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Chapter 1

Introduction

With the rapid development of science and technology, people can get the efficient con-

trol of the occurance likelihood in the future. For example, people can observe the

temperature, humidity,wind and speed in this week to predict the weather today or

tomorrow. According to the size and complexity of the dataset, it can select the appro-

priate methods to fit and forecast data. If the dataset size is very big such as thousands

of records, it is hard to analyze it manually. There are a great deal of data mining tools

now such as Weka and Tableau software. In Weka software, there are predicting tools

such as ”Classify”, ”Cluster”, ”Associate”, etc. In each tool, there are different algo-

rithms such as J48, Logistic, LinearRegression,XMeans,Tree,etc. However, before using

Weka tools to analyze data, it need give a large amount of preprocessing. Sometimes,

it is complexed. Compared to it, The Tableau software is easy to use. EXCEL file can

be imported directly into the Tableau. It also can curve and fit the data. However,

they are all tools for handling the ”big data”. If the dataset size is small, there are

also available tools to analyze such as EXCEL software. In EXCEL software, there are

ready-made fitting and forecasting tools such as exponential function, polynomial func-

tion,power function,etc. However, if the dataset nature is not obvious,complexed and

limited. The conventional regression functions cannot fit with high accuracy. Scholars

are seeking for ways to solve it. Among them, Deng et al proposed grey theory model to

solve the fitting and forecasting of this kind of dataset in 1982[4]. In grey model, there

are some parameters which need to be set to get minimum error. Therefore, researchers

used different optimization algorithms [5–8] to estimate parameters to achieve it. Most

of them [3, 9–16] prefer to use Particle Swarm Algorithm(PSO), which is focused to

search the optimal of the objective functions to find the corresponding parameters. In

grey model problems, the error function is set as the objective function.

Compared the PSO, Gravitational Search Algorithm(GSA) is also a new deterministic

population-based heuristic optimization algorithm based on the law of gravity, which

1



Chapter 1. Introduction 2

applied in various fields for parameters controlling. Moreover, it can see Rashedi et al[1]

showed the GSA convergence and the optimize value is better than PSO based on some

particular benchmark function such as Sphere model, Schwefel’s problem 2.22,1.2,2.21,

Generalized Rosenbrock function,etc. However, as yet no one has used GSA to optimize

parameters in grey model.

In this paper, considering the similarity of PSO and GSA and the result in reference [1]

, it will firstly introduced GSA in grey model for parameters controlling. Moreover, for

existing dataset which used PSO, it will use the EXCEL regression tools to fit and fore-

cast the data and use GSA to replace PSO to fit and forecast based the same conditions.

Then, it will compare these three results for the same data and give the corresponding

description. In addition, it will combine the characteristic of GSA and grey model the-

ory to improve the fitting and forecasting result of GSA.

Firstly, it will check the GSA coding itself. Secondly, it will choose the China’s iron

dataset in [14] to fit and forecast with the EXCEL tool and GSA. Thirdly, it will fit

the three datasets in [3] with EXCEL and GSA. Fourth, it will combine these two grey

models in these two papers above [3, 14] to improve the accuracy.

1.1 Aims and Objectives

Aim:

Try to use Gravitational Search Algorithm (GSA) to replace the Particle Swarm Op-

timization (PSO) in grey model. Moreover, it will combine the GSA characteristic to

improve the accuracy of the grey model.

Objectives:

• To achieve the implementation of GSA at first and compare the existing result in

[1].

• List different kinds of testing data and use traditional regression methods and grey

model with GSA respectively.

• Compare the existing results with PSO and new results with GSA.

• In order to solve high dimensional optimization problems, people proposed GSA.

Therefore, in this paper, it will expand grey model dimensions to get better use of

GSA to improve the fitting accuracy.



Chapter 2

literature Review

In the classical optimization theory, scholars always use local search to find the optimal.

In the local search, set the initial solution and iteration maximum. Then it can search

the optimal around the initial solution. However, it can see that the optimal is related

to the initial solution, if the intial solution is far way from the optimal, it is hard to

search the optimal in the limiting iterations. Therefore, schloars proposed the heuristic

optimizatiom algorithms to solve global optimal problem instead of setting the initial

solution in local search. However, in optimizaiton algorithms, it is necessary to choose

suitalble parameters and number of parameters .If there are a great deal of parameters,

it can fit the model well while it is only useful to this model which called ”overfitting”;

if there are a small deal of parameters, it cannot fit the model well, the accuracy is low.

In addition, people prefer to use classical regression methods to find the nature of the

data so that it can fit and predict the data to get the efficient control of the occurance

likelihood in the future. There are some popular and simple classical regression meth-

ods such as using existing excel or MATLAB regression tools to get linear fitting and

predicting. If the data curve is not similar as the linear trends, it can choose other

functions as fitting functions such as exponential function, logarithmic function, power

function,etc. In this process, it need to use some particular mathematical transformation

methods such as differential or logarithm or variable replacement to transfer nonlinear

to be the linear function. However, it need to analyze the data nature at first so that

it can choose function with the similar trends to fit. Moreover, if the data size is very

limited and the nature is hard to judge. Obviously, the fitting or predicting error will be

bad. Therefore, scholars proposed the grey model[4] to solve this problemm as follow.

3
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2.1 Grey Model

Grey model theory was proposed by Deng in 1982 [4] for prediction, where ”grey” means

partial data information is known and partial data information is unknown. As far as

the data information is concerned, if all information is known, it called ”white”; if all

information is unknown, it called ”black”. In the grey system, it is difficult to find some

regular patterns in the raw sequence to predict due to nature of grey information. There

are some methods to make the data nature more clearly such as using accumulated gen-

erating operator [17] and differential equation [18] to handle the initial sequence. That

handling process is called the process of whitening raw sequence. The classical grey

model GM(1,1), it means the differential order is 1 which is the first ”1” and the other

”1” is the number of variable. Since its inception, it has been widely used in technology,

engineering, economy, industrial and many other fields for forecasting[19–23]. For exam-

ple, deaths numbers in road traffic accidents predicting in China[24], tourism demand

predicting in United States[25], lifetime prediction of electronic equipment forecasting

example[26], etc. There are three main forms of expression [27] for GM(1,1) as follow:

For an raw sequence X(0) = (x(0)(1), x(0)(2), ..., x(0)(n)), where x(0)(1), x(0)(2), ..., x(0)(n)

are arranged in chronological order which means x(0)(1) is the oldest information and

x(0)(n) is the latest information. A 1th-order accumulated generating sequence (1-AGO)

can be defined as follow:

Definition 2.1. Let sequence X(1) = (x(1)(1), x(1)(2), ..., x(1)(n)) be the 1-AGO accu-

mulated generating sequence of X(0), where x(1)(k) =
k∑

i=1
x(0)(i), k = 1, 2, ..., n. ([4]).

Obviously, x(0)(1) = x(1)(1).

Form 1

x(0)(k) + ax(1)(k) = b (2.1)

where a is the development coefficient of the model, b is the grey input of the model.

However, some scholars found using X(1) directly to model can grow too fast to get more

error. Therefore, it introduced another sequence Z(1) to replace X(1) to avoid grow too

fast as follow:

Definition 2.2. [28] Set z(1)(k) = 0.5[x(1)(k) + x(1)(k − 1)] is the mean generating

sequence of 1-AGO sequence, k = 2, 3, ..., n.
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Form 2

x(0)(k) + az(1)(k) = b (2.2)

Liu et al [28] showed the example result to proof the Form 2 is better than Form

1. In order to use and caculate conveniently, it gave its whitenization formula of the

GM(1,1)model is

Form 3

dx(1)

dt
+ ax(1) = b (2.3)

The corresponding solution equation is x̂(1)(t) = (x(0)(1)− b/a)e−at + b/a. If t <= n,it

called GM(1,1) fitting model, if t > n, it called GM(1,1) predictting model. After that,

it get the fitting and forecasting of X(1). Then, it need give the inverse of X(1) to get the

fitting and forecasting of X̂(0) which x̂(0)(k) = x̂(1)(k)− x̂(1)(k− 1), where k = 2, 3, ..., n

and x̂(0)(1) = x̂(1)(1).

Based on this classical grey model, scholars proposed different grey model to solve differ-

ent problems. Xie et al [29–33] and Wang et al [34] used discrete grey model DGM(1,1)

applied in exponential law sequence and focused on its optimization as follow.

