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Abstract

How to construct Bayesian network (BN) efficiently and accurately is a hot research topic in the area of artificial intelligence. method uses A* algorithm to find the best path from the starting node to the target node in the order graph of all the variables. Although this method can effectively find the optimal path, the cost of maintaining the priority Although this method can effectively find the optimal path, the cost of maintaining the priority queue is very huge, resulting in requiring large memory. In addition, this method is inefficient and can only process limited number of variables. IDA* is a variant of the A* search algorithm, which is a search method based on non-information iterative depth first search strategy. algorithm, every iteration needs to repeat all operations of the previous iteration, so that the memory utilization is lower than A*, but large number of In order to solve the above problems, this paper proposes a Bayesian network learning method based on optimizing fringe search (Fringe BN).
(1) In this paper, the bidirectional linked list structure is used to store the search boundary, avoid repeated access to large number of nodes, and In the fringe search, the node order of the bidirectional linked list is optimized, the flag bit is used to avoid sorting In the fringe search, the node order of the bidirectional linked list is optimized, the flag bit is used to avoid sorting the nodes, and the local optimum is used to quickly expand the better nodes.
(2) According to BN score of nodes and the number of expansion layers, this paper optimizes the method of dynamically adjusting the threshold. This approach can help to select a suitable number of excellent nodes for expansion, thus to shorten the node expansion time and improve accuracy. results show that Fringe BN can not only process the data with more number of variables, but also improve accuracy and efficiency apparently in comparison with several kinds of existing algorithms.
[bookmark: _Toc15123][bookmark: _Toc71407458][bookmark: _Toc20453]Keywords: Bayesian network; A* algorithm; Bidirectional linked list; Fringe search
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[bookmark: _Toc453155045][bookmark: _Toc26942][bookmark: _Toc9387166][bookmark: _Toc3204][bookmark: _Toc1873][bookmark: _Toc9448614][bookmark: _Toc1252]1 Introduction
[bookmark: _Toc24229][bookmark: _Toc20129][bookmark: _Toc2753][bookmark: _Toc9448615][bookmark: _Toc9387167][bookmark: _Toc453155046][bookmark: _Toc21978][bookmark: _Toc31987][bookmark: _Hlk8826771]1.1 Background of the study and significance
[bookmark: _Hlk9068996]Bayesian networks, also known as causal or probabilistic networks, were developed to solve uncertainty problems in the field of artificial intelligence and were first proposed by Pearl in the form of a graphical model that describes the interrelationships between variables through a probability-based graphical model[1-3]. This direct dependency is represented by directed edges between nodes, each of which corresponds to a random variable in the problem domain whose value is the state of the node, and the solution is sought through abstraction of the problem. Bayesian networks are one of the most effective theoretical models in the field of uncertain knowledge representation and reasoning[4-6], combining knowledge from probability theory and graph theory into a graphical model structure, making the solution solution both mathematically and logically stable and flexible, and providing a faster and more efficient way to obtain knowledge. Bayesian networks have good logical reasoning and acceptability for uncertainty problems, combining qualitative and quantitative analysis to discover model structures that are useful to researchers and thus optimise people's decision-making and evaluation behaviour. Bayesian networks are currently used in many fields, such as medical diagnosis, language understanding, speech recognition, pattern recognition, data mining, artificial intelligence, financial analysis, etc. How to construct Bayesian networks efficiently and accurately has attracted the attention of many scholars, and has become a research hotspot in the field of artificial intelligence.
[bookmark: _Toc9387168][bookmark: _Toc9448616][bookmark: _Toc18562][bookmark: _Toc20628]1.2 Current status of research
[bookmark: _Hlk71460896]Structure learning in Bayesian networks is the process of finding a network structure that best matches the sample set given a certain number of sample sets. Bayesian network structure learning is an NP-hard problem, and the learning time increases exponentially with the number of nodes. There are three main types of Bayesian network structure learning methods: constraint-based methods, scoring-based search methods and hybrid methods. Constraint-based methods first use statistical or information-theoretic methods to quantitatively analyse the dependencies between variables, and then find a network model that is independent of these conditions and consistent with the dependencies[1]. Some representative methods include TPDA[6], Incremental Association Markov Blanket (IAMB), Interleaved Incremental Association (IAMB), and Maximum Incremental Association (IAMB). -IAMB), Max-Min Parents & Children (MMPC), HPC[7-8]. The main difference between these methods is the learning strategy of Markov chains and the method of testing conditional independence. The constraint-based approach is simple and has better learning performance, and it is easy to find the global optimal solution. However, when dealing with higher order conditional independence tests, these methods are very computationally intensive and the results are not reliable. Scoring-based search methods consist of two main components: the scoring function and the search strategy. These methods first find all possible network structures, and then score these all possible structures to find the highest scoring network structure. Although scoring search methods can search for more accurate network structures, when the number of nodes increases, the number of possible graph structures will become more and more, resulting in a large search space, and the method is easy to fall into local optimality, thus affecting the accuracy of network construction[2]. Several heuristic search strategies have been applied to Bayesian network learning methods for scoring search, including the K2 algorithm, the K3 algorithm (Remco et al. 1994), the Hill-Climbing (HC) algorithm (Tsamardinos et al. 2006), the taboo search ( tabu search, Tabu), simulated annealing (SA) (Kirkpatrick et al. 1983), integer Linear Programming (Bartlett et al. 2017), k-number sampling (k -tree sampling) (Nie et al. 2015; Nie et al. 2017), constraint relationship (Li et al. 2018; Liao et al. 2019), entropy-based algorithms (de Campos et al. al. 2018; Scanagatta et al. 2018), ordering-based search algorithms (Niinimäki et al. 2016; Behjati et al. 2018), variable grouping (Parviainen et al. 2017), score-based Markov blanket ) (Gao et al. 2017), etc. Commonly used BN scoring functions mainly include BIC scoring (Bayesian Information Criterion) (Schwarz 1978), AIC scoring (Akaike Information Criterion) (Akaike 1974), BDe scoring (Bayesian Dirichlet-Likelihood Equivelence) (Heckerman et al. 1995), MDL scoring (Minimum Description Length) ( Lam and Bacchus 1994), BDeu scoring (Bayesian Dirichlet equivalent uniform), etc [5,10-27]. The hybrid algorithm first learns the initial network through a constraint-based approach, and then further optimises the network structure through a scoring search approach. These methods combine the advantages of both constraint-based and scoring search methods and are more efficient in learning and often result in a better network structure.
[bookmark: _Toc9448617][bookmark: _Toc17974][bookmark: _Toc9387169][bookmark: _Toc24439][bookmark: _Hlk113271234]1.3 Related work
1.3.1 Related work of Bayesian network
Bayesian network, also known as reliability network, is an extension of Bayes method and one of the most effective theoretical models in the field of uncertain knowledge representation and reasoning. Proposed by Pearl in 1988, it has become a research hotspot in recent years. A Bayesian network is a Directed Acyclic Graph (DAG), which consists of nodes representing variables and Directed edges connecting these nodes. Nodes represent random variables, and directed edges between nodes represent the interrelation between nodes (from parent node to child node). Conditional probability is used to express the relationship strength, and prior probability is used to express information without parent node. Node variables can be abstractions of any problem, such as: test value, observation phenomenon, consultation and so on. It is suitable for expressing and analyzing uncertain and probabilistic events, and for making decisions conditionally dependent on multiple controlling factors. It can make inferences from incomplete, imprecise or uncertain knowledge or information. The properties of Bayesian networks include:
1. Bayesian network itself is an indefinite causal association model. Different from other decision models, Bayesian network itself is a probabilistic knowledge representation and inference model that visualizes multivariate knowledge, and more aptly contains the causality and conditional correlation between variables of network nodes.
2. Bayesian network has strong ability to deal with uncertain problems. Bayesian networks use conditional probability to express the correlation between various information elements, which can learn and reason under limited, incomplete and uncertain information conditions.
3. Bayesian network can effectively express and fuse multi-source information. Bayesian network can integrate all kinds of information related to fault diagnosis and maintenance decision into the network structure, and deal with it in the way of nodes, which can be fused effectively according to the correlation of information.
In the research of Bayesian network inference, a variety of approximate inference algorithms are proposed, which are mainly divided into two categories: simulation-based method and search-based method. In the field of fault diagnosis, as far as our hydropower simulation is concerned, the fault probability is often very small, so the search inference algorithm is generally suitable. For an example, first analyze which algorithm model to use:
A.) If the instance node reliability network is a simple directed graph structure, the precise inference of Bayesian network is adopted when the number of nodes is small, which includes multi-tree propagation algorithm, clique tree propagation algorithm and graph reduction algorithm, and the appropriate algorithm is selected for the instance event;
B.) If the graph structure of nodes drawn by this example is complex and the number of nodes is large, we can use approximate inference algorithm to study, and it is best to simplify the complex and huge network in concrete implementation, and then combine with accurate inference to consider.
In everyday life, people tend to make common sense reasoning, which is usually inaccurate. For example, if you see someone with wet hair come in and you think it's raining outside, you might be wrong; If you see a man and a woman with a small child in the park and you think they are a family, you may also be making a mistake. In engineering, we also need scientific and reasonable reasoning. However, the problems in engineering practice are generally more complex, and there are many uncertain factors. This makes accurate reasoning very difficult. Reasoning under uncertainty has been an important research field in artificial intelligence for a long time. Although many researchers in the field of artificial intelligence introduce other improbability principles, they also believe that it is possible to construct and use probabilistic methods based on common sense reasoning. In order to improve the accuracy of reasoning, people introduce probability theory. The Bayesian Network, which was first proposed by Judea Pearl in 1988, is essentially a probability-based uncertainty inference Network. It is a graphical model used to represent the connection probability of a set of variables and provides a way to represent causal information. At that time, it was mainly used to deal with the uncertain information in artificial intelligence. Subsequently, it has gradually become the mainstream of information technology to deal with uncertainty, and has been applied in many intelligent systems in the fields of computer intelligence science, industrial control, medical diagnosis and so on.
