Noise, Channel Capacity (Shannons), SNR, Nyquist bandwidth


Communications Channel Performance

(Noise, SNR, Nyquist, Shannons Channel Capacity)
Noise
For any data transmission event, the received signal will consist of the transmitted signal, modified by various distortions imposed by the transmission system, plus unwanted signals that are inserted somewhere between transmission and reception. The latter, undesired signals are referred to as noise. It is noise that is the major limiting factor in communications system performance.
Noise may be divided into four categories;

· Thermal noise

· Intermodulation noise

· Crosstalk

· Impulse noise

For our purposes at this level we will concentrate on Thermal noise. Thermal noise is due to the agitation of electrons. It is present in all electronic devices and transmission media and is a function of temperature. Thermal noise is uniformly distributed over the frequency spectrum and hence is often referred as white noise. Thermal noise cannot be eliminated and therefore places an upper bound on communications system performance. The amount of thermal noise to be found in a bandwidth of 1 Hz in any device or conductor is;
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where

N0 = noise power density in watts per 1 Hz of bandwidth

k = Boltzmann’s constant = 1.3803 x 10-23 J/°K

T = temperature, degrees Kelvin

Example
At room temperature, T = 17°C, or 290°K, and the noise power density is;
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where dBW is the decibel-watt, as defined below;

PowerdBW = 
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Example: a power of 1000 W is 30 dBW, and a power of 1 mW is -30 dBW
The noise is assumed to be independent of frequency. Thus the thermal noise in watts present in a bandwidth of B hertz can be expressed as;
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or, in decibel – watts,
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= -228.6 dBW + 10 log T + 10 log B
Example;

Given a receiver with an effective noise temperature of 100°K and a 10 MHz bandwidth, the thermal noise  level at the receivers output is 

N = -228.6 dBW + 10 log 102 + 10 log 107
    = -228.6 + 20 + 70
    = -138.6 dBW

when signals at different frequencies share the same transmission medium, the result may be intermodulation noise. The effect of intermodulation noise is to produce signals at a frequency that is the sum or difference of the two original frequencies or multiples of those frequencies. For example the missing of signals at frequencies f1 and f2 might produce energy at the frequency f1 + f2. This derived signal could interfere with the intended signal at f1 + f2.
Intermodulation noise is produced when there is some non-linearity in the transmitter, receiver, or intervening transmission system. Normally these components behave as linear systems; that is the output is equal to the input times a constant (gain factor). In a non-linear system the output is a much more complex function of the input. Such non-linearity can be caused by component malfunction or the use of excessive signal strength. It is under these conditions that the sum and difference frequency terms occur.

Crosstalk has been experienced by anyone who, while using the telephone, has been able to hear another conversation; it is unwanted coupling between signal paths. It can occur by electrical coupling between nearby twisted pairs or, rarely, coax cable lines carrying multiple signals. Crosstalk can also occur when unwanted signals are picked up by microwave antennas; although highly directional antennas are used, microwave energy does spread during propagation. Typically, crosstalk is of the same order of magnitude as, or less than thermal noise.

All of the types of noise discussed so far have reasonably predictable and relatively constant magnitudes. Thus it is possible to engineer a transmission system to cope with them. Impulse noise, however, is non-continuous, consisting of irregular pulses or noise spikes of sort duration and relatively high magnitude. It is generated from a variety of sources, including external electromagnetic disturbances, such as lightning, and faults and flaws in the communications system.
Impulse noise is generally only a minor annoyance for analogue data. For example voice transmission may be corrupted by short clicks and crackles with no loss of intelligibility. However impulse noise is the primary source of error in digital data communication! Consider a sharp spike of energy of 0.01s duration – this would not destroy any voice data, but would completely ‘wash out’ about 560 bits of data being transmitted at 56kbps (typical modem rate!). the figure below is an example of the effect of noise on a digital signal. Here the noise model consists of a relatively moderate level of thermal noise plus occasional spikes of impulse noise. The digital data can be recovered from the signal by sampling the received waveform once per bit time (any lower sampling would miss the bits !). as can be seen the the noise is occasionally sufficient to change a 1 to a 0 or a 0 to a 1.
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Channel Capacity 
We have seen that are a variety of impairments that distort or corrupt a signal. For digital data, the question that then arises is to what extent these impairments limit the data rate that can be achieved. The maximum rate that which data can be transmitted over a given communication path or channel under given conditions is referred to as channel capacity.