Form 4

x(1)(k + 1) = β1x
(1)(k) + β2 k = 1, 2, ... (2.4)

where β1 = 1−0.5a
1+0.5a , β2 = b

1+0.5a . If k <= n,it called DGM(1,1) fitting model, if k > n, it

called DGM(1,1) predictting model.

Deng et al [27] had given the equivalence proof between form 3 and form 4 by the

Mclaughlin formula. Here, it will not be repeated again.

As Definition 2.1 mentioned, one order AGO is using X(0) as the original sequence to

get. Therefore, two order AGO is using X(1) as the original sequence to get so that

GM(n,1) means n order AGO sequence Grey Model. Kayacan et al [35] used GM(n,m)

which is n order equation and m variables, and Tseng et al [36] applied it in time series

prediction, Hsu et al [37] and Wu et al [38] developed grey models with multiple variables

to influence the final output within different factors. In addition, Lin et al [39] based

on one order generating accumulated operation proposed second-order grey differential
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equation to identify DNA binding proteins. Wang et al [40] transfomed the one order

generating accumulated operation to two orders generating accumulated operation to

solve oil-dissolved problems.

Obviously, in definition 2.1, it showed that in each x(1)(k) calculation process, x(0)(1)

which is the oldest data play a greater weight than x(0)(n) which is the latest data.

However, in the case of predicting with less records data, the latest data should play a

greater weight than the old data which called the priciple of new information priority

[17]. Che et al [41] used generating accumulated operation in opposite-direction which

meets new inforamation priority. A huge number of scholars have applied in practical

examples and showed its accuracy [23, 42–44]. It can see the AGO in opposite-direction

definition as follow:

Definition 2.3. Let sequenceX(1) = (x(1)(1), x(1)(2), ..., x(1)(n)) be the 1-AGO accumu-

lated generating sequence in opposite direction of X(0), where x(1)(k) =
n∑

i=k

x(0)(i), k =

1, 2, ..., n. ([41]). Obviously, x(0)(n) = x(1)(n).

In addition, Guo [45] et al added the self-memory principle to GM(1,n) model on engi-

neering fields. Tseng et al [46] used Hybrid Grey model to predict seasonal time series.

Here, it will not give detailed explanation.

Considered the existing the error by integer grey model is not perfect as well, scholars

have been researched on fractional order grey model. Fractional grey model is based

on classical grey model, which means changing integer-order accumulated generating

operation to fractional order accumulated generating operation. As the first researchers

to propose the fractional grey model, Wu et al [47–51] has been achieved the less error

with the specific fractional generating accumulated order which called FAGM(1,1) in a

great deal of practical problems although the fractional order is not the optimal order

to get the minimum error. It can see the FAGM(1,1) grey model as follow:

As definition 2.1 mentioned, It can include that r-order AGO sequence X(r) of X(r−1)

is x(r)(k) = Σk
i=1x

(r−1)(k). Therefore,

(x(r)(1), x(r)(2), ..., x(r)(n)) =


1 0 . . . 0

1 1 . . . 0
...

...
. . .

1 1 . . . 1


n×n

· (x(r−1)(1), x(r−1)(2), ..., x(r−1)(n))>

=


1 0 . . . 0

1 1 . . . 0
...

...
. . .

1 1 . . . 1



r

n×n

· (x(0)(1), x(0)(2), ..., x(0(n))>
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=



1 0 0 . . . 0

r 1 0 . . . 0
r(r+1)

2! r 1 . . . 0
...

...
...

. . .
...

r(r+1)...(r+n−2)
(n−1)!

r(r+1)...r(r+1)...(r+n−3)
(n−2)!

r(r+1)...r(r+1)...(r+n−4)
(n−3)! . . . 1


n×n

· (x(0)(1), x(0)(2), ..., x(0(n))>

Here,in order to narrate conveniently,it set coefficient matrix is A matrix. Therefore,

r-order AGO matrix is Ar = (arij)n×n, where j ≤ i, arij = (i−j+r−1)!
(r−1)!(i−j)! , otherwise it equals

0. It can be proved by mathematical induction [3, 9, 26, 47, 50, 52]. Noticed in the

original grey theory, r is a integer number. Now, it has been expanded to a fractional

number like 0.2, 1.2, 2.3, .... baesd on fractional calculus theory [53, 54].

It not only transformed the accumulated generating order [47–50] but also expanding

the accumulated generating order in opposite-direction which meet the new information

prioty. Obviously, as Definition 2.3 mentioned, it can conclude that 1-order AGO matrix

A is the transpose of 1-order AGO matrix in opposite-direction [55].

Moreover, Wu et al [51, 56] also first combined the Caputo fractional order derivative

into classical grey model GM(1,1) which can discrease the accumulated generating error

by using original data modeling directly as follow.

x(r)(k)− x(r)(k − 1) + az(r) = b (2.5)

It can see in paper [47–50] that scholars only tried different orders to campare the error

value to identify the most suitable fractional order.

2.1.1 Mean absolute percentage error

As the researchers in depth study [46, 57–61], they prefer to choose the Mean Absolute

Percentage Error (MAPE) function as the mearsure of the error as follow:

MAPE(r) =
1

n

n∑
k=1

| x̂(0)(k)− x(0)(k) |
x(0)(k)

× 100% (2.6)

where x(0)(k) is the actual value, x̂(0)(k) is fitting values or forecasting values. There

are some other measure function as follow:

Least absolute deviations(LAD)

S =

n∑
i=1

| x(0)(k)− x(0)(k) | (2.7)
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Mean absolute error(MAE)

MAE =

∑n
i=1 | x̂(0)(k)− x(0)(k) |

n
(2.8)

Mean percentage error(MPE)

MPE =
1

n

n∑
k=1

x̂(0)(k)− x(0)(k)

x(0)(k)
× 100% (2.9)

Obviously, it can see if the records of data are in a huge amount, the LAD value is

huge as well so that the convergence speed will be slow. Compare the MAE, MAPE

value seems more intuitive. Meanwhile, it is hard to judge the positive or negative of

x̂(0)(k)− x(0)(k) in MPE so that when use this to measure is not reasonable.

Tofallis et al has showed ”MAPE is the most widely used measure of prediction ac-

curacy” in different fields [62]. When MAPE < 10%, it can conclude this model has

higher accuracy. In MAPE function, there is the operation of the absolute value so it

cannot obtain the minimum by calculating the derivative directly. Therefore, based on

the optimization algorithm and choosing the error function MAPE as the objective fun-

tion, it searches the most optimal fractional order to get the minimum error. It included

Yang et al [5] used Quantum Genetic Algorithm (QGA), Zhao et al [6] used differential

evolution algorithm, Chen et al [7] used fruit fly optimization algorithm and Hsu et al

[8] used genetic algorithm. Most scholars [3, 9–16] used Particle Swarm Algorithm to

optimize parameters included orders in grey model to improve the accuracy.

As yet no one has used Gravitational Search Algorithm (GSA) to optimize parameters

in grey model.

Through the study of scholars [3, 10–12, 14], it found optimal parameters grey models

by the optimization algorithm have less error in forecasting problems than original grey

models. Moreover, different systems or problems need different parameters to get mini-

mum error.Therefore the use of efficient optimization algorithms to select parameters is

worth investigating and so we first review PSO before considering the use of GSA which

to we believe has not been used in this context before.

2.2 Particle Swarm Optimization Algorithm

The basic principle as follow: In PSO, every agent can be called one particle, which

represents a implied solution. For example, in a D dimension as the objective search

space. Set there are m particles. Here, if m is over large, it will influence the search

speed and convergence.
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set zi = (zi1, zi2, ..., ziD) is the vector location of the ith agent in D dimension, where

i = 1, 2, ...,m. It need set fitness function at first, which is related to objective solution

problems. Then algorithm will caculate the fitness function. This value can measure the

position (solution) is good or bad. vi = (vi1,vi2,...,vil,...,vid) is the particle flying speed,pi =

(pi1, pi2, ..., pid, ..., piD) is the best position (solution) untill now by the particle searching,

pg = (pg1, pg2, ..., pgl, ..., pgD) it the global position(solution) for whole particles. In each

iteration, the new speed and location updated as follow:

vk+1
id = vkid + c1r1(pid− zidk) + c2r2pgd− zidk (2.10)

zk+1
id = zkid + vkid + 1 (2.11)

where i = 1, 2, ...,m, d = 1, 2, ..., D, k is the iteration numbers, r1 and r2 are the rand

number in [0,1].c1 and c2 are the memory factor, which can memory past self positions

and best position to make itself closer to the best values.