Bayesian theory is an important tool to deal with uncertain information. As a probability-based uncertainty reasoning method, Bayesian network has been applied to intelligent systems dealing with uncertain information. It has been successfully used in medical diagnosis, statistical decision-making, expert systems, learning and prediction, and other fields. These successful applications fully demonstrate that Bayesian network technology is a powerful method of uncertainty inference.
1.3.2 BN Method
Over the past decades, BN has received much attention from scientists and engineers, as well as from many fields, such as artificial intelligence (AI), statistics, cognitive science, and philosophy. BN theory was developed in the early 1980s to facilitate prediction and "back translation" tasks in AI systems. The term BN was first introduced by computer scientist Judea Pearl in 1986 in his article Fusion, Propagation, and Structuring in Belief Networks. And in 1988 in his landmark book Probabilistic Reasoning in Intelligent Systems: Described in networks of plausible inference about BN learning, reasoning, decision-making theory and methods. Since the 1990s, with the rise of uncertain artificial intelligence, BN, as an effective tool for uncertainty knowledge representation and reasoning, has gradually emerged in the field of artificial intelligence. Therefore, more and more researchers have conducted a large number of studies on BN and related content.
In recent decades, with the rapid development of the Internet and computer technology, the amount of data produced has increased exponentially. In the face of massive data, how to fully represent and analyze these data and excavate potentially valuable information and knowledge to provide theoretical and application support for engineering technology development and scientific research has become an urgent problem to be solved [27]. For this kind of problem, different scholars have carried out a lot of research and put forward a variety of methods. These methods fall into three main categories: mathematics-based methods [28], machine learning-based methods [29-32], and statistics-based methods [33,34]. Among them, the methods based on mathematics mainly include fuzzy logic method, rough set method, etc. Methods based on machine learning include support vector machine, back propagation method, case-based learning, decision tree, etc. Statistical methods mainly include regression analysis, discriminant analysis, BN method and so on. Among many methods, BN, as an effective tool for the representation, reasoning and decision-making of uncertain knowledge, organically combines the knowledge of probability theory and graph theory, and provides a graphical method to express the dependence (causality) relationship between variables, so as to effectively characterize the potential information between variables and mine the knowledge hidden in the data.
BN has the following advantages [35,36] :
(1) BN is a kind of probabilistic graphical model, which organically integrates the knowledge between probability theory and graph theory. On the one hand, it uses graphical language to describe the connection and segmentation relationship between variables qualitatively; on the other hand, it can quantitatively analyze the relationship between different variables from the perspective of probability.
(2) BN can graphically express the joint probability distribution among random variables, which can effectively simplify the calculation of joint probability.
(3) BN has the ability to process incomplete data. In traditional machine learning or statistical learning methods, it is generally necessary to have complete data to effectively establish a model, otherwise, the model cannot be established or the inference result is deviated greatly. BN is able to mine the probabilistic relationship between data and build a relatively good network model even when part of the data is missing.
(4) BN can solve the maximum a posteriori hypothesis inference problem, that is, given the state of some variables in the model, the state of other arbitrary variables can be queried. Because of the above advantages of BN, more and more researchers have conducted extensive and in-depth research on the related content of BN, and BN has gradually become an important method and research hotspot to solve the uncertainty problem. With the continuous development of the basic theory of BN, a large number of scholars at home and abroad use BN model to represent the structural rules hidden in the data and dig out the potential knowledge. At the same time, BN has been widely used in bioinformatics, law, image processing and other fields [37]. When using BN to solve practical problems, a key problem is how to construct BN topology structure that can reflect the intrinsic relationship between variables according to the domain characteristics of the research object. The BN structure can be constructed in two ways: by consulting domain experts and through data analysis. When a BN involves a large number of domain variables (such as gene analysis), the construction of topology structure by domain experts is often error-prone or even infeasible. Therefore, an effective structure learning algorithm is of great significance for BN construction [38], thus introducing the BN structure learning problem [39].
BN learning includes structure learning and parameter learning. The former determines the topological relationship between variables, and the latter determines the conditional probability distribution of variables. Since the parameters of BN can be determined according to the network structure and data set, structure learning is the core of BN learning research. The topology of BNS can be constructed manually or obtained through data analysis. The former mainly depends on expert domain knowledge to determine BN, but it has certain limitations. This kind of method is mainly applicable to BN structure with few network variables, sparse structure and causal relationship between variables. However, when BN contains many variables, it is difficult and infeasible to determine the network topology structure and the conditional probability of undomain variable allocation only by expert knowledge [40-42]. Therefore, the current research hotspot and difficulty is how to effectively and automatically construct BN structure by analyzing data [43-45]. Since the 1990s, researchers have conducted in-depth research from different perspectives and proposed a large number of structure learning algorithms. These algorithms are mainly divided into three categories: constraint (CB) based methods [46-48], score search (SS) based methods [49-52] and hybrid learning methods [53-57].
(1) Constraint-based structure learning method
CB structure learning method, also known as statistical test based method. This class of algorithms uses a series of conditional hypothesis tests to learn the independence between variables in the model [41,58]. According to these constraints, find a BN structure that conforms to the independence relation. In 1990, Spirtes et al. [59] proposed the first CB method, namely SGS algorithm. The algorithm determines the edge orientation based on conditional independence (CI) tests, but requires an exponential number of CI tests. In the following year, Spirtes proposed the classical PC algorithm [60]. Firstly, we start from a complete undirected graph and use CI decision to recursively remove edges to obtain an undirected graph, then partially orientate and further expand to represent the underlying BN structure. In 2002, Cheng et al. [61] combined Mutual Information (MI) and CI testing and proposed the famous TPDA algorithm which is not restricted by node order. In 2009, Yehezkel et al. [62] proposed RAI algorithm, which used graph decomposition idea and recursive method to effectively learn BN structure. In order to improve the efficiency of PC algorithm, Li et al. [63] proposed FEPC algorithm in 2015, which significantly reduced the high-order CI test and had higher accuracy. The classical PC algorithm is related to the node order, so it may have unstable results. Different researchers have proposed methods independent of node order, such as PC-STABLE algorithm [64] and PC-MI algorithm [65]. Aiming at the shortcomings of PC-MI algorithm, Qi et al. [66] optimized PC-MI algorithm from the two aspects of weakest edge first and small neighboring set in 2021, and proposed MIIPC algorithm.
(2) The method based on score search
SS structure learning method is given a data 𝑓 𝒟 and a scoring function, and find a BN, ℬ ∈ ℬ, make 𝑓 maximize (ℬ 𝒟). SS method mainly contains two basic elements: model selection and model optimization. The question to be answered in model selection is what scoring function is used to evaluate the potential structure and the degree of fit of the dataset. Scoring criteria (functions) are generally divided into two categories: information theory-based scoring functions and Bayes-based scoring functions. The scoring function based on information theory mainly includes: Log-likelihood (LL) [67], decomposition normalized maximum likelihood (fNML) [68], minimum description length (MDL) [69], mutual Information Test (MIT) [70], Bayesian Information criterion (BIC) [71], Akaike information criterion (AIC) [72] and other scoring functions; Based on bayesian score function is the prior probability of a given network, subject to data 𝒟, calculate the posterior probability distribution network, the method includes: a bayesian dirichlet score function (BD) and BDe score function [73], [74] BDue score function, K2 score function [75].
The second element of the SS method, model optimization, is to answer which search mechanism is used to find the optimal BN structure [76]. At present, researchers mainly study search mechanism from search space and search algorithm. The search space is the set composed of all candidate network structures, which can be mainly divided into three categories: BN space [76], equivalence class space [77-79] and node order space [56,75,79-83]. The search algorithm is what search strategy is used to find the best rated BN in the search space. The search algorithm includes exact algorithm and approximate algorithm. Exact learning algorithms try to find the global optimal solution, such as integer linear programming method [84-88], dynamic programming method [89-91], A* algorithm [65-68]. Since the search space of the candidate BN structure increases exponentially with the increase of the number of variables, learning the optimal BN structure becomes NP-hard. Therefore, the exact method becomes infeasible, and approximation algorithm is usually used to solve the problem. For example, classical K2 and K3 algorithms [48,54], greedy hill hill-climbing algorithm [46], iterative search algorithm [69], simulated annealing algorithm [70], distribution estimation algorithm [71], bounded tree width structure optimization algorithm [72] and local-global learning method [73,74], etc. With the continuous development of intelligent optimization algorithms, a large number of scholars have proposed algorithms based on swarm intelligence to learn BN structure. Larranga first proposed the use of genetic algorithms to learn BN structure, and explored the effectiveness of the algorithm in the state of node order or disorder [55,75]. In 2002, Campos et al. [76] proposed ACO-B algorithm based on ant colony algorithm to learn BN structure, which has good efficiency. In view of the shortcomings of ACO-B algorithm, Daly et al. [51] used the improved ant colony optimization algorithm to learn BN structure. Heng et al. [77] applied the discrete particle swarm optimization algorithm to BN structure learning, which was superior to the learning method based on genetic algorithm in terms of convergence speed and structure quality. In view of the slow convergence speed of particles in the original PSO optimization algorithm, different experts and scholars have improved the update rules of particle velocity and position, and the improved algorithm has achieved good results, such as BNC-PSO[78], PSOBNL[79] and NDPSO-BN[80]. Ji et al. [81] proposed a bee colony optimization algorithm to solve the BN structure learning problem, which combined solution construction and neighbor search into the meta-heuristic mechanism and achieved good results. PSO tracking two kinds of optimal solution, which makes it very easy to fall into local optimum, and MAC OS - B and ABC - B use pheromones to build solutions, while behind the pheromone positive feedback mechanism can effectively guide the search optimal solution, but if the pheromone overuse may overwhelm a better solution, high risk in some algorithm falls into local optimum, according to the above problem, Yang et al. [82] proposed BN structure learning based on bacterial foraging optimization. In recent years, some scholars will be new