There are four concepts that come into play that we are trying to relate to one another;

· Data rate: this is the rate in bits per second (bps), at which data can be communicated.

· Bandwidth: this is the bandwidth of the transmitted signal as constrained by the transmitter and the nature f the transmission medium, expressed in cycles per second or hertz.

· Noise: this is the average level of noise over the communications path.

· Error rate: this is the rate at which errors occur, where an error is the reception of a 1 when a 0 was transmitted or the reception of a 0 when a 1 was transmitted.

The problem we are addressing is this: communications facilities are expensive! The greater the bandwidth of such a facility – the greater the cost! All transmission channels of any practical interest are of limited bandwidth. These limitations arise from the physical properties of the transmission medium – everything has limits! Channels are regulated and physical constraints at the transmitter to comply with these regulations and to prevent interference from other sources. This justifies making as efficient use of the available bandwidth as possible. For digital data, this means that we would like to get as high a data rate as possible and at a particular limit of error rate for a given bandwidth. The main constraint on achieving this is noise! We will see that the channel capacity can be numerically modelled but first we need to establish relationships between bit rates and bandwidth.
Nyquist bandwidth

Firstly let us consider the case of a channel that is noise free. In this environment, the limitation on data rate is simply due to the bandwidth of the signal. A formulation of this limitation, due to Nyquist states that if the rate of signal transmission is 2B, then a signal with frequencies of no more than B is sufficient to carry the signal. The converse is also true; given a bandwidth of B, the highest signal rate that can be carried is 2B. This limitation is down to the effect of inter-symbol interference, such as is produced by delay distortion. The result is useful in the development of digital to analogue encoding schemes.
The above is related to the sampling theorem which states that if we have a signal x(t) with a frequency fh  and a sampling signal xs(t) at a frequency fs– we can only recover the original signal if and only if  fs 
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That is the sampling signal frequency must be at least twice the highest frequency in the message and this can be proven by fourier analysis of the signals, which translates our view from the time domain into the frequency domain. If this theorem is not followed the spectral components of the sampled signal overlap causing ‘aliasing’. This is not as confusing as it may first seem! It is best to view the spectral diagrams to better understand the process;
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The effect of sampling the signal x(t) places spectral replicates of the full bandwidth of the signal spaced at intervals of f(s) – following this it stands to reason that if the sampling frequency is not at least twice the single sided bandwidth of the message then the spectral replicates will overlap causing aliasing (inter-symbol interference) which will prevent a filter cleanly recovering x(t) as shown below





From this it stands to reason that if we sample at greater than 2fh – we space the spectral replicates out more (by factors of fh) thus creating more space between them and making it easier to filter out the original message!
When considering digital signals another useful view is as follows;








From all this it follows that if the signal to be transmitted is binary then data rate (bit rate) that can be supported by B Hz is 2B bps.

As an example consider a voice channel being used, via a modem, to transmit digital data. Assume a bandwidth of 3100 Hz. Then the capacity C of the channel is 2B = 6200 bps. However in reality we can use signals with more than two levels: that is each signal element can represent more than one bit. For example if four possible voltage levels are used as signals, then each level can represent two bits, which is derived from the fact that we dealing with base 2;
No. of levels = base number of bits per level
In this case 22 = 4 levels

This principle is exploited in such cases as QPSK (Quadrature Phase Shift Keying) where by each of four phase shifts is used to represent a dibit (2 bits) of information. 