The simpify process as follow:

step1: Caculate the fitness value;

step2: Update the vid and zid;

step2: Whether the number of iterations is maximum and the objective function con-

dition is satisfied or not; if yes, exit;else go back step 1.

PSO is based on birds organizational behaviour to solve the optimizaton of nonlinear

functions, which proposed by Eberhart and Kennedy in 1995 [63], where due to basic

parameters is fixed, the optimal accuracy is bad for some specific function. Based on

the original PSO, Shi et al [64] expanded the inertia factor as the linear decreasing

function which can balance the relation between the exploration and exploration and

the exploitation as follow:

vk+1
id = ωvkid + c1r1(pid− zidk) + c2r2pgd− zidk (2.12)

where ω = ωmax− ωmax−ωmin
itermax × k.

It improved the PSO performance significantly so that scholars called it ”Standard

PSO”. In addition, a great deal of researchers [65–69] developed PSO to solve the

different complex systems. Since it incepted, Hami et al used improved PSO to apply in

”case of casablanca stock exchange” [70], Liu et al [71] used it to solve dynamic problems

such as adjustment of power system, Singh et al [72] focused the integral and deriviate

parameters problems to optimize the eletrical loading frequency control, etc.
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Figure 2.1: Every mass accelerate toward the result force that act it from the other
masses.After [1]

2.3 Gravitational Search Algorithm

In 2009, Rashedi [1] et al proposed the new deterministic population-based heuristic

optimization algorithm based on the law of Newton gravity which can be explored and

called it Gravitational Search Algorithm (GSA). In GSA, every object can be regarded as

a mass. In the search space, every mass with acceleration attracted each other by gravity

as in Figure 2.1. The object’s mass which can represent their performance is the only

factor to decide the speed and acceleration. Their mass is computed by fitness function

which is set by the optimum problems in advance. Iteration process will be stopped

by the lighter mass moved the best position. It means the fitness become the global

fitness. The location of the mass represents the solution of the system within the fitness

function condition. Here, the principle flow as follow based on minimize optimization as

an example in Figure 2.2 [2]: where fiti(t) is the fitness function of ith at time t ; Mi(t)

is the mass of ith at time t;G(t) is the gravity at time t; Rij is the distance between

ith agent and jth agent; F d
i (t), adi , V

d
i andx

d
i represent force, acceleration, velocity and

position of the ith in the dth dimension.

Compared to the other optimization methods such as Harmony Search[73], Particle

Swarm Optimization[74], the Bayesian Optimization Algorithm[75], Artificial Bee Colony

Optimization Algorithm[76], Ant Colony Optimization Algorithm[77], Genetic Algorithm[78],

etc, GSA is the new one, it can be explored more and the optimal values is better for

some particular benchmark functions as seen in [1]. Here 23 classical benchmark func-

tions are testing to compare the Real Genetic Algorithm (RGA), PSO and GSA, where

all seven unimodal testing functions and three multimodal benchmark functions showed

the GSA is the best one to find the global optimal. Furthermore, in that paper, it com-

pared Central Force Optimization and GSA as well with ten benchmark functions, there

are seven functions got best values using GSA. In 2010, Rashedi proposed the binary

GSA (BGSA) which use some binary criteria to evaluate the performance [79] and it
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Figure 2.2: GSA minization principle flow After [2]

was applied in feature selection [80]. The difference between GSA and BGSA is the

update of xdi (It represents position of ith agent in dth dimension) which only equals 0 or

1. Moreover, Precup et al [81] using the coding to assign the proportion of exploration

and exploitation as 15% and 45% so that it can improve the accuracy and accelerate

the convergence speed focused on the fuzzy and PI Contrelled Servo system [82]. Fur-

thermore, Mirjalili et al [83] proposed the hybrid PSOGSA to combine the strength of

PSO and GSA. Under this idea, it solved a great deal of problems such as antenna array

system,fuzzy-VQ image compression, environmental dispatch, power flow system, T-S

fuzzy neural network prediction, etc [84–88]. In addition, scholars proposed and used

chaotic GSA, discrete GSA, GSA with wavelet mutation, Fuzzy GSA, for particular

problems such as system identification in T-S fuzzy model [89], combinatorial optimiza-

tion problems [90], economic load dispatch [91],multimachine power system stabilizers

[92],etc.
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Since inception, scholars prefer to compare PSO and GSA at the same problem such as

Wei et al [93] expanded improved GSA to optimize the result based on the PID control

by the Zhang et al [94] using PSO, Hassanzadeh et al [95] based the multi- objective PSO

[96] proposed multi-objective GSA to solve MOPSO convergence premutually to local

optimal. In addition, it can be found the applications wth GSA and its variants in multi-

hop wireless network[97],the interconnected power system [98], maximum optimization

of arrival directon estimation [99], linear time-delayed system [100], human finger vein

pattern identification [101],etc.



Chapter 3

Research Methods

3.1 Philosophy

This is the scientic experiment paper. It can expand the scope of GSA application.

Moreover, the grey system theory can be more perfect. In the optimization theory of

fitting and forecasting data, it provided a guide of solving the complexed problems with

limiting and messy data.

3.2 Experiment design

3.2.1 Experiment hypothesis

When applied in the same grey model, GSA can get higher accuracy than PSO.

3.2.2 Experiment apparatus

Here, it will use MATLAB software to achieve this process.

MATLAB (Matrix Laboratory) is the commercial programming software invented by

MathWorks Corporation in America. It is an interactive environment for advanced

technical computing languages such as algorithm exploration, data visualization and

analysis. Besides, it also can be used in numerical simulation. It mainly includes MAT-

LAB software and Simulink software.

MATLAB language includes condition functions, data structures, statements, input and

output, and object-oriented programming characters. You can enter the ”input state-

ment” and the ”execution command” in the command window at the same time, or

13
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you can write a large complex programing file which called ”.file” at first and then run

it together. It is more convenient to the user with limited professional programming

skills. Moreover, this language can be transplanted and highly expandable, this is why

MATLAB can be obtained this depth in scientific research and engineering calculation

fields.

More and more scholars use MATLAB to analyze and compute the model to solve the

practical problem in life in the world. For example, data analysis which includes load-

ing the data and plotting the data, curve fitting, mapping surface curvature to colour

[102]. It not only used widely in mathematical discipline, but also applied successfully

in engineering fields such as handling strong movement records and estimating earth-

quake parameters[103]. It also applied in fractional grey model prediction of electricity

prediction research [104]. In addition, there are a great deal of ready-made toolboxes,

it is convenient for beginner to use it.

3.3 Any other software methodology

SciPy

SciPy is the open-source software in Python environment which functions are the similiar

with MATLAB. Python is the new programming based on the classical ”ABC” language.

Moreover, it combined the C language and other coding language so that it solve the

nonopen-source problems. Furthermore, as Python incepted, it has been used in Google,

Youtube, Yahoo,etc. However, it has been used in Linux operation. In other words, it is

more suitable for business and companys instead of students, scholars, individuals, etc.

Octave

Octave is a tool which designed to solve scientific computing and numerical analysis

problems. Moreover, it is free and open source as well. Most codings can be running

directly on Matlab. In addition, it takes up less memory and the functions are also very

similar with Matlab. Therefore, it is a strong competitior to MATLAB. However, The

advantage of the MATLAB software is its excellent service due to its expensive fees. It

is easy to find a great deal of useful coding source on its offical website.

In conclusion, taking into account the advantages of MATLAB software modeling and I

learned MATLAB software when I was a college student, this paper selects the MATLAB

software for grey model fitting and predicting. Moreover, My computer operation system

is windows 7. In addition, the orginal coding of GSA from official website is MATLAB

coding.