Xing's swarm intelligence optimization algorithm is used to solve BN structure learning, such as water cycle algorithm [83], Java algorithm [84], and bacterial foraging algorithm [85].
(3) Hybrid learning method
The hybrid learning method combines the above two methods, uses conditional independence test to establish the initial network framework, and then uses SS method to search the network space to find the optimal (approximate) solution. CB algorithm is the first hybrid learning method [70]. In this method, the order of nodes is determined by PC algorithm and the optimal BN structure is searched by K2 algorithm. Tsamardinos proposed MMHC hybrid learning algorithm in 2006 [86]. MMHC firstly uses MMPC algorithm to establish the initial BN framework, and then uses K2 algorithm to determine the final network structure. In 2009, Pinto et al. [87] combined MMPC algorithm and ant colony algorithm to learn BN structure. In 2012, Zhu et al. [88] combined K2 algorithm with decomposition idea to learn BN structure and achieved good results. In 2018, Wei Yongqing et al. [89] proposed an improved particle swarm optimization algorithm combined with the maximum spanning tree to learn BN structure method, which has good solution quality. In 2020, Dai et al. [90] used mutual information and conditional independence test to construct constraints, and then used genetic algorithm to optimize the initial network structure. Experiments showed that the proposed algorithm had better learning accuracy.
1.3.3 Bayesian Network Classifier
When BNS are used for classification tasks, they are called Bayesian Network classifiers (BNC). Compared with other methods for dealing with classification problems, BNC has the following advantages [91] :(1) for uncertain knowledge, BNC provides interpretable graphical representation. (2) The output of BNC is a probabilistic model, which can provide a confidence measure for the predicted label. (3) BNC can be used for classification problems of any data type (continuous, discrete and mixed data).
Learning unconstrained BNC structures is usually very time-consuming, and the search space grows exponentially with the increase of the number of variables [92]. Therefore, the current research on BNC structure algorithms mainly focuses on constrained BNC. This type of BNC has the following two characteristics :(1) class variable C has no parent node. (2) Class variable C is the parent of all other predictive attribute variables. Naive Bayes (NB) [91,92] is the simplest restricted BNC algorithm, which assumes that different attributes are independent of each other under the condition of given class variables. Because of its simplicity and efficiency, it is widely used in classification learning. In order to alleviate the impact of attribute independence assumption in NB, a large number of researchers have proposed many improvement methods from different perspectives in recent years. There are five improvement directions of these methods: structure extension, attribute weighting, attribute selection, instance selection and instance weighting.
(1) Structural expansion
As mentioned earlier, NB assumes that properties are conditionally independent, however, in many practical applications, this assumption is always contrary to reality. To solve this problem, structural extension methods make use of the addition of directed arcs between different attributes, thereby relaxing the assumption of conditional independence. For example, Friedman et al. [93] proposed the tree enhanced Naive Bayes (TAN) algorithm, which improved the NB calculation by building a maximum weighted extended tree between attributes
Accuracy of the method. Sahami[92] proposed a classical K-order dependent Bayesian classifier (KDB) by setting the maximum number of parent nodes of attribute nodes in NB as K. Keogh and Pazzani[94] proposed a superparent algorithm for learning TAN (SP-TAN for short), which is a greedy heuristic search algorithm with high time complexity. Webb et al. [95] proposed a method called the Average single Dependence estimator (AODE) to overcome the attribute independence assumption of Naive Bayes by averaging the model as a whole. In 2021, Kong et al. [96] proposed an average tree augmented single dependence estimator (ATODE). This algorithm inherits the validity of AODE and provides more flexibility for high-order dependency modeling.
(2) Attribute weighting
In the classical naive Bayes algorithm, each attribute is treated equally. However, in practice, different attributes play different roles in the classification of different categories, and some of them are more important than others. Therefore, the research on attribute weighting in NB is promoted. Zhang and Sheng[97] proposed the GRFW algorithm by using the gain ratio to describe the weights of different features. Hall[98] proposed a decision tree-based Feature weighting (DTFW) method. This method weights each feature according to its dependence on other feature values, and assigns a lower weight to features with multiple dependencies. Lee et al. [99] used the weighted average of Kullback-Leibler measure on feature values to calculate the feature weights in original Bayesian learning. Based on the assumption that the predicted features should be highly correlated with class variables but uncorrelated with other features, Jiang et al. [100] proposed a correlation based NB feature weighting filter. Yu et al. [101] proposed a relating-based attribute value weighting method (CAVW), which assigns different weights to each attribute value by calculating the difference between the correlations of attribute value classes.
(3) Attribute selection
Attribute selection or feature selection methods select a subset of the most relevant attributes and eliminate those with little or no predictive information based on specific criteria. For example, Ratanamahatana et al. [102] proposed an efficient algorithm called NB-Tree, which applies decision trees for feature selection to extend the NB classifier. Langley et al. [103] proposed the SBC algorithm, which uses a forward greedy search mechanism to extract all attributes
Select the subset of attributes with the most information. Chen et al. [104] proposed an efficient selective naive Bayes algorithm, which only used some attributes to construct the selective naive Bayes model. When BNS are used for classification tasks, they are called Bayesian Network classifiers (BNC). Compared with other methods for dealing with classification problems, BNC has the following advantages [91] :(1) for uncertain knowledge, BNC provides interpretable graphical representation. (2) The output of BNC is a probabilistic model, which can provide a confidence measure for the predicted label. (3) BNC can be used for classification problems of any data type (continuous, discrete and mixed data).
Learning unconstrained BNC structures is usually very time-consuming, and the search space grows exponentially with the increase of the number of variables [92]. Therefore, the current research on BNC structure algorithms mainly focuses on constrained BNC. This type of BNC has the following two characteristics :(1) class variable C has no parent node. (2) Class variable C is the parent of all other predictive attribute variables. Naive Bayes (NB) [91,92] is the simplest restricted BNC algorithm, which assumes that different attributes are independent of each other under the condition of given class variables. Because of its simplicity and efficiency, it is widely used in classification learning. In order to alleviate the impact of attribute independence assumption in NB, a large number of researchers have proposed many improvement methods from different perspectives in recent years. There are five improvement directions of these methods: structure extension, attribute weighting, attribute selection, instance selection and instance weighting.
(4) Instance selection
A practical issue in learning BNC is the high variance due to insufficient training data, especially when a local NB model needs to be built on the original training dataset. Therefore, instance selection method or local learning method adopts the principle of selecting instance subset to construct classifier. Kohavi[105] proposed the NBTree model, which obtained a hybrid model based on decision tree and NB, and retained the interpretability of NB and decision tree. Xie et al. [106] proposed the selective Neighborhood Naive Bayes (SNNB) algorithm, which uses different radius values for new instances of input to solve the sensitivity problem of KNN. Frank et al. [107] proposed an improved LWNB algorithm for standard NB, which has good classification accuracy.
(5) Instance weighting
Instance weighting can improve the NB algorithm by using discriminative instance weighting. When constructing the NB classifier, the instance weight method assigns different weights to different instances [101]. Based on the above ideas, Jiang et al. proposed different instance weighting algorithms, such as discriminant Weighted NB (DWNB) algorithm [108], instance weighted Naive Bayes (IWNB) algorithm [109] and Instance cloned Local Naive Bayes (ICLNB) algorithm [110], which effectively improved the performance of NB algorithm.
1.4 Study content
In 2011-2013, Yuan et al. investigated the Bayesian network learning problem from the perspective of searching for the shortest path. the A* algorithm was used to find the shortest path between the starting and target nodes in a constructed ordered graph (Yuan et al. 2013; Yuan et al. 2011; Fan et al. 2015). The algorithm only needs to search the most promising part of the solution space to arrive at the optimal Bayesian network structure. Using open lists and closed lists to store intermediate variables would require larger computer memory to handle a larger number of destination variables. In addition, the network construction of this method is relatively inefficient. In order to solve the above problems, this paper proposes a Bayesian network learning method based on optimised edge search (Fringe BN).The Fringe BN method consists of three main aspects.
(1) Traverses nodes in an inverse order graph using a depth-first search method. The optimal set of parents of variables is quickly and easily queried using binary bit vectors and bitwise operations. In addition, this paper optimises the order in which the nodes are stored in a bivariate chain table, avoiding the need to sort the nodes in the chain table. This results in fast expansion of good nodes and improved learning efficiency.
(2) The efficiency and accuracy are further improved by using dynamic threshold correction based on the characteristics of Bayesian networks. The threshold in the edge search is dynamically updated according to the BN score and number of layers of the traversing nodes. Thus, the appropriate number of outstanding nodes are selected for expansion. The dynamic thresholding approach reduces memory consumption and increases efficiency, thus increasing to some extent the maximum number of variables that can be processed.
(3) Experiments were conducted using Child and Asia datasets to verify the effectiveness of Fringe BN. The experimental results show that the method not only improves the accuracy and efficiency of the algorithm, but also saves storage space. In addition, Fringe BN can handle data with more variables and has better learning efficiency and accuracy than A*, Dynamic Programming (DP), Branch-and-Bound (B&B) and DFBnB.
[bookmark: _Toc9448618][bookmark: _Toc9387170][bookmark: _Toc15044][bookmark: _Toc7658]1.5 Summary of this chapter
[bookmark: _Toc2053][bookmark: _Toc9448619][bookmark: _Toc9387171][bookmark: _Hlk8908492]This chapter first introduces the background and significance of research on Bayesian networks, and briefly describes the relevant application areas of Bayesian networks. Secondly, it introduces the current status of research on Bayesian networks and briefly describes the representative methods for learning the structure of three types of Bayesian networks and the problems that exist. Finally, the research content of this paper is introduced, i.e. a Bayesian network learning method based on optimised edge search is proposed.