With multilevel signalling, the Nyquist formulation becomes;
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Where M is the number of discrete signal or voltage levels. Thus, for M=8, a value used with some modems, C becomes 18600 bps (note the increase in bit rate! – for same bandwidth!).

So, it follows that for a given bandwidth, the data rate can be increased by increasing the number of different signal elements. However this places an increased burden on the receiver: instead of distinguishing one or two possible signal elements during each signal time, it must distinguish one of M possible signals. Noise and other impairments on the transmission line will limit the practical value of M.
Shannon Capacity Formula
Nyquists formula indicates that, all other things being equal, doubling the bandwidth doubles the data rate. Now consider the relationship between data rate, noise, and error rate. This can be explained intuitively by again considering the diagram of signals on page 3 above. The presence of noise can corrupt one or more bits. If the data rate is increased then the bits become shorter so that more bits are effected by a given pattern of noise. Thus at a given noise level, the higher the data rate, the higher the error rate.

All of these concepts can be tied neatly together in a formula developed by the mathematician Claude Shannon. As we have just illustrated, the higher the data rate, the more damage the unwanted noise can do. For a given level of noise, we would expect that a greater signal strength would improve the ability to receive correct;y in the presence of noise. The key parameter involved in this reasoning is the signal to noise ratio (SNR), which is the ratio of the power in the signal to the power contained in the noise at a particular point in the transmission. Typically this ratio is measured at the receiver, because it is at this point that an attempt is made to process the signal and eliminate the unwanted noise. For convenience, this ratio is expressed in decibels;
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this expresses the amount in decibels that the intended signal exceeds the noise level. A high SNR will mean a high quality signal a low number of intermediate channel amplifiers (repeaters).
The signal to noise ratio is important in the transmission of digital data because it sets the upper bound on the achievable data rate. Shannon’s result is that the maximum channel capacity, in bits per second, obeys the equation;
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where C is capacity of the channel in bits per second and B is bandwidth of the channel in hertz. The Shannon formula represents the theoretical maximum that can be achieved. In practice, however, only much lower rates are achieved. One reason for this is that the formula assumes white noise (thermal noise). Impulse noise is not accounted for; nor are attenuation distortion or delay distortion.
The capacity C in the preceding question is referred to as the ‘error free capacity’. Shannon proved that if the actual information rate on a channel is less than the error free capacity, then it is theoretically possible to use a suitable signal code to achieve error free transmission through the channel. Shannon’s theorem unfortunately does not suggest a means for finding such codes, but it does provide a yardstick by which the performance of practical communication schemes may be measured.
Several other observations concerning the preceding equation may be of use. For a given level of noise, it would appear that the data rate could be increased by either increasing the signal strength or bandwidth. However as the signal strength increases so does the effects of nonlinearities in the system, leading to an increase in intermodulation noise. Note also that, because noise is assumed to be white, the wider the bandwidth, the more noise is admitted to the system. Thus as B increases, SNR decreases (because the same amount of signal is still present!).

Example

Consider an example that relates the Nyquist and Shannon formulations. Suppose that the spectrum of a channel is between 3 MHz and 4 MHz and the SNR is 24dB. Then


[image: image11.wmf]MHz

MHz

MHz

B

1

3

4

=

-

=



[image: image12.wmf])

(

log

10

24

10

SNR

dB

SNR

db

=

=



[image: image13.wmf]251

=

SNR


Using Shannon’s formula,
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this is the theoretical limit and, as we have said, is unlikely to be reached. But assume we can achieve the limit. Based on Nyquist’s formula, how many signalling levels are required? We have
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The expression Eb/No 

There is a parameter related to SNR that is more convenient for determining digital data rates and error rates. The parameter is the ratio of;