Chapter 4

Development Methods

4.1 The coding achievement of GSA itself

Considering the significance of GSA in this paper, it will check the GSA coding with-

out grey model at first. Here, it chose the GSA coding from the MATLAB official

website which is published by the author who proposed the GSA [1]. In [1], Rashedi

et al were inspired by the law of motion and gravity as mentioned in Figure 2.1 to

propose this new algorithm concept. It also transformed the concept into the cac-

ulation formulas as in Figure 2.2, where the fiti(t)(fittness funtion ) was compiled

named ”test functions.m”; mi(t)(mass funtion) was compiled named ”massCalcula-

tion.m”; G(t)(Gravity constant) was compiled named ”Gconstant.m”; F d
i (t)(Force func-

tion) and adi (acceleration) were compiled named ”Gfield.m”; V d
i (t + 1)(velocity) and

xdi (t+ 1)(position) were compiled named ”move.m” in advance. In addition, the author

also compiled the ”test functions range.m” to input the fittness funcions dimension

and its range. The purpose of ”space bound.m” is to control the moving of agents in

the search space. In order to use acceleration, Gravity constant, position, velocity more

convenient, the author compiled ”GSA.m” to put them together. At last, it compiled

”main.m” to call the function has been mentioned above to output the ”Fbest” which

is the fitness optimum. Considering the use of the following, a few codings such as

”massCalculation.m”, ”Gconstant.m”, ”test functions.m”, ”test functions range.m”

and ”main.m” were listed in the appendix A.

In order to test GSA, Rashedi et al[1] chose 23 benchmark function as testing functions.

Moreover, it compared the results of GSA, PSO and Real genetic Algorithm (RGA)

based the same benchmark function. There are nearly two-thirds benchmark functions

showed GSA is better than PSO when search the optimum. About four-fifths benchmark

functiond showed GSA is better than RGA. In addition, considering the number of

15
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Figure 4.1: The original figure
in paper [1]

Figure 4.2: Sphere model opti-
mization with GSA

benchmark function is large, it will choose some special benchmark functions to explain

the performance of GSA. The results as follow:

1.Sphere Model

Function expression:

f1(x) =
30∑
i=1

x2i (4.1)

where the searching range is −100 ≤ xi ≤ 100. This is the nonlinear symmetric unimodal

function. Obviously, the global minimum of this funtion is f1(0, ..., 0) = 0. Compared

other test function, this is relatively simple, most algorithms can easily to get optimum

so that it main used in testing the optimization accuracy. It can see the running coding

in the Figure 5.5 in Appendix.A. The optimization results as follow in Figure 4.1 and

Figure 4.2: where dimension is n = 30; population size is N = 50; iteration number is

1000.

It can see that the GSA optimization trends is the same. Obviously, the minimum in

Figure 4.2 is smaller than the result in the Figure 4.1. It means the result has been

improved now. In Figure 4.1, the convergence speed is much faster than PSO and RGA

and the minimum is smaller as well.

2.Quartic function i.e. noise

Function expression:

f7(x) =
30∑
i=1

ix4i + random[0, 1) (4.2)

where the searching range is −1.28 ≤ xi ≤ 1.28. This is the function with noise where

random[0, 1) is the random variable between [0, 1). Obviously, the global minimum of

this funtion is f7(0, ..., 0) = 0. Due to this function include the random noise variable,
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Figure 4.3: The original figure
in paper [1]

Figure 4.4: Quartic model opti-
mization with GSA

it usually used to measure the performence of unimodal function with lots of noise. It

only need modify ”F index=1” to the ”F index=7” in ”main.m” file as Figure 5.5 in

Appendix A. The optimization results as follow in Figure 4.3 and Figure 4.4: where

dimension is n = 30; population size is N = 50; iteration number is 1000.

It can see that the GSA optimization trends are the same. Moreover,the minimum in

original figure of paper [1] is 0.018. Now, it can see the minimum in the Figure 4.4 is

0.01626. The result has been improved as well. In Figure 4.3, the convergence speed is

a little faster than PSO and RGA and the minimum is smaller as well.

3.Ackley Function

Function expression:

f10(x) = −20exp{−0.2

√√√√ 1

30

3∑
i=1

0x2i } − exp(
1

30

30∑
i=1

cos2πxi) + 20 + e (4.3)

where the searching range is −32 ≤ xi ≤ 32. This is the continuous and rotating

multimodal function. It adjusted the exponential function by the cosine funtion. This

multimodal funtion has a great deal of local optimal. Obviously, the global minimum

of this funtion is f10(0, ..., 0) = 0. In addition, the optimal is located at the edge.

Therefore, if the initial value of algorithms falls on the edge, it will be easy to find the

optimal rapidly. It only need modify ”F index=1” to the ”F index=10” in ”main.m”

file as Figure 5.5 in Appendix A.The optimization results as follow in Figure 4.5 and

Figure 4.6: where dimension is n = 30; population size is N = 50; iteration number is

1000.

It can see that the GSA optimization trends is the same. Obviously,the minimun in

Figure 4.6 is smaller than the minimum in original paper. The result has been improved
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Figure 4.5: The original figure
in paper [1]

Figure 4.6: Ackley function opti-
mization with GSA

as well. In Figure 4.5,the convergence speed is much faster than PSO and RGA and the

minimum is smaller as well.

In conclusion, the GSA coding from the MATLAB official website can be showed the

better result than the original paper. There may be some reasons which can explain

that. Firstly, this code is generated by the author in 2010. However, the paper was

finished in 2009. Maybe some coding steps has been simplified. Secondly, the MATLAB

edition has been improved. Here, it use MATLAB R2014a instead of R2009b in original

paper. Thirdly, the computer system may influence the result. It cannot know the

system when the author was writing. Here, it use Windows 7 64-bit system. Moreover,

in paper [1], there are almost two thirds benchmark functions which can be showed the

GSA optimal is better than PSO optimal.It is hard to say which algorithm is better

than the other algorithm due to the diversity of the problems. Therefore, in this paper,

it is the first time to use GSA to optimal grey model based the existing paper which

used PSO.

4.2 Experiment

4.2.1 The first grey model is chosen in this paper

Classical grey model GM(1,1) has been introduced in the section 2.1. Based on this one,

Wen et al [105] expanded the mean generating sequence z(1)(k) of 1-AGO sequence in

the definition 2.2 as follow:

Definition 4.1. Set z(1)(k) = λx(1)(k)+(1−λ)x(1)(k−1) is the new generating sequence

of 1-AGO sequence, k = 2, 3, ..., n, where λ is between 0 and 1.
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In the classical GM(1,1), the λ equals 0.5. In [105], the author showed different λ can

influence the final forecasting error. However, it cannot find the most suitable λ to get

the smallest error value. Therefore, Ma et al [14] used PSO to search the smallest error

by setting the λ as the parameter as follow where k = 1, 2, ... :

Step 1: Input actual value x(0)(k);

Step 2: Calculate the forecasting value x̂(0)(k) with parameter λ due to the GM(1,1)

as definition 4.1;

Step 3: Calculate the MAPE function with parameters λ as equation 2.6;

Step 4: Input MAPE funtion from step 3 in PSO algorithm to output the λ;

Step 5: Update the GM(1,1) with λ from step 4 to output the fitting values x̂(0)(k);

Step 6: Repeat Step 3 to step 5 until get the minimum MAPE.

In [14], there are two testing data which one is China’s ore import from 1995 to 2010

and another is its consumption where the data source is from China statistical yearbook.

Ma et al used four different grey models which are GM(1,1), PSO-GM(1,1,λ), Rolling

GM(1,1) and PSO-Rolling GM(1,1,λ) to fit data from 1995 to 2010 and forecast data

from 2011 to 2015. However, the date of this paper published is 2013. The forecasting

data from 2011 to 2015 cannot calculate the error without the actual value. Here, it will

choose China’s ore import from 1995 to 2010 as testing data to fit and download the data

between 2011 to 2015 from the China statistic yearbook as the actual value to forecast.

Moreover, it will use classical regression methods such as Excel to fit and forecasting

the data. Furthermore, we will give GM(1,1), GSA-GM(1,1,λ), Rolling GM(1,1) and

GSA-Rolling GM(1,1,λ) results to compare and analyze it.

4.2.1.1 Testing data

In Table 4.1, there are 21 records form 1995 to 2015, where the unit of the import data

is 10000 tons.