[bookmark: _Toc18419]2 Bayesian network algorithms
[bookmark: _Toc946][bookmark: _Toc9448620][bookmark: _Toc9387172][bookmark: _Toc26017]2.1 Bayesian Networks
Bayesian network is represented as BN=(G, P), G=(V, E). v represents the set of nodes,V={X1 , X2 ,... , Xn }. E represents the set of directed edges. p denotes the conditional probability distribution between the nodes (Yao J, 2016). The edge between the variables Xj to Xi represents the dependency between Xj to Xi and Xj is said to be the parent node of Xi . Denoting the parent set of node Xi by Pai , the dependency between Xi and Pai can be quantified by the conditional probability distribution P (Xi | Pai ). the joint probability distribution in the network denoted by G can be decomposed as the product of all conditional probabilities (Li Jingnan, 2014), as shown in Equation (1).
                    (1)
Commonly used scoring functions include K2 score, BD score, MDL score, BIC score, etc. The BIC score function is an approximation to the marginal likelihood function with a large sample size, and this paper focuses on the BIC score function. For a BIC score with n variables X = {X1 , X2 , ... , Xn } of a Bayesian network G, where the node Xi has a total of ri values, i.e. 1, 2, ... , ri and the parent node Pai has a total of qi combinations of values, i.e. 1, 2, ... , q . , qi . If Xi has no parent, then qi = 1. The BIC scoring function for the network structure G is shown in Equation (2).
    (2)
In equation (2), the first term represents the log-likelihood estimate of the Bayesian network G, which is used to measure the goodness of fit of G. The second term represents the penalty for model complexity.
[bookmark: _Toc31185][bookmark: _Toc9387173][bookmark: _Toc9448621][bookmark: _Toc5482]2.2 Bayesian network learning algorithm A*
The A* algorithm (Hart et al. 1968) is a well-known state-space search method that is often used to solve shortest path search problems in ordered graphs. The cost of each node U in the graph is denoted as F(U) = G(U) + H(U), where G(U) denotes the cost of the shortest distance from the starting node to node U and H(U) denotes the approximate cost estimate from node U to the target node.
(1) Constructing ordered diagrams
As shown above, Yuan et al. converted the problem of finding the optimal parent set of nodes for each node into a problem of finding the optimal path, using the A* method to learn to obtain the optimal Bayesian network (Yuan et al. 2013; Yuan et al. 2011; Fan et al. 2015). The ordered graph of the four variables {X0 , X1 , X2 , X3 } is shown in Figure 1.