‘signal energy per bit to noise power density per hertz’
mathematically;                                        
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consider a signal, digital or analogue, that contains binary digital data transmitted at a certain bit rate R. Recall that 1 watt = 1 J/s, the energy per bit in signal is given by Eb = STb, where S is the signal power and Tb is the time required to send one bit. The data  rate R is just R = 1/Tb. Thus
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where kT is thermal or white noise, k being boltzmann’s constant. It is common to express this in decibel notation;
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Note that the third term changes sign because as we seen at the start of the handout this evaluates to a minus coefficient and its value depends on the temperature in degrees Kelvin. In this case the value represents 1 degree Kelvin i.e. per degree Kelvin!
The ratio Eb/No is important because the bit error rate for digital data is a (decreasing) function of this ratio. Given a value of Eb/No needed to achieve a desired error rate, the parameters in the preceding formula may be selected. Note that as the bit rate R increases, the transmitted signal power, relative to noise, must increase to maintain the required Eb/No.
Again an insight in to this result can be intuitively gained by considering the signal diagram shown earlier on page three of this handout. The results of the effects of noise in the diagram are for a digital signal, but the reasoning is the same for analogue signals. In several instances the noise is sufficient to alter the value of a bit. If the data rate were doubled, the bits would be more tightly packed together, and the same passage of noise might destroy two bits. Thus, for a constant signal and noise strength, an increase in data rate increases the error rate.

As a result of the relationship between error rate and Eb/No a graph can be plotted in for different modulation/coding methods in order to read off the respective SNR for a given BER. The figure below shows the graph
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Example

Working from the graph – for binary phase shift keying, Eb/No = 8.4 dB is required for a bit error rate of 10-4 (one bit error in every 10000). If the effective noise temperature is 290°K (room temperature) and the data rate is 2400 bps, what received signal level is required?

8.4 = S(dBW) – 10log2400 + 228.6 dBW – 10 log 290

8.4 = S(dBW) – (10)(3.38) + 228.6 – (10)(2.46)

S = -161.8 dBW
More information on Noise, Noise Types and Distributions
A typical communications channel may be represented as below:









All channels are subjected to some form of unwanted interference that we usually categorise as noise. Typically this noise signal can be divided into two general forms which are

· Deterministic

· Random

Deterministic

Deterministic means that there is some degree of prediction possible about the behaviour of the signal. The deterministic noise form is then by its nature predictable and can thus be modelled accurately with a view to reduction or eradication of the effects on a given message signal.

A good example of a deterministic noise signal is ‘mains hum’ (induced from standard single phase power supplies) which appears as a 50Hz sinusoid, super imposed on the signal. It usually occurs as result of poor earthing installations.

Random

This is the most common form of noise but because it is random and not deterministic in nature it cannot be easily modelled or therefore predicted. For this reason random noise is analysed by using statistical methods such as probability theory.

Some sources of thermal noise would include the thermal excitement of electrons in semi-conductor junctions and also electromagnetic radiation.

Random noise is theoretically composed of an infinite number of frequencies and each frequency can have the same power contribution. Therefore the noise in can have infinite power.

As already mentioned random noise is measured and described in statistical terms. So it is characterised by:

· A probability density function (more on this later)

· Its spectrum

Basically this means that we can only give an expectation of its future effect based on past behaviour in a system. This is known as a casual relationship. We can measure:

· Average power

· Frequency bandwidth

In practice the noise will be band limited by circuitry and/or channel characteristics. The method for calculating average power is the same as for a continuous signal i.e. Root Mean Square (RMS). Since power in a resistor:
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We must first square the signal, then find the average over a period of time (measure in half cycles of the signal) and finally take the square root for a continuous signal:
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White Noise

This is random noise having equal power density at all frequencies. For true white noise the spectrum is infinite however the physical system will impose bandwidth restrictions.