4.2.1.2 Fitting and forecasting with EXCEL

The main steps as follow:

Step 1: Input the testing data from 1995 to 2010 in the EXCEL sheet;

Step 2: Use EXCEL existing tools to draw scatter charts as follow in Figure 4.7;

Step 3: According to the graphical trend, the exponential function and the polynomial

function are used to fit as follow in Figure 4.8 and Figure 4.9:

Step 4: Calculate the fit data and the forecast data based on the formula in the Figure

4.8 and Figure 4.9. The result as follow in Table 4.2 and Table 4.3,where the first MAPE



Chapter 4. Development Methods 20

Year Number Actual

1995 1 4115
1996 2 4387
1997 3 5510
1998 4 5177
1999 5 5527
2000 6 6997
2001 7 9231
2002 8 11149
2003 9 14812
2004 10 20808
2005 11 27523
2006 12 32629
2007 13 38309
2008 14 44356
2009 15 62778
2010 16 61863
2011 17 68608
2012 18 74360
2013 19 81910
2014 20 93234.18
2015 21 95272.29

Table 4.1: China’s iron ore import

is fitting data error with first 16 values and another is predicting data error with last 5

values;

It can see the polynomial function can fit and forecast the original data better. Moreover,

the fitting MAPE is about 9.924% < 10%. It can conclude that the fitting results have

higher accuracy.

4.2.1.3 Fitting and forecasting used classical GM(1,1)

The main steps as follow:

Step 1:Input raw sequence X(0)=(4115, 4387, 5510, 5177, 5527, 6997, 9231, 11149,

14812,20808, 27523, 32629, 38309, 44356, 62778, 61863) into MATLAB software named

”GM11.m”.

Step 2:Use 1-AGO which mentioned in definition 2.1 to get X(1)=(4115, 8502, 14012,

19189, 24716, 31713, 41034, 52183, 66995, 87803, 115326, 147955,186264, 230620, 293398,

355261), where the X(1) = A∗X(0) and A is the coefficient matrix as defined in Chapter

2.



Chapter 4. Development Methods 21

Exponential Function

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 3153.7222 23.3603 13.15353635
4387 3864.311025 11.9145
5510 4735.007952 14.0652
5177 5801.888141 12.0705
5527 7109.155114 28.6259
6997 8710.972223 24.4958
9231 10673.70677 15.6289
11149 13078.67977 17.3081
14812 16025.5353 8.1929
20808 19636.36896 5.6307
27523 24060.78667 12.5793
32629 29482.10314 9.6445
38309 36124.93713 5.7012
44356 44264.51791 0.2062
62778 54238.08875 13.6034
61863 66458.8797 7.4291
68608 81433.22881 18.6935
74360 99781.56094 34.1871
81910 122264.0935 49.2664
93234.18 149812.3343 60.6839
95272.29 183567.676 92.6769 51.10156298

Table 4.2: China’s iron ore import with exponential function

Polynomial Function

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 5783.43 40.5451 9.92410181
4387 4462.42 1.7192
5510 3893.47 29.3381
5177 4076.58 21.2559
5527 5011.75 9.3224
6997 6698.98 4.2593
9231 9138.27 1.0045
11149 12329.62 10.5895
14812 16273.03 9.8638
20808 20968.5 0.7713
27523 26416.03 4.0220
32629 32615.62 0.0410
38309 39567.27 3.2845
44356 47270.98 6.5718
62778 55726.75 11.2320
61863 64934.58 4.9651
68608 74894.47 9.1629
74360 85606.42 15.1243
81910 97070.43 18.5086
93234.18 109286.5 17.2172
95272.29 122254.63 28.3213 17.66686125

Table 4.3: China’s iron ore import with polynomial function
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Figure 4.7: X-Y scatter chart of original data

Step 3:As mentioned in definition 2.2, the mean generating sequence is z(1)(k) =

0.5[x(1)(k) + x(1)(k − 1)],where k = 2, 3, ..., n. Therefore, Z(1)=(6308.5, 11257, 16600.5,

21952.5, 28214.5, 36373.5, 46608.5, 59589, 77399, 101564.5, 131640.5, 167109.5, 208442,

262009, 324329.5).

Step 4:Now, subtitute X(0) and Z(1) into equation 2.2. It will get 15 equations with

different k. Considering the equation 2.2 is the linear equation,it can use the least squares

method to solve the the development coefficient a and grey input b, which means to find

a and b to make the δ as follow is the minimum.

the principle as follow where k = 2, 3, ..., 15:

• Set δ =
∑15

k=2[x
(0)(k) + az(1)(k)− b]2;

• Differentiate δ with respect to a and b respectively and set this two formulas equals

0 (extreme value principle) as follow:2
∑15

k=2(x
(0)(k) + az(1)(k)− b)z(1)(k) = 0

2
∑15

k=2(x
(0)(k) + az(1)(k)− b)(−1) = 0

(4.4)
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Figure 4.8: X-Y scatter chart of original data with exponential function

• Set the B =


−z(1)(2) 1

−z(1)(3) 1
...

...

−z(1)(15) 1

, Y =


−x(0)(2)

−x(0)(3)
...

−x(0)(15)

, P =

(
a

b

)
;

• Equation 4.4 can transform to matrix equation B>(Y −BP ) = 0;

• The solution of matrix equation above is P = (B>B)−1B>Y ;

After caculated above, it can get P =

(
−0.2033

3091.5752

)
; where a = −0.2033 and 3091.5752.

Step 5: Subtitute a and b into the solution of equation 2.3 to get fitting 1-AGO X̂(1)(t),

where x(1)(t) = (x(0)(1)− b/a)e−at + b/a when t <= n,it called GM(1,1) fitting model,

when t > n, it called GM(1,1) predictting model. The results as follow in Table 4.4.

It can see the result is very worse than the polynomial funtion fitting. Moreover, the

results in original paper as follow in Figure 4.10.
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Figure 4.9: X-Y scatter chart of original data with polynomial function

GM(1,1)

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 4115 0 16.7569
4387 4355.6928 3.1317
5510 5337.4437 26.3372
5177 6540.4763 45.0093
5527 8014.6662 40.3620
6997 9821.1311 29.1145
9231 12034.7640 32.2750
11149 14747.3383 22.0045
14812 18071.3132 6.4230
20808 22144.44949 1.4070
27523 27135.75108 1.9094
32629 33252.0109 6.3636
38309 40746.8445 12.5687
44356 49930.9753 2.5373
62778 61185.1624 21.1968
61863 74975.9857 4.9651
68608 91875.1903 33.9132
74360 112583.3894 51.4032
81910 137959.1109 68.4277
93234.18 169054.3906 81.3223
95272.29 207158.3875 117.4382 70.5009

Table 4.4: China’s iron ore import with classical GM(1,1)
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Figure 4.10: The fitting results in original papre

[14]

Coding description

In order to use conveniently in next section,here, it compiled 1-AGO coefficient matrix

A as r-AGO matrix named ”mm.m”. When it to use, it only need enter the order

of AGO and the number of data records. Moreover, the order can be the fractional

number which defined in Chapter 2. Therefore, it compiled the fractional factorial

named ”fractionalfactorial.m” to achieve that. In addition, considering the next model

GM(1,1,λ), it compiled the z(1)(k) = λx(1)(k) + (1 − λ)x(1)(k − 1) named ”Mean.m”

where k = 2, 3, ..., n. The last coding is the main coding to fit and forecast with MAPE

named ”GM11.m”. The coding listed in the Appendix B. The main principle to code in

MATLAB is transformed the mathematical formula to a form with matrix. In addition,

a great deal of conditional and looping statements is necessary to achieve the matrix

compiling.

It can see the GM(1,1) results which fitting MAPE equals 16.7569% in this paper is

a little better than the results in the Figure 4.10 in the original paper which fitting

MAPE equals 16.8315%. There are also some reasons such as the number of decimal

retained in the caculation, the version of the MATLAB, the operation system of running

computer,etc. Obviously, the results including fitting and forecasting are worse than the

results with classical regression methods. Moreover, the methods with EXCEL tools is

much easier than the GM(1,1). Therefore, scholars proposed the a great deal of GM(1,1)

variants to improve the performance of GM(1,1). Next, it will give GSA-GM(1,1,λ) to

analyze it.
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Figure 4.11: The schematic diagram of GSA-GM(1,1)

4.2.1.4 Fitting and forecasting used GSA-GM(1,1,λ)

The main steps are similar with PSO-GM(1,1,λ) in the section 4.2.1. It only use GSA

to replace the PSO. Here, it gives the GSA-GM(1,1,λ) schematic diagram as follow in

Figure 4.11: The main steps in MATLAB software:

Step 1: Modify the ”GM11.m” to the ”MAPE.m” by adding funtion name ”func-

tion=MAPE(lambda)” to prepare in the main program can be called as Appendix B.