[bookmark: _Toc7942]Fig. 1 The order graph of four variables {X0 , X1 , X2 , X3 }
In Figure 1, the shortest path from the start node {} to the target node {X0 , X1 , X2 , X3 } represents a Bayesian network structure. Edges between nodes indicate parent-child relationships between variables; for example, the edge {X1 } → {X1 , X2 } indicates that the parent set of variable X2 is in {X1 }. During optimal path exploration in ordered graphs, a new variable {X} is added to the existing set of variables U to generate a new node U ∪ {X}, and a path is constructed according to this method. The cost of an edge is equal to the fraction of subsets in U that are parents of the variable X (i.e. Pax ), and the fraction of the optimal parent Pax requires consideration of all subsets of variables in U, as shown in Equation (3). For example, the arc between the nodes {X1 , X2 } and {X1 , X2 , X3 } is equal to the cost of BestScore(X3 ,{X1 , X2 }).
               (3)
(2) Use A* to get the shortest path
In an ordered graph, the states of all nodes can be divided into three categories: original state, to be expanded state and expanded state. The method uses an open list to hold the nodes to be expanded and a closed list to hold the expanded nodes. Initially, all nodes are in their original state and the expansion start point, which is placed in the open list. The open list is generally stored using a priority queue, storing each node Xi in order from largest to smallest according to the value of F(Xi ).
At each node expansion, the head node {X i, ..., X } is selected fromj the open list and the nodes adjacent to it {Xi , Xj , ..., Xk } are expanded and deposited in the open list. At the end of the expansion deposit the nodes {Xi , ..., Xj } into the closed list. Once the nodes {Xi , ..., Xj } are in the closed list, there is no need to expand them subsequently. Obviously, there will be duplicate nodes in the expansion process, for example, node {X1 } can be expanded from node {X1 , X2 }, and node {X2 } can be expanded from node {X1 , X2 }. Therefore, for each expanded node {Xi , Xj , ..., Xk }, it is necessary to determine whether it is in the open list. If {Xi , Xj , ...,Xk } is not in the open list, then it is put into the open list. If the node {Xi , Xj , ..., Xk } is already in the open list, further determine if the node is in the closed list. If it exists, the node {Xi , Xj , ..., Xk } is discarded. The A* algorithm follows the optimal expansion rule, where the node that expands first is better than the node that expands later. If node {Xi , Xj , ..., Xk } is not in the closed list, it is compared with the cost of nodes {Xi ', Xj ', ..., Xk '} that are already stored in the open list. If the current node {Xi , Xj , ..., Xk } has a larger G value, it is a bad node and it will be discarded. Conversely, it means that {Xi , Xj , ..., Xk } is a better node and it is added to the open list in the expectation that it will expand a better path. Determining duplicate nodes by closing the list can be effective in speeding up the expansion to the target node and can significantly reduce storage space.
As shown in Figure 1, the node {X0 , X3 } can expand the node {X0 , X1 , X3 } and if {X0 , X1 , X3 } is not in the open list, it will be stored in the open list waiting for the next expansion. When expanding the node { X1 , X3 }, the resulting child node {X0 , X1 , X3 } is already in the open list. At this point, the costs of the two {X0 , X1 , X3 } nodes need to be compared. If the G({X0 , X1 , X3 }) value of the node {X0 , X1 , X3 } expanded from {X0 , X3 } is higher, indicating that it is a bad node, then {X0 , X1 , X3 } in the open list is updated. In addition, before each expansion of node {Xi , Xj , ..., Xk }, it is necessary to determine whether node {Xi , Xj ...,Xk } is the target endpoint. If it is the target node, it means that a best path from the start to the end point is found. When an optimal path is obtained, the Bayesian network with the highest score is obtained by the parent-child relationship between the variables represented by each edge.
(3) Heuristic functions
In the A* algorithm, the heuristic function H(v) is defined as shown in Equation (4). The heuristic function calculates the estimate of the current node v to the destination node by accumulating the scoring values corresponding to the optimal parent set of the remaining nodes (Yuan et al. 2012), and then uses H(v) to assist in selecting the optimal parent set of the variable v.
                (4)
[bookmark: _Toc9448630][bookmark: _Toc29484][bookmark: _Toc9387182]It can be seen that the selection of a better heuristic function H(v) is crucial for the selection of the optimal node. The heuristic function function is acceptable when the function estimate is always smaller than the actual overhead. Based on the computed G(v) and H(v), F(v) provides the best estimate of the cost of the possible paths through node v, from which the shortest path can be better found.