A good model for noise is provided by the Gaussian or normal distribution. A plot of noise frequency of occurrence against amplitude for many instantaneous values of the noise gives a frequency spectrogram as below


The mean and standard deviation (variation from the mean) also qualify for samples. When the number of samples approaches infinity then the curve becomes continuous, described by the probability density function. This curve can be normalised and plotted in terms of probability of occurrence against standard units of deviation. Basically this means that the area under the curve between two chosen points represents the probability of occurrence of noise between those points. This is known as the probability density function and is derived from the above distribution. Suggested reading Stroud Engineering Mathematics – programmes 27 and 28. The probability density function is shown below:
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The p.d.f. gives the probability that the noise falls within a certain range however we have to have a huge number of samples in order for this relationship to work. Most noise has the Gaussian or normal distribution for which the p.d.f. is:
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Where µ is the mean or average voltage and σ is the standard deviation (r.m.s. deviation from the mean).

Note that the average noise power is given by:
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In communications systems two other noise models are often encountered. They are

· Rayleigh noise

· Rician noise

Basically the above two noise sources tend to occur in wireless network and mobile communications systems. They are prevalent when no line of sight between the transmitter and receiver is present. Probability density functions also exist for these noise sources as they do for Gaussian noise models but with different envelopes. This means that the manifestation of the noise on the signal will ultimately have a different contribution to that of Gaussian noise and at different signal levels.

Signals in mobile communication systems can be affected by a phenomenon called fading. This relates to the multiple paths signals can take from the transmitter to the receiver which results in various out of phase signals arriving at the receiver. The multi- signal paths may be caused by fixed objects such a buildings, bill boards, hills etc and can be complicated further by a moving receiver.

When the signal fluctuates rapidly due to multi-paths, the effect is usually observed over distances of half the signal wavelength i.e. relatively small spatial variations between transmitter and receiver. In this case a Rayleigh p.d.f. describes the statistically varying envelope of a fading (attenuating) multi-path signal or the envelope of a single multi-path component on arrival at the receiver.

By contrast when a dominant stationary signal component is present e.g. line of sight path, the fading envelope is statistically described by a Rician p.d.f. random multi-path components arriving at different angles are superimposed onto a stationary dominant signal. This could be likened to the detection of a sine wave in the presence of thermal noise.

It should be noted that as the dominant signal diminishes the composite signal will again begin to resemble the rayleigh envelope.


For reference and comparison the probability density functions of both Rician and Rayleigh noise are shown below:

1.
Rician p.d.f.
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2.
Rayleigh p.d.f.
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Spectral representation of the signal x(t)
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Spectral representation of the sampled signal x(t) with the sampling frequency exactly 2 x fh
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Spectral representation of the sampled signal x(t) with the sampling frequency exactly <2fh (in this case it fh)





fs





2fs





-2fs





-fs





fh





-fh





0





f





X(f)





Period = T





Period = 0.5T





t





� EMBED Equation.3  ���





Bit Rate = � EMBED Equation.3  ���











Noise in


Receiver





Natural noise





Transmitter





Receiver





Interference





Spurious


Emissions





x





x





x





x





x





x





x





x





x





x





x





x





x





x





x





Amplitude





-ve





+ve





0





Frequency of occurrence





p(v)





voltage





v





v2





v1








PAGE  
8
Paul Kear - FADE


_1192172399.unknown

_1192173820.unknown

_1192174251.unknown

_1192198464.unknown

_1192199411.unknown

_1192199526.unknown

_1192448328.unknown

_1192198871.unknown

_1192174272.unknown

_1192174094.unknown

_1192174131.unknown

_1192173864.unknown

_1192173687.unknown

_1192173750.unknown

_1192172698.unknown

_1191307159.unknown

_1191423224.unknown

_1191427027.unknown

_1192170978.unknown

_1191426689.unknown

_1191307378.unknown

_1191255358.unknown

_1191255752.unknown

_1159363075.unknown

_1159363546.unknown

_1191254862.unknown

_1159363416.unknown

_1159334708.unknown