Step 2: Update ”fit=sum(L.ˆ2)” to ”fit=MAPE(L)” in the ”test functions.m” and its

range from 0 to 1 in the ”test functions range.m”

Obviously, MAPE function is the 1-dimension function with respect to the ”lambda”.

Considering the objective function can be only one, here, it used fitting MAPE function

as objective function at first. Then it used forecasting MAPE function as the objective

function. The result as follow in Table 4.5:

Compared to the Figure 4.10, it can see that the fitting MAPE of the GSA-GM(1,1,λ)

which equals 13.4116% is a little smaller than the 13.4769% in the Figure 4.10. Obvi-

ously, the forecasting MAPE which equals 70.5009% is very bad. Therefore, next,we set

the forecasting MAPE function as the objective function to search the optimum.

The result with forecasting MAPE function as the objective function as follow in Table

4.6: It can see that the forecasting MAPE with GSA-GM(1,1,λ) within the forecasting

MAPE function as the objective function is much smaller than forecasting MAPE with

GM(1,1) which one is 14.3354% and another is 70.5009%. Moreover, the forecasting

MAPE of GSA-GM(1,1,λ) is also better than the result of polynomial function which

one is 14.3354% and another is 17.6669%.

Coding discription

It only need transform the MAPE function in the ”MAPE.m”. In the ”MAPE.m”, it
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GSA-GM(1,1)

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 4115 0 13.4116
4387 4183.0948 4.6479
5510 5092.7489 7.5726
5177 6200.2160 19.7647
5527 7548.5124 36.5752
6997 9190.0089 31.3421
9231 11188.4644 20.0350
11149 13621.5033 22.1769
14812 16583.6299 11.9608
20808 20189.8993 2.9705
27523 24580.3865 10.6915
32629 29925.6274 8.2852
38309 36433.2421 4.8964
44356 44356.0000 5.8659
62778 54001.6376 13.9800
61863 65744.8117 6.2749
68608 80041.6516 16.6652
74360 97447.4765 31.0482
81910 118638.3649 44.8399
93234.18 144437.4153 54.9190
95272.29 175846.7167 84.5728 70.5009

Table 4.5: China’s iron ore import with GSA-GM(1,1) with fitting MAPE function
as the objective function

used the comment sysbols which does not participate in the compiled process to change

the objective function as in AppendixB.

4.2.1.5 Fitting and forecasting used rolling GM(1,1)

Rolling GM(1,1)

Here,use this data as an exmple to explain.

Step1 : Select the first four records X(0)1=(4115, 4387, 5510, 5177) as the testing data,

use GSA to predict the fifth record x(0)(5) = 5824.0751. Predicting methods is similar

with subsection 4.2.1.3. Here, it will not repeated again.

Step2: Add the fifith record into the X(0)1, and remove the first record 4115. Then it

get a new sequence testing sequence named X(0)2=(4387,5510,5177,5824.5527). After

that, use the same step in the above to get sixth record. Then repeat that untill to

predict all data. The result as follow in Table

Untill now, it can see the best results with fitting MAPE or forecasting MAPE are the

results used Rolling GM(1,1). The concept of this model is when a dataset have different
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GSA-GM(1,1,λ)

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 4115 0 16.5324
4387 3873.5510 11.7039
5510 4660.1437 15.4239
5177 5606.4679 8.2957
5527 6744.9598 22.0365
6997 8114.6426 15.9732
9231 9762.4635 4.7362
11149 11744.9035 5.7362
14812 14129.9129 4.6050
20808 16999.2403 18.3043
27523 20451.2351 25.6940
32629 24604.2183 24.5940
38309 29600.5377 22.7321
44356 35611.4477 19.7145
62778 42842.9788 31.7548
61863 51542.9994 16.6820
68608 62009.7124 9.6174
74360 74601.8756 0.3253
81910 89751.0990 9.5728
93234.18 107976.6389 15.8123
95272.29 129903.1953 36.3494 14.3354

Table 4.6: China’s iron ore import with GSA-GM(1,1,λ) with fitting MAPE function
as the objective function

Figure 4.12: The results in original paper

trends in different intervals, it can divide it some subdataset to fitting and forecasting.

In this model, the λ = 0.5 Next, it will try the GSA-rolling GM(1,1,λ) with this data.

4.2.1.6 Fitting and forecasting used GSA-rolling GM(1,1,λ)

The methods in this subsubsection is combined GSA-GM(1,1,λ) and rolling GM(1,1).

Here, it will not introduce in detail. The result as follow in Table 4.8:

In order to compare the forecasting MAPE of PSO-rolling GM(1,1) in Figure 4.12 and

GSA-rolling GM(1,1), it computed the forecasting MAPE of PSO-rolling GM(1,1) used

actual value in the Figure 4.12. The result is 3.62%.
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Rolling-GM(1,1)

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 4115 0 10.2458
4387 4651.8459 6.0371
5510 5013.7099 9.0071
5177 5403.7231 4.3794
5527 5824.0751 5.3750
6997 5422.0523 22.5089
9231 8013.8238 14.0240
11149 11959.0600 7.2657
14812 14018.0819 5.3600
20808 18454.8827 11.3087
27523 27939.2882 1.5125
32629 36921.9992 13.1570
38309 40744.5962 6.3578
44356 45064.0871 1.5964
62778 51613.9604 17.7834
61863 79193.6017 28.0145
68608 74902.8590 9.1751
74360 70580.0318 5.0833
81910 81654.3548 0.3121
93234.18 89262.9642 4.2594
95272.29 103917.5636 9.0743 5.581

Table 4.7: China’s iron ore import with rolling-GM(1,1)

GSA-Rolling GM(1,1,λ)

Actual Forecast abs(Forecast−Actual)/Actual(%) MAPE(%)

4115 4115 0 7.8362
4387 4453.2489 1.5101
5510 4801.5855 12.8569
5177 5177.1693 0.0033
5527 5582.1316 0.9975
6997 5421.1139 22.5223
9231 8221.9082 11.7916
11149 11833.3696 6.1384
14812 14773.6912 0.2586
20808 18853.7498 9.3918
27523 27763.2177 0.8728
32629 36322.3219 11.3191
38309 39245.7107 2.445
44356 45078.5037 1.6289
62778 52062.2378 17.0693
61863 73454.4968 18.7374
68608 68608.0000 0
74360 71872.8854 3.3447
81910 81909.9999 4.7186e-11
93234.18 89556.4064 3.9447
95272.29 102739.6065 7.8379 3.0255

Table 4.8: China’s iron ore import with GSA-rolling GM(1,1,λ)
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Algorithm MAPE of MAPE of rolling MAPE of rolling
GM(1,1,λ)(fitting) GM(1,1,λ)(fitting) GM(1,1,λ)(forecasting)

PSO 13.4769% 3.2072% 3.62%
GSA 13.4116% 7.8362% 3.0255%

Table 4.9: Compare the result of GSA and PSO

Compare the result of GSA and PSO

The result as follow in Table 4.9

It can see that the fitting result of PSO-rolling GM(1,1,λ) is better than the fitting result

of GSA-rolling GM(1,1,λ). However, the forecasting result of GSA-rolling GM(1,1,λ) is

better than the PSO-rolling forecasting result.

In conclusion, in this subsection, it chose four models and two classical regression meth-

ods to fit and forecast. Firstly, all results in the experiment are better than the existing

result in the [14] except the fitting MAPE of PSO-rolling GM(1,1). Secondly, GM(1,1)

result is the worst. The result of classical regression methods is similar of GM(1,1) with

parameters λ. The rolling GM(1,1) can get high accuracy of fitting and forecasting. In

addition, when it use PSO and GSA to find the optimum in grey model, it is hard to

say which one is best due the diversity of grey models.

4.2.2 The second grey model is chosen in this paper

In this reference paper [3], it only used the fractional grey model to fit instead of fore-

casting. In order to compare PSO and GSA, it requires that the other conditions must

be the same. Therefore, in this subsection, it only fit the data.

Before this model, it add a previously mentioned concept.

Definition 4.2. As mentioned of definition 2.2 in the Chapter 2,the fitting and fore-

casting of X(0) is x̂(0)(k) = x̂(1)(k)−x̂(1)(k−1), k = 2, 3, ..., n, x̂(0)(1) = x̂(1)(1),. It can be

transformed as follow: (x̂(0)(1), x̂(0)(2), ..., x̂(0)(n)) =



1 0 0 . . . 0 0

−1 1 0 . . . 0 0

0 −1 1 0 . . . 0 0
...