[bookmark: _Toc5892]3  Fringe BN algorithm
[bookmark: _Toc9387183][bookmark: _Toc26390][bookmark: _Toc9448631][bookmark: _Toc7434]3.1 Edge Search
Using open lists and closed lists, the A* algorithm can perform better searches and thus construct smaller search trees. IDA* is a variant of the A* search algorithm, which is an informed search method based on the idea of an uninformative iterative depth-first search strategy (Korf, 1985). In the search process of this algorithm, all operations of the previous iteration are repeated in each iteration. The method uses iterative deepening to keep memory usage below A*. The low storage handling scheme of IDA* results in a large number of repeated visits to nodes and the inability to detect duplicate states. The edge search algorithm is a new algorithm that trades off the time and space constraints between A* and IDA* (Björnsson et al. 2005). Edge search eliminates the overhead of IDA* iterative deepening by tracking the expanded nodes. At the same time, the boundary nodes are no longer maintained in a fixed order in the edge search method. Thus in extreme cases, the edge search algorithm can expand the boundary nodes in exactly the same order as IDA* or in exactly the same order as the A* algorithm.
Edge search preserves the boundaries of the search, trading a small amount of space for time savings. Figure 2 includes three types of nodes: expanded nodes (blue), expanded nodes (grey) and visited nodes (red). The boundary node at the beginning of each iteration is the leaf node between all visited nodes and contains the expanded nodes, the expanded nodes and the visited nodes. For example, the boundary nodes in Figure 2(1) are (N1 , N4 , N5 , N6 ) and the boundary nodes in Figure 2(2) are (N1 , N4 , N7 , N8 , N6 ). Each branch in the graph has a path cost, the value of G(v) for node v is the sum of the path costs, and the value of H(v) represented by the heuristic function is the number of moves required to reach the bottom of the tree. The threshold is accumulated at each iteration, and when the G(v) + H(v) value of node v is greater than the threshold, it indicates that v is a bad node and is saved for the next round of iterations. In Figure 2, the three leaf nodes produced by the first iteration are N1 , N2 , and N3 . During the second iteration, the F(N1 ) of node N1 is greater than the threshold, so it is kept unexpanded. The leaf nodes N4 , N5 , N6 are obtained by expanding the nodes N2 , N3 . During the third iteration, the F values of the nodes N1 , N4 , N6 are greater than the threshold. The leaf nodes N7 , N8 are obtained by expanding the node N5 . Finally, the node N8 is expanded to obtain the target node N .9


[bookmark: _Toc8292]Fig. 2 Traversing nodes in Fringe search
For IDA*, all nodes between the StartNode node and the expansion node are repeatedly visited during each iteration, whereas for edge search in each iteration, the algorithm only visits the boundary nodes of the previous iteration and expands the unexplored parts without having to repeatedly build the boundaries of the search tree in order to achieve the purpose of eliminating iterative repetitive state overhead.
[bookmark: _Toc15365][bookmark: _Toc9387185][bookmark: _Toc9448634][bookmark: _Toc29033]3.2 Extended model for edge search
Edge search uses two lists: the now list for the current iteration and the next list for the next iteration. In algorithm implementations, a two-way linked table is usually used to store both of these lists. The first part of the table is the next list and the second part is the now list. At the start of the algorithm, the now list contains only the start node and the next list is empty. At each iteration, the now list is traversed in turn to find a suitable node for expansion, and the resulting child node is placed behind the current node and awaits access. If no target is found at the end of the iteration, the now list is swapped with the next list. The now list is then iterated over again until the target node is found.


[bookmark: _Toc30700]Fig. 3 The iteration process of the linked list in fringe search
The search boundary nodes before the iteration in Figure 2(2) are (N1 , N4 , N5 , N6 ), as shown in Figure 3. The nodes in the now list {N1 , N4 , N5 , N6 } are then traversed sequentially. Firstly, nodes with F values greater than the threshold { N1 , N4 } will be stored at the end of the next list, as shown in the second row in Figure 3. Secondly, N5 will be extended and will be removed from the now list. The children {N7 , N8 } from N5 will be stored at the head of the now list, so that node 6 is accessed in the order after them, as shown in the third row in Figure 3. Finally, since the F-values of N7 , N8 , N6 are relatively poor, they will be stored at the end of the next list, as shown in the fourth row in Figure 3. At this point, the round of iterations has been completed. Every node in the list has been visited, but only some of the good ones have been extended. When the iteration is complete, the now list will be empty. If no target node is found, the threshold is increased. The next list is then changed to the now list and the next iteration is started.
[bookmark: _Toc9448637][bookmark: _Toc1313][bookmark: _Toc9387187][bookmark: _Toc27688]3.3 Fringe BN algorithm
In the edge search algorithm, the nodes in the chain table do not have to be sorted in the optimal order, which is an advantage compared to A*. However, the edge search algorithm has three shortcomings: (1) the now list may contain many nodes with bad F values, resulting in the need to consume a lot of storage space. (2) The unreasonable threshold setting method leads to the need to traverse a large number of nodes, as well as the inability to effectively distinguish between good and bad nodes and the tendency to miss better target nodes, thus affecting the accuracy of Bayesian network construction. (3) The edge search stops when the target node is found for the first time, resulting in missing a better path to the target node. In order to solve the above problems, this paper proposes an optimised edge search method for efficient and accurate construction of Bayesian networks. On the one hand, the storage order of the nodes in the bi-directional chain table is optimised to avoid sorting the nodes in the chain table. On the other hand, a dynamic threshold setting method is proposed in this paper to carry out the optimisation. The temporal complexity of the algorithm is greatly reduced without affecting the accuracy.
[bookmark: _Toc21188]3.3.1 Inverse order diagram

In an ordered graph, this paper selects the parent set with the highest score for the variable X by scanning all its candidate parents. That is, all subsets of V\{X} need to be computed and the corresponding BN scores need to be stored for these subsets. The attack requires storing BN scores and parent sets. To save memory space and improve computational efficiency, this paper sorts all optimal parent scores of each variable X and uses bit vectors and bitwise operations to query the optimal parent set (Yuan et al. 2013). The arc {X1 , X2 , X3 }→ {X0 , X1 , X2 , X3 } indicates that the variable X0 is a leaf node in the sub-network and the cost of the arc is BestScore(X0 , {X1 , X2 , X3 }). Table 1 shows a partially ordered list of the best scores for the parent set of X .0
[bookmark: _Toc22247]Table 1 Partial sort scores for the parent set of variable X 0
	
	{X1 , X2 , X3 }
	{X2 , X3 }
	{X1 , X3 }
	{X1 , X2 }
	{X1 }

	
	6
	9
	12
	15
	17


By scanning the list of variables X, the first parent set is obtained as the optimal parent set. In this paper, we use bit vectors and bitwise operations to remove non-candidate variables. First, the best parent set of X is stored using a bit vector, and then the non-candidate variables are removed one at a time using bitwise operations (Yuan et al. 2013). Table 2 shows the bit vectors used to find the best parent set for X .0 A '1' in the row indicates that the current parent set contains Xi and a '0' indicates that the current parent set does not contain Xi . In Table 2, the parent set of X0 has only one parent set {X1 }, which contains neither X2 nor X3 .
[bookmark: _Toc12845]Table 2 The bit vectors parentsX (X0 ) of X0
	
	{X1 , X2 , X3 }
	{X2 , X3 }
	{X1 , X3 }
	{X1 , X2 }
	{X1 }

	
	1
	0
	1
	1
	1

	
	1
	1
	0
	1
	0

	
	1
	1
	1
	0
	0


Table 3 shows the results of the bit manipulation after deleting the parent set including X1 of the variable X0 using the bit vector. The initial value of the vector in the row is "1". A "1" in the row means that the current parent set does not contain the variable X1 and a "0" means that the current parent set contains the variable X1 . Performing a bitwise operation The variable X1 is deleted from the parent set of X0 and the result is The result is shown in the row.


