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[bookmark: _Toc212149591]Generating the Base Data Frame
The task involved making a data frame called pelldata containing 200 rows and three columns as the start; the index (n), the Fibonacci number (Fn) and the Pell number (Pn).
Initialisation of empty numeric vectors of all columns and specification of the number of terms (N  200) was the first step of my R script. I populated the n values vector with a simple for loop that ran between the 1 and 200, with a resultant value of 0 to 199.
[bookmark: _Toc212149592]Algorithm for Fibonacci and Pell Numbers
Both Pell and Fibonacci sequences are recursively defined:
· Fibonacci Sequence: F₀ = 0,   F₁ = 1; Fₙ = Fₙ₋₁ + Fₙ₋₂,   for n ≥ 2
· Pell Sequence: P₀ = 0,   P₁ = 1; Pₙ = 2Pₙ₋₁ + Pₙ₋₂,   for n ≥ 2
[image: ]
Figure 1: Flowchart of Algorithm for Fibonacci and Pell Numbers
With loops (not functions as instructed), I determined the two series at the same time. The first two values were entered manually and the rest were computed in a for loop where i is 3 to N. In order to confirm, I printed the first 10 rows and checked:
· Fibonacci sequence begins: 0, 1, 1, 2, 3, 5, 8, 13 …
· Pell sequence begins: 0, 1, 2, 5, 12, 29, 70 …
The code was verified by the fact that the values were equal to the known mathematical results.
[bookmark: _Toc212149593]Approximating √2 Using Pell Numbers
Pell numbers are traditionally associated with rational approximations to the square root of two. To calculate them, I made use of the continued fraction representation of √2:
√2 = [1; 2, 2, 2, …]
This may be indicated in the form of recurrence:
· pₖ = aₖpₖ₋₁ + pₖ₋₂
· qₖ = aₖqₖ₋₁ + qₖ₋₂
where pₖ / qₖ is the kth approximation to√2 where   a₀ = 1,   aₖ = 2 for k ≥ 1
I set the value of the previous two numerators and denominators (p_prev2, p_prev1, q_prev2, q_prev1) and used a loop with k running between 0 and 199 to compute new terms. Sqrt2 ApproxEach ratio p k / q k was stored in column Sqrt2 Approx.
I checked that the initial estimations were close to well-known rational estimates:
	Rational Fraction
	Approximation Value

	1/1
	1.0

	3/2
	1.5

	7/5
	1.4

	17/12
	1.4167

	41/29
	1.41379
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Figure 2: Flowchart of Algorithm for Approximating √2 Using Pell Numbers
The series soon approaches √2≈ 141421356, indicating that the program was generating the right approximations.
[bookmark: _Toc212149594]Calculating the Difference vs. √2
The result was then compared with the value of approximation and actual square root of 2 (using the inbuilt sqrt(2) of R). The formula used was:
diff_values[i]  round(approx-values[i] - true- sqrt2, digits = 5)
R’s round()makes sure that the difference is presented in five decimal places as needed.
	n
	Approximation
	Difference (5 dp)

	0
	1.00000
	−0.41421

	1
	1.50000
	+0.08579

	2
	1.40000
	−0.01421

	3
	1.41667
	+0.00245

	4
	1.41379
	−0.00042


The successive differences have opposite signs, as is mathematically to be anticipated, as the convergents are swings round the exact value of √2.
[bookmark: _Toc212149595]Measuring Decimal Accuracy
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Figure 3: Flowchart of Algorithm for Calculating the Difference vs. √2
In each approximation, I counted the number of decimal places which agreed with the actual value of √2. To achieve this:
· The two numbers were converted to formatC 12 decimal places.
· They were divided into integer and fractional in strsplit.
· In case of matching integer parts, a nested loop was used to compare fractional digits one after another until the first failure.
· The number of matched digits was summed up in Accuracy_DP.
This method offers a feeling of accuracy in each of the approximations. The accuracy is proportional to n when printed.
	n
	Approximation
	Correct Decimals