...
. . .

. . .
...

...

0 0 . . . −1 1 0

0 0 . . . 0 −1 1


n×n

·

(x̂(1)(1), x̂(1)(2), ..., x̂(1)(n))>

It can see this coefficient matrix is the inverse of coefficient matrix A in the definition

2.2. It called 1 order inverse accumulated generating operator (1-IAGO).
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Number Actual1 Actual2 Actual3

1 0.26 34.15 357.4
2 0.73 12.74 164.6
3 2.06 5.77 85.1
4 7.08 2.76 59.4
5 21.22 1.75 40.3
6 63.98 1.23 31.0
7 202.51 0.90
8 0.74

Table 4.10: The three data from reference

[3]

Definition 4.3. [3] Set z(r)(k) = 0.5[x(r)(k)+x(r)(k−1)] is the mean generating sequence

of r-AGO sequence, k = 2, 3, ..., n, a is the development coefficient of the model, b is the

grey input of the model

x(r−q)(k) + az(r)(k) = b (4.5)

And the whitenization formula of the FGM(q,1)model is

dqx(r)

dtq
+ ax(r) = b (4.6)

Where X(r−q) means that using r-AGO to handle the original sequence X(0) at first to

get X(r), then used the q-IAGO to handle the X(r) to get X(r−q). In [3], it gived the

proof in detail between equation 4.5 and between 4.6.

4.2.2.1 Testing data

It can see the testing data in this model as follow in Table 4.10. There are three datasets

in total which the first one has 7 records, the second one has 8 records and the last one

has 6 records.

4.2.2.2 Fitting with EXCEL

The result of Actual1 data as follow in Table 4.11 and Figure 4.13 The fitting curve of

Actual1 dataas follow:

The result of Actual 2 as follow in Table 4.12 and Figure 4.14 The fitting curve of

Actual2 dataas follow:

The result of Actual 3 as follow in Table 4.13 and Figure 4.15 The fitting curve of
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Actual1 Fit abs(Fit−Actual1)/Actual MAPE(%)

0.26 0.24334242 0.064067617
0.73 0.742980341 0.017781289
2.06 2.268489762 0.101208622
7.08 6.926220672 0.021720244
21.22 21.14734375 0.003423951
63.98 64.56770136 0.009185704
202.51 197.1400336 0.026517043 3.4843496

Table 4.11: The fitting result of exponential function

Figure 4.13: The fitting result of Actual1 data

Actual2 Fit abs(Fit−Actual1)/Actual MAPE(%)

34.15 40.471 0.1851
12.74 10.6650 0.1629
5.77 4.8884 0.1528
2.76 2.8105 0.01829
1.75 1.8295 0.0454
1.23 1.2882 0.0473
0.9 0.9576 0.0640
0.74 0.7406 0.0008 8.458

Table 4.12: The fitting result of power function
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Figure 4.14: The fitting result of Actual2 data

Actual3 Fit abs(Fit−Actual1)/Actual MAPE(%)

357.4 384.96 0.0771
164.6 147.9089 0.1014
85.1 84.5256 0.00675
59.4 56.8294 0.04328
40.3 41.7674 0.03641
31 32.4763 0.0476 5.21

Table 4.13: The fitting result of power function

Actual3 dataas follow:

The result of reference paper [3] as follow from Figure 4.16 to 4.18:

It can see that the results of EXCEL have already high accuracy. However, it can see in

Figure 4.16, Figure 4.17 and Figure 4.18, Mao et al used the r and q as the parameters

to search the minimum of MAPE. All results is much better than classical regression

methods of EXCEL. Next, it will use GSA to replace PSO based on the same other

conditions.

The schematic diagram is similar with Figure 4.11 except used X(r, q) to replace X(λ).

Here,it have to be aware of that is the compiling of coefficient matrix A(r, q) which

expanded fractional order AGO coefficient matrix. It is a little complicated as showed

in the Chapter 2. The main steps of compiling as follow:

• It need to compile the position element of the matrix at first where j ≤ i, arij =
(i−j+r−1)!
(r−1)!(i−j)! , otherwise it equals 0 of Ar = (arij)n×n. It can find the elements of
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Figure 4.15: The fitting result of Actual3 data

Figure 4.16: The original result
in paper [3] ofActual1 data

Figure 4.17: The original result
in paper [3] of Actual2 data

Figure 4.18: The original result in paper[3] of Actual3 data
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Actual1 Fit abs(Fit−Actual1)/Actual MAPE

0.26 0.26 0
0.73 0.73 0
2.06 2.0874 0.0084
7.08 6.4270 0.0922
21.22 21.8903 0.0316
63.98 65.9204 0.0303
202.51 198.8696 0.0180 3.01%

Table 4.14: The Actual1 data used GSA-FGMq,1

the diagonal and the slash below the diagonal are the same. Therefore, it only

need to compile the the first column. Moreover, the elements of the first column

is the factorial process with respect to row number. At last, it used two condition

statements and one loop statement to compile it as a preparation file with the

AGO order r and the numbers of records n which named fractionalfactorial.m.

In classical GM(1,1), it only need to enter r = 1. The coding can be seen in the

AppendixA.

• After that, it need to compile all elements of matrix A(r, n),where n is the number

of records. The compiling priciple is that the elements of the diagonal and the

slash below the diagonal are the same. It also need to combine the condition

statement and loop statement which named mm.m. The coding can be seen in

the AppendixA.

The other difference is the compiling of X(r, q). As mentioned of the difinition of the

IAGO, the coefficient matrix of IAGO is the inverse of the AGO. Therefore, their power

matrixs are also inverse of each other. Moreover, in [3], it had improved the inverse

matrix Ar(−1) of Ar is use −r to replace r. That means Ar(−1) in MATLAB is A(−r, n).

In addition, the objective funtion is a two-dimension function with respect to r and q.

It also need to change the test functions.m and test functions range.m. Here, it used

0 to 3 as the range of parameteres. Both of them and new MAPE file can bee seen in

the AppendixC.

The running result of FGM(q,1) with GSA as follow:

Actual1 data

The fitting result as follow in Table 4.14

Actual2 data

The fitting result as follow in Table 4.15

Actual3 data

The fitting result as follow in Table 4.16
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Actual2 Fit abs(Fit−Actual1)/Actual MAPE(%)

34.15 34.15 0
12.74 12.8134 0.0058
5.77 5.5013 0.0466
2.76 2.9674 0.0752
1.75 1.7494 0.0003
1.23 1.2265 0.0028
0.9 0.9324 0.0359
0.74 0.74 0 2.38

Table 4.15: The Actual2 data used GSA-FGMq,1

Actual3 Fit abs(Fit−Actual1)/Actual(%) MAPE(%)

357.4 357.4 0
164.6 164.285 0.0019
85.1 86.6513 0.0182
59.4 56.8322 0.0432
40.3 41.8392 0.0382
31 31.0010 0.0000 2.03%

Table 4.16: The Actual3 data used GSA-FGM(q,1

Algorithm MAPE of Actual1 MAPE of Actual2 MAPE of Actual3

PSO 3.01% 1.66% 1.37%
GSA 3.01% 2.38% 2.03%

Table 4.17: Compare the result of GSA and PSO

Compare the result of GSA and PSO

The result as follow in Table 4.17

It can see the result in Table 4.17. In the fitting MAPE of Actual1 data, both of them

get the same MAPE. However, in the fitting MAPE of Actual2 and Actual3, the result

of PSO is better than the result of GSA.

4.3 Data Evaluation

Table 4.9 and Table 4.17 showed the result of GSA and PSO. It can see some is bet-

ter than PSO and some is not better. In [1], ”In order to solve the high dimensions

problems,it proposed GSA”. Therefore, it combined this characteristic and grey model

itself to expand the dimension to try to improve the accuracy when GSA applied in grey

model. In addition, the grey model in the [3] can only fit the data. Therefore, this new

model can only fit the data as well.

