefan-Boltzmann constant.
. 




Initial condition 
The initial conditions for the aluminium plate are shown in the below figure. Stating that the west, south and east boundaries. Are well insulated and no heat flows through these boundaries. The north edge of the plate has a gaussian distribution of heat at an amplitude of 100 degrees. 
[image: ]









Analysis 
[image: ]In the below figure it can be seen that the values for grid spacing and time step have been altered and tested to see the outcome that occurs when using different input values. The input values which have been tried and tested are the grid spacing and the time step. The output values shown in the table are time to reach equilibrium, how many iterations it took and the Fourier number. 

It can be seen from the first two graphs that the outcome of the test remains the same, when only making a change to the time step. Graph 1 has a time step of 300 and a grid spacing of 5, whereas graph 2 has the same graph result with a time step of 50. This is because more iterations of the equation are recorded in the same grid spacing. This means that the graph being displayed runs more smoothly and presents the same result.
[image: ][image: ]





Graph 1
Graph 2
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Graph 4


From graph 3 and 4, the change in input when inserting the values was that the grid spacing for graph 3 was set to 0.5 and a time step of 300. Graph 4 on the other hand has a grid spacing of 2 with the same time step. It can be seen that the graphs have a similar result with different values for time to reach equilibrium and number of iterations, creating a much smoother curve in graph 3.
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Conclusion

In conclusion, the temperature distribution through an aluminium plate over time is affected by the amount of time under thermal diffusion. This applies to a 2-dimensional aluminium plate covered by a uniform grid. 
The plate, of dimensions 10m x 10m and solid boundaries in which no heat flow can take place, has been tested and shown under different conditions and to see if they had an effect on the outcome. The temperature distribution has been calculated and presented via the above graphs. 
The MATLAB script has been used to calculate the heat distribution through the aluminium plate and shows the results via a labelled graph. The code calculates the temperature of the plate at each time step and displays the temperature of the plate in all areas, at every time step. Once thermal equilibrium is reached the programme then stops running and the final graph is shown.













Appendix

clear all
clc
 
k=143;    %conductivity
p=2.8e3;  %Density
c=795;    %Specific Heat
 
t1=10;   %first temp/last temp
t2=60;   %highest temp
 
promptx= ('type in x (m)=');
x=input(promptx);
disp(x)
 
prompty=('type in y (m)=');
y=input(prompty);
disp(y)
 
grid_spacing= input('Grid spacing (m)=');
pointx=((x/grid_spacing)+1);   %colums
pointy=((y/grid_spacing)+1);    %rows
old_plate=zeros(pointy,pointx);
 
alpha=k/(p*c);  %thermal diffusity
time= 0.25*(grid_spacing^2)/(alpha);
disp(time);
time=input('Time step (s) = ');
% boundary=linspace(50,0,pointx);
% T(:,1)=50;
% T(1,:)=boundary;
% T(pointy,:)=boundary;
 
x0=((pointx+1)/2);                             %finds mid point
sd=sqrt((-(pointx-x0)^2)/(2*(log(t1/t2))));    %standard deviation
 
error=1
while error<=pointx                                             % makes all values
    old_plate(1,error)= (t2*exp(-((error-x0)^2)/(2*(sd^2))));   % for matrix equation
    
    error=error+1;
    
end
 
Fo= (alpha*time)/(grid_spacing^2);   %Fourier number
 
if Fo>=(1/4)||Fo<0      %checking stability
    '*stability not met. change values*';
    grid_spacing= input('change grid spacing (M) = ');
    time=input('change time step (s) = ');
end
 
 
 
check_x=pointx == round(pointx);   %make sure number is whole
check_y=pointy == round(pointy);    %make sure the number is whole
 
if check_x==0 || check_y==0
    'grid spacing is incorrect. implement diffrent varibles'
    clear zeros
    grid_spacing= input('change grid spacing (M) = ');
    pointx=((x/grid_spacing)+1);
    pointy=((y/grid_spacing)+1);
end
 
iteration = 0;
 
 
to1=1e-6;
error=1;
z=0;
new_plate=old_plate;
while error>=to1
    k=k+1;
    old_plate=new_plate;
  
   iteration = iteration+1;
    z=z+1;
    
    %Left & Right
    for i = 2:1:pointy-1
        new_plate(i,1) = Fo*(old_plate(i-1,1)+old_plate(i+1,1)+2*old_plate(i,2)+((1/Fo)-4)*old_plate(i,1));
        new_plate(i,end) = new_plate(i,1);
    end
    for j = 2:1:pointx-1
        new_plate(end,j) = Fo*((2*old_plate(end-1,j))+old_plate(end,j+1)+old_plate(end,j-1)+((1/Fo)-4)*old_plate(end,j));
    end
    new_plate(end,1) = Fo*((2*old_plate(end-1,1))+2*old_plate(end,2)+((1/Fo)-4)*old_plate(end,1));
    new_plate(end,end) = Fo*((2*old_plate(end-1,end))+2*old_plate(end,end-1)+((1/Fo)-4)*old_plate(end,end));
    for i = 2:1:pointy-1
        for j = 2:1:pointx-1
            new_plate(i,j) = Fo*(old_plate(i-1,j)+old_plate(i,j+1)+old_plate(i+1,j)+old_plate(i,j-1)+((1/Fo)-4)*old_plate(i,j));
        end
        endtime = iteration*time;
        if z == 100;
        