[bookmark: _Toc18468]Table 3 The bitwise operation results of excluding parent sets including X1
	
	{X1 , X2 , X3 }
	{X2 , X3 }
	{X1 , X3 }
	{X1 , X2 }
	{X1 }

	
	1
	1
	1
	1
	1

	
	0
	1
	0
	0
	0

	
	0
	1
	0
	0
	0


The first candidate parent of X0 is {X1 , X2 , X3 }. In order to calculate BestScore(X0 , {X2 , X3 }), it is only necessary to delete X1 using the bit vector, as shown in Table 3. Similarly, for calculating BestScore(X0 , {X3 }), we only need to remove X2 from the candidate parent set {X2 , X3 } by using the bit vector. It can be seen that this method can make full use of the results of the previous steps and only needs to delete one variable in each search step, thus improving computational efficiency.
In an ordered graph, there is symmetry between the start node and the target node. The shortest path from the target node to the start node is the same as the shortest path from the start node to the target node. However, as the search level increases, a large number of variables will be added to the candidate parent set, thus greatly reducing the efficiency of the above scanning method. To solve this problem, this paper inverts the ordered graph into an inverse-order graph (Malone et al. 2014). In the inverse-order graph, the topmost node including all variables is the start node and the bottommost empty set is the target node. For example, an inverse order diagram containing three variables {X1 , X2 , X3 } is shown in Figure 4. Iterating from the opposite search direction in the inverse order graph, along a trend of progressively fewer variables, helps to improve the efficiency of obtaining the optimal parent set of variables using bitwise operations.


[bookmark: _Toc3424]Fig. 4 The reverse order graph of {X1 , X2 , X3 }
[bookmark: _Toc7956]3.3.2 Depth-first and optimised bidirectional linked tables
There are two methods for finding the optimal path in an inverse order graph: breadth-first search and depth-first search. As mentioned above, this paper uses binary bit operations to quickly determine the best set of parents in the inverse order graph along the direction of decreasing variables. Clearly, the depth-first search method is more suitable for the implementation of the node traversal model described above. In this paper, the scanned bit vectors are stored in a search stack, with only one variable processed at each search step. Starting from the bit vector at the top of the stack and removing one variable at a time, the optimal set of parents of the corresponding node can be found quickly. In addition, the depth-first search method requires at most O(n2 ) bit-vector storage space, which is better than other methods.
The A* method stores the expanded nodes through an open list, but requires frequent sorting of the nodes in the list according to the BN scoring, which greatly affects the operation efficiency of the method. In order to solve this problem, this paper optimises the order of node storage in the bidirectional chain table in edge search to avoid sorting the nodes in the chain table, so that it can expand the better nodes faster and improve the efficiency of the method.The specific procedure of the Fringe BN algorithm is as follows.
(1) When a new iteration starts, a link flag node is first added after the head node. link is preceded by the next list, which is empty before the start of each iteration. link is followed by the now list.
(2) Iterate through the node U in the now list, skip the nodes with F(U) > Flimit (threshold), and visit the next node in turn. For nodes with F(U) ≤ Flimit (threshold), the expanded children are sorted and added to the front of the link node in turn, i.e. to the first part of the next list. When the now list is traversed, the nodes in front of the link node maintain a locally optimal order, and the nodes behind the link node are the ones that have been skipped, and the iteration is completed.
(3) Judgement is made each time a node is expanded, and the search ends if it is the target node.
Figure 5 shows a node expansion with 5 iterations in the inverse graph of nodes X0 , X1 , X2 , and X3 . The corresponding chain table structure in edge search is shown in Figure 6. Each row in Figure 6 indicates the end state of a round of iteration.