	0
	1.000000000000
	0

	1
	1.500000000000
	0

	2
	1.400000000000
	1

	3
	1.416666666667
	2

	4
	1.413793103448
	3


This proves that the computation of the accuracy is as anticipated.
[bookmark: _Toc212149596]Output and Validation
Having made all the calculations, I set the six columns into one data frame:
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To see the results I used:
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Lastly, the data frame was written to a spreadsheet in my working directory using write.xlsx() of openxlsx library:
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The generated file was in the form of a 200 rows with six columns complete with clear headers. Random checks ensured that higher-order approximations are very close to √2.
[bookmark: _Toc212149597]Reflection
[bookmark: _Toc212149598]Challenges Faced
The primary issue was to be able to stay within the assignment rule of using loops and no functions or apply-style operations. Extra precaution was needed to write the iterative logic to execute the tasks normally performed using a vectorised operation. I was also required to deal with several recurrence relations at the same time without getting them mixed up in Fibonacci, Pell, and convergent sequences.
The other challenge was the use of the accuracy calculation. R does not provide a mechanism to compare two numeric values in any digit by digit way, thus I resorted to the utilization of string formatting (formatC) and character-by-character comparison within nested loops. To obtain reliability in the results, it was necessary to test the results with various lengths of decimals until 12 digits showed consistency.
Installation of the openxlsx library on a macOS also initially yielded errors, however, with the use of install.packages("openxlsx") and loading the openxlsx library appropriately, the Excel export had no issues.
[bookmark: _Toc212149599]What I Learned
The assignment further helped me to get acquainted with iterative programming in R, data frame building, and numeric precision. The manual construction and updating of each of the vectors helped me more to understand the process of recurrence relations developing step by step.
The connection between Pell numbers and 2 was also of some interest - it demonstrated that simple sequences of integers can be used to approximate irrational numbers to extremely high precision.
Manipulating the decimal representation also enhanced my sensitivity to floating-point constraints in R and the reason why rounding and string comparison are effective methods of performing numerical analysis.
[bookmark: _Toc212149600]What I Would Do Differently Next Time
In case I could make the project better:
· To visualise the convergence, I would represent the convergence in terms of plots (e.g., a line chart of approximation error vs. n) to indicate the rate at which the sequence would converge to √2.
· I would wrap each task in some custom functions to make it clearer although this is not possible in the coursework, it would make the code more reusable and modular.
· To make large calculations, computationally efficiency would be greatly enhanced by the use of a vectorised operation or memoisation.
· I would also automate testing by testing known reference values through program inspection instead of manual test inspection.
[bookmark: _Toc212149601]Use of Generative AI
I did not write or debug the actual executable R code with AI and all the implementation, testing, and final validation was carried out by hand in RStudio. All the excerpts in the Excel sheet were individually checked by me to the anticipated mathematical verifications.
[bookmark: _Toc212149602]Conclusion
Generally, this course work enhanced my skills in converting mathematical equations into R code and writing code in a systematic fashion. The end product of the Excel and the printed previews ensured that all of the six columns n, Fn, Pn, Sqrt2 Approx, Diff vs sqrt2 5dp, and Accuracy DP were generated appropriately. The project has been able to illustrate the iterative programming, numeric computation and good reporting, all these achieving the objectives.
[bookmark: _Toc212149603]Appendices
[bookmark: _Toc212149604]Appendix 1: Complete Flowchart
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pelldata <- data.frame(
n = n_values,
Fn = fib_values,
Pn = pell_values,
Sqrt2_Approx = approx_values,
Diff_vs_sqrt2_S5dp = diff_values,
Accuracy_DP = accuracy_values
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# -
cat("Here are the first 10 rows:\n")
print(pelldata[1:10, 1)

cat("\nAnd the last 5 rows (just to check the end):\n")
print(pelldata[(N - 4):N, 1)
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# The Excel file will be created in your working directory.
write.xlsx(pelldata, "belldata.xlsx", rowNames = FALSE)

cat("\nExcel file 'pelldata.xlsx' has been created successfully in your working directory.\n")
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