It combined the GM(1,1,λ) and FGM(q,1). Now, the objective function is a 3-dimensional

function with respect to the λ, r, q. In the MATLAB coding, it need to use the ”Mean.m”
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Actual3 Fit abs(Fit−Actual1)/Actual MAPE(%)

357.4 357.4 0
164.6 164.60 0
85.1 86.5403 0.0169
59.4 56.7608 0.0443
40.3 41.7637 0.0362
31 31.0000 0 1.95%

Table 4.18: The Actual3 data used GSA-FGM(q,1,λ)

Actual2 Fit abs(Fit−Actual1)/Actual MAPE(%)

34.15 34.15 0
12.74 12.7399 7.8e-06
5.77 5.5542 0.0374
2.76 2.9807 0.077996
1.75 1.7500 0.000
1.23 1.2264 0.0029
0.9 0.9324 1.3169e-06
0.74 0.74 0 2.23

Table 4.19: The Actual3 data used GSA-FGM(q,1,λ)

Actual1 Fit abs(Fit−Actual1)/Actual MAPE(%)

0.26 0.26 0
0.73 0.73 0
2.06 2.0699 4.336e-14
7.08 6.3967 0.0965
21.22 21.8245 0.0285
63.98 65.5807 0.0250
202.51 197.7734 0.0234 2.89%

Table 4.20: The Actual3 data used GSA-FGM(q,1,λ)

in GM(1,1,λ) coding to replace the ”Mean.m” in FGM(q,1) coding. Moreover, it need

modify the test functions.m and ”test functions range.m” as well. It can see the coding

in the AppendixD.

The running results as follow in Table 4.18 to Table 4.21:

The fitting results of GM(1,1,λ), FGM(q,1), FGM(q,1,λ) based on PSO and GSA re-

spectively as follow in Table 4.22 and 4.23:

Compare the result of GSA and PSO

The result as follow in Table 4.22 and Table 4.23

It can see that the fitting results in Table 4.22 and Table 4.23, The new grey model GSA-

FGM(q,1,λ) results is better than the results of GSA-FGM(1,1,λ) and PSO-FGM(1,1,λ).
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GSA- GM(q,1,λ)

Actual Forecast abs(Forecast−Actual)/Actual MAPE(%)

4115 4115 0 9.18
4387 4380.5405 0.0015
5510 5537.4237 0.0050
5177 6922.1782 0.3371
5527 6635.8549 0.2006
6997 7038.9921 0.006
9231 8711.8265 0.0654
11149 11405.2545 0.02298
14812 13608.8275 0.0812
20808 17877.6774 0.1408
27523 24871.1924 0.0963
32629 32835.6181 0.0063
38309 39097.5498 0.0206
44356 45973.5163 0.0365
62778 53293.9935 0.1511
61863 74558.0855 0.2052

Table 4.21: China’s iron ore import with GSA-GM(q,1,λ)

Algorithm MAPE of Actual1 MAPE of Actual2 MAPE of Actual3

PSO-FGM(q,1) 3.01% 1.66% 1.37%
GSA-FGM(q,1) 3.01% 2.38% 2.03%
GSA-FGM(q,1,λ) 2.89% 2.23% 1.95%

Table 4.22: Compare the result of GSA and PSO

Algorithm MAPE of China’s iron import

PSO-FGM(1,1,λ) 13.4769%
GSA-FGM(1,1,λ) 13.4116%
GSA-FGM(q,1,λ) 9.18%

Table 4.23: Compare the result of GSA and PSO

However, the GSA-FGM(q,1,λ) results is better than the results of the GSA-FGM(q,1)

while is also worse than the results of PSO-FGM(q,1).
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Summary

In conclusion, this paper compared four methods which is EXCEL regression tools,Grey

model, Grey model with PSO and Grey model with GSA to fit and forecast four datasets.

Moreover, it is the first time to use the GSA to handle the parameters problems of Grey

models.

At first, in the results of China’s iron import dataset, the GM(1,1)’s is worse than

the EXCEL regression tools’ while EXCEL regression tools’ is similar with the GSA-

GM(1,1,λ) and PSO-GM(1,1,λ) and rolling GM(1,1). However, the fitting results of

the PSO-rolling GM(1,1,λ) are the best results. The forecasting results of GSA-rolling

GM(1,1,λ) are the better results than PSO-rolling GM(1,1,λ)’s.

Secondly, in the two-thirds results of the datasets in the [3],GSA results are worse than

the results of PSO while all results of GSA or PSO are better than the regressions tools’.

Considering the some results of GSA is not better than the PSO’s, in this paper, we

proposed a new grey model GSA-FGM(q,1,λ) which combined the GSA characteristic

which main solved the high dimensional problems. However, the results are also not

better than the PSO while it is better than the GSA-FGM(q,1)’s.

At last, due to the objectives of this paper, we compared the PSO and GSA when it

applied in the same grey model although that grey model may not be the grey model

with higher accuracy. In the first dataset, the GSA-GM(1,1,λ)’s results are better than

the PSO-GM(1,1,λ). The rolling PSO-GM(1,1,λ) fitting results is better than the rolling

GSA-GM(1,1,λ) while in this rolling GM(1,1,λ), the GSA’s forecasting is better than

the PSO’s. In the second datasets[3], the one-third datasets showed that the GSA-

FGM(q,1)’s fitting results equals the PSO-FGM(q,1). Therefore, it is hard to judge

the GSA and PSO which one is better when they applied in the grey models. Noticed

that both of the China’s iron dataset and the first dataset in the [3] are monotonically

increasing. Most of GSA’s results are better than PSO’s. While the other two datasets

are monotonically discreasing. PSO’s fitting results are better than GSA’s based on

39
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these two datasets. Maybe when the datasets with increasing trends, it can choose the

GSA in the grey model. Otherwise,it can choose PSO.

The problem in this paper is still worthy to investigate. In addition, this paper provided

a guide when scholars use GSA applied in the grey model.
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AppendixA

[1] massCalculation.m % GSA code v1.1.

% Generated by Esmat Rashedi, 2010.

% ” E. Rashedi, H. Nezamabadi-pour and S. Saryazdi,

%GSA: A Gravitational Search Algorithm Information sciences, vol. 179,

%no. 13, pp. 2232-2248, 2009.” The coding as follow in Figure 5.1.

Gconstant.m

% This function calculates Gravitational constant. eq.13.

The coding as follow in Figure 5.2.

test functions.m

% This function calculates the value of the objective function.

The coding as follow in Figure 5.3. Here, it only lists the first eight test functions as an

example.

test functions range.m

% This function gives boundaries and dimension of search space for test functions. The

coding as follow in Figure 5.4. Here, it only lists the first eight test functions as an

example as well.

main.m

% Main function for using GSA algorithm. The coding as follow in Figure 5.5.

41



Appendix A. GSA coding 42

Figure 6.1: massCalculation.m

Figure 6.2: Gconstant.m
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Figure 6.3: test functions.m

Figure 6.4: test functions range.m
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Figure 6.5: main.m



Chapter 7

AppendixB

mm.m, fractionalfactorial.m and Mean.m

The coding as follow in Figure 6.1.

GM11.m

The coding as follow in Figure 6.2.

MAPE.m

Figure 7.1: The main coding of GM(1,1)

Figure 7.2: The main running coding of GM(1,1)
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Appendix B. GSAGM(1,1) coding 46

Figure 7.3: MAPE function coding of GM(1,1)

The coding as follow in Figure 6.3.



Chapter 8

AppendixC

MAPE.m

The coding as follow in Figure 8.1.

test functions.m

% This function calculates the value of the objective function. The coding as follow in

Figure 7.2.

test functions range.m

% This function gives boundaries and dimension of search space for test functions. The

coding as follow in Figure 7.3.

Figure 8.1: MAPE function of FGM(q,1).m

47



Appendix C. FGM(q,1) coding 48

Figure 8.2: test functions.m in FGM(q,1)

Figure 8.3: test functions range.m in FGM(q,1)



Chapter 9

AppendixD

[1] test functions.m % GSA code v1.1.

% Generated by Esmat Rashedi, 2010.

% ” E. Rashedi, H. Nezamabadi-pour and S. Saryazdi,

%GSA: A Gravitational Search Algorithm Information sciences, vol. 179,

%no. 13, pp. 2232-2248, 2009.” The coding as follow in Figure 8.1. % This function

calculates the value of the objective function.

test functions range.m

% This function calculates objective function range

The coding as follow in Figure 8.2.

MAPE.m

Figure 9.1: test function with 3-dimensional.m
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Appendix D. The coding with FGM(q,1,λ) 50

Figure 9.2: test functions range with 3-dimensional.m

Figure 9.3: MAPE in the new grey model.m
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