        contourf(new_plate,'showtext','on');
        set(gca,'ydir','reverse')
        title({'Heat distribution graph',['Iterations = ',(num2str(iteration))],['Time = ',(num2str(endtime)),'s']});
        xlabel('Width of plate (m)')
        ylabel('Height of plate (m)')
        colorbar
        drawnow
        
        z=0;
       end
    end
    error=max(max(abs(old_plate-new_plate)));
end
title({'Heat distribution graph',['Iterations = ',(num2str(iteration))],['Time = ',(num2str(endtime)),'s']});
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grid_spacing= input('Grid spacing (m)=");
pointx=((x/grid_spacing)+1);  S%colums
pointy=((y/grid_spacing)+1); %rows
old_plate=zeros(pointy,pointx);

alpha=k/(pxc); Sthermal diffusity
time= 0.25%(grid_spacing”~2)/(alpha);
disp(time);

time=input('Time step (s) = ');

% boundary=linspace(50,0,pointx);

% T(:,1)=50;

T(1,:)=boundary;

% T(pointy,:)=boundary;

o°

x0=((pointx+1)/2);
sd=sqrt((-(pointx-x0)~2)/(2x(log(t1/t2))));

%finds mid point
%standard deviation
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error=l

while error<=pointx
old_plate(1,error)= (t2xexp(-((error-x0)"2)/(2x(sd*2))));
error=error+l;

end

Fo= (alphaxtime)/(grid_spacing”~2); %Fourier number

if Fo>=(1/4)]||Fo<0 %schecking stability
'kstability not met. change valuesx';
grid_spacing= input('change grid spacing (M) = ");
time=input('change time step (s) = ');

end




image7.png
54
55]
56
57
58
50)
60
61
62
63
64

check_x=pointx == round(pointx); %make sure number is whole
check_y=pointy == round(pointy); %make sure the number is whole

if check_x==0 || check_y==

end

'gt]d spacing is_incorrect J'mp]emeu:l: diffrent varibles'

clear zeros

grid_spacing= input('change grid spacing (M) = ");
pointx=((x/grid_spacing)+1);
pointy=((y/grid_spacing)+1);
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72 |= while error>=tol

73|= k=k+1;

74 - old_plate=new_plate;

75

76 - iteration = iteration+1;

7= z=z+1;

78

79 %Left & Right

80 - for i = 2:1:pointy-1

81 - new_plate(i,1) = Fox(old_plate(i-1,1)+old_plate(i+1,1)+2*old_plate(i,2)+((1/Fo)-4)xold_plate(i,1));
82 - new_plate(i,end) = new_plate(i,1);

83 - end

84 - for j = 2:1:pointx-1

85 - new_plate(end,j) = Fox((2xold_plate(end-1,j))+old_plate(end,j+1)+old_plate(end,j-1)+((1/Fo)-4)*old_plate(end,j));
86 - end

87 - new_plate(end,1) = Fox((2xold_plate(end-1,1))+2xold_plate(end,2)+((1/Fo)-4)*old_plate(end,1));

88 - new_plate(end,end) = Fox((2*old_plate(end-1,end))+2xold_plate(end,end-1)+((1/Fo)-4)*xold_plate(end,end));
89 - for i = 2:1:pointy-1

90 - for j = 2:1:pointx-1

91 - new_plate(i,j) = Fox(old_plate(i-1,j)+old_plate(i,j+1)+old_plate(i+l,j)+old_plate(i,j-1)+((1/Fo)-4)*old_plate(i,j));
92 - end

93 - endtime = iterationxtime;

94 - if z == 100;

95

96 - contourf(new_plate, 'showtext', 'on');

97 - set(gca, 'ydir', 'reverse')

98 - title({'Heat distribution graph',['Iterations = ', (num2str(iteration))l,['Time = ', (num2str(endtime)),'s'1});
99 - xlabel('Width of plate (m)")

100 - ylabel('Height of plate (m)"')

101 - colorbar

102 - drawnow

103

104 - z=0;

105 - end
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2 10 10 5 300 6546900 21823

3 10 10 5 50 5357500 107150 1.28E-04

4 10 10 5 100 5817800 58178 2.57E-04

5 10 10 5 150 6087000 40580 3.85E-04

6 10 10 5 200 6278000 31390 5.14E-04

7

8 10 10 0.5 300 6327300 21091 0.07708895

9 10 10 1 300 6333600 21112 0.01927224
10 10 2 300 6359100 21197 0.00481806
10 10 25 300 6378000 21260 0.00308356

10 10 1.25 300 6338400 21128 0.01233423
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k=143; %sconductivity
p=2.8e3; %Density
c=795; %Specific Heat

t1=10; %first temp/last temp
12=60; %highest temp
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