[bookmark: _Toc7684]Fig. 5 A case of expansion process in reverse order graph


[bookmark: _Toc17489]Fig. 6 The bidirectional linked list of Fringe BN
The specific process of node expansion shown in Figure 6 is as follows.
(1) The algorithm starts with the next list empty and the nodes in the now list as {X0 , X1 , X2 , X3 }.
(2) Round 1 iteration. Expand 4 child nodes from nodes {X0 , X1 , X2 , X3 }, sort and insert them in front of the link node, delete nodes {X0 , X1 , X2 , X3 }, the iteration status is shown in the second line in Figure 6. No target node is found and the link node is moved behind the head node.
(3) Round 2 iteration. For nodes {X0 , X1 , X2 } with F ≤ Flimit , three child nodes {X0 , X1 }, {X0 , X2 } and {X1 , X2 } are expanded, while the remaining three nodes with larger values of F are skipped and the iteration ends as shown in the third row in Figure 6.
(4) Round 3 iteration. In the iteration, we will encounter the case of expanding duplicate nodes. For example, the node {X0 , X1 } expands 2 child nodes {X0 } and {X1 } and puts them in front of the link node. Nodes {X0 , X2 }, {X1 , X2 } and {X0 , X1 , X3 } are skipped on access due to bad F-values. Three nodes {X0 , X2 }, {X0 , X3 } and {X2 , X3 } are expanded from the nodes {X0 , X2 , X3 }, where the nodes {X0 , X3 } and {X2 , X3 } are inserted in front of the link node. And the child node {X0 , X2 } is already in the link list, so the one with the better F value is selected from the two duplicate nodes, and then the corresponding values of that node are modified without moving its position in the link list. In addition, the last node in the now list {X1 , X2 , X3 } is also skipped and the 3rd iteration ends. The above modifications allow the bidirectional linked table to be used without moving nodes, as well as without deleting nodes that need to be looked up, thus saving the execution time of the algorithm significantly and increasing the efficiency of the search.
(5) Round 4 iteration. Only node {X0 , X3 } is expanded and a node duplication conflict occurs. Following the above rules, node {X1 } is modified and node {X3 } is inserted in front of the link node, corresponding to line 5 in Figure 6.
(6) Round 5 iteration. The target node is found and the algorithm stops searching at the end of the iteration.
The optimised Fringe BN algorithm retains the advantage of updating the target node multiple times in the depth-first traversal method and will continue the search after the 5th iteration above to find a better path, making the results more accurate. As mentioned above, a sorting of the expanded set of child nodes needs to be done after each node expansion, due to the small number of nodes per sort, as the sorting overhead is of constant order. The child nodes are then inserted through the link node using reverse head insertion, bringing the better nodes closer to the head of the chain table and achieving a locally optimal sort. This facilitates the algorithm's higher frequency of visiting the best nodes first, improving performance. In addition, the bi-directional linked table used only stores the name of each node and does not need to store information such as the fraction and parent set, thus greatly reducing the storage space required.
[bookmark: _Toc27561]3.3.3 Dynamic threshold adjustment
The setting of the threshold Flimit is a central part of the edge search algorithm, and whether the threshold is set appropriately is critical to the efficient search and accurate expansion of the algorithm. The edge search algorithm uses dynamic modification of the threshold value to expand the search. That is, during each iteration round, for all nodes with bad F values limited by the threshold Flimit , a temporary threshold Fmin is used to store the smallest F value among these nodes. Fmin is then assigned to Flimit at the end of this iteration, which is then used for the next iteration. However, since Fmin always stores the smallest F value, too many nodes in the next iteration are restricted by the threshold and only a small fraction of nodes are expanded, which greatly slows down the expansion of nodes. To solve this problem, this paper proposes an improved method for dynamically determining the threshold value for the characteristics of BN, as shown in Equation (5).
                   (5)
F(U) in equation (5) denotes the F value of node U. layer(U) is a very small constant whose value is the total number of node variables minus the number of variables contained in node U (i.e. the number of layers the expanded node is in the inverse order graph). This parameter is used to add different threshold parameters for nodes in different layers, making the threshold limit range gradually relaxed as the number of iterations increases, thus facilitating the finding of better target nodes. The parameter γ in equation (5) represents the threshold coefficient, which is a natural number between 0 and 1. For example, in the iteration shown in Figure 6, the total number of variables is 4, and γ = 0.5. For the third row in Figure 6 (i.e. the chain table after the second iteration), moving the link node behind the head node is the start of the third iteration, and initialising Fmin to infinity. For node {X0 , X1 }, since F({X0 , X1 }) <= Fmin , node {X0 , X1 } is expanded and Fmin is not updated. And the node {X0 , X2 } is restricted by the threshold to be unexpanded to get layer(U) = 2, then the temporary threshold Fmin = min(F({X0 , X2 })+2*0.5, Fmin ) = F({X0 , X2 })+1. Similarly, the nodes that are restricted by Flimit to be unexpanded later are updated in the same way as Fmin .
Compared to edge search, the above calculation increases the value of Fmin , thus reducing the number of nodes that are not expanded by the threshold. Choosing the right Flimit can avoid the special case of an invalid search where all nodes may be limited by Flimit in one iteration, which greatly wastes search time and affects computational accuracy. In short, by limiting the threshold, a large number of bad nodes can be continuously skipped and a suitable number of good nodes can be selected for expansion.
[bookmark: _Toc7053]3.3.4 Finding the shortest path with the Fringe BN algorithm
As mentioned above, based on the depth-first search method and the dynamic adjustment of the threshold that can control the depth of node expansion and the efficiency of iteration, the Fringe BN algorithm finds the optimal path in the inverse order graph, and then finds the optimal set of parents for the nodes to achieve the construction of a Bayesian network. The specific execution is shown in Algorithm 1, where BestScore(X, U) denotes the BN scores of each variable corresponding to different parents.
Algorithm 1. Algorithm of Fringe BN 
Input: BestScore(X, U), γ, cutset
Output: Bayesian network G
1: StartNode←{X1 , X2 ,... , Xn }
2: goal←Ø
3: Fringe List←StartNode //StartNode is the starting node
4: layer←0		
5: Cache Nodes[StartNode]←(g, h, StartNode, null, layer) //Cache hash table to store nodes
6: Nodes[n]←null for StartNode≠n
7: Flimit ←h(StartNode) //initialize, Flimit =0
8: found←false 		
9: while found==false or ! isEmpty(List) do
10: Fmin ←∞
11: 	for each node U∈List do // iterate through the bidirectional chain of nodes
12:		 (g, h, parent, leaf, layer, c)←Nodes[U]
13:		 f←g+h
14:		 if f > Flimit then
15:			 Fmin ← min(f +layer*γ, Fmin ), continue
16:			 for each X ∈ U do
17:				 newU←U\{X}
18:				 gnewU ←g+BestScore(X, U)
19:				 if Nodes[newU]≠null then // keep the better one when the node is duplicated
20:					 (g', parent)←Nodes[newU]
21:					 if gnewU ≥g' then continue
22:				 Nodes[newU]←(gnewU , h, newU, X)
23:				 if newU==null then
24:					 found←true, break
25:				 if FnewU > Flimit then
26:					 Fmin =min(FnewU +layer(newU)*γ, Fmin )
27. if List contains newU then continue			 if List contains newU then continue
28:				 Insert newU into the head position of List
29:			 end for
30:		 Remove U from List
31: 	end for
32: Flimit =Fmin //Update Flimit
33: end while
34: if found==true then
35: 	Construct path from parent nodes in Cache and save it to G
36: return G
In Algorithm 1, StartNode represents the start node of the algorithm search, goal represents the target node, and γ score represents the threshold factor. list is a bi-directional chain table structure, initially with only one start node. now and next lists are both represented as bi-directional chain lists, layer is used to calculate the number of layers the node is on and the threshold is updated. nodes[] is used to store all Flimit is the threshold that limits the depth of node expansion and found is used to determine whether the target node is reached. Step 9-33 shows the process of node expansion as the algorithm traverses the bidirectional chain table, and Step 16-28 shows the specific process of node expansion. The Fringe BN algorithm expands a node by first determining whether it is the target node or whether List is empty, see Step 9. Before each iteration of List, Fmin is set to infinity for the threshold update, see Step 10. Each node in List is expanded by determining whether its f-value is less than or equal to Flimit . If not, update Fmin and skip the node, otherwise expand the node, see Step 14-15. Step 16-28 is the process of expanding a node. When expanding a node, if its child node is already in Nodes[], replace the original node if the new node has a better BN score, otherwise skip it, see Step 19-22. If the child node has not been expanded, then stored in Nodes[], see Step 22. In the process of expanding a node, the algorithm determines whether it has found the target node, see Step 23-24. When the F value of a child node is greater than Flimit , it updates Fmin and determines whether the child node is already contained in the chain list. If it does not contain the node then it adds it, see Step 25-28. After the expansion is complete the already expanded node U is removed from the bidirectional chain table, see Step 30. After traversing the bidirectional chain table once the threshold is updated, see Step 30. After finding the target node the Bayesian network is reconstructed based on the nodes stored in Nodes[], see Step 34-35.
[bookmark: _Toc3179]3.4 Summary of this chapter
This chapter introduces the search shortest path model and the advantages and disadvantages of A* and edge search algorithms. A Bayesian network learning method based on edge search, Fringe BN, is proposed, and the Fringe BN algorithm is explained in terms of the inverse order diagram, the bivariate link table structure, the dynamic threshold setting, and the algorithm execution process, respectively. Finally the pseudo-code of the Fringe BN algorithm is shown to outline the search process.
[bookmark: _Toc9387189][bookmark: _Toc9448643][bookmark: _Toc29759]

[bookmark: _Toc13280]4 Experiments and results
URLearning (https://url.cs.qc.cuny.edu/software/URLearning.html) is a source code package developed by Yuan et al. for building Bayesian networks using the A* algorithm (Yuan et al. 2013). The Fringe BN method is based on the URLearning source code with modified coding implementation. The experiments were conducted on a computer configured with an Inter(R) Core(TM) i5-7300HQ CPU@ 2.50GHz×4, 15.5GiB RAM and Ubuntu 18.04.3 operating system.
[bookmark: _Toc9448644][bookmark: _Toc9387190][bookmark: _Toc69][bookmark: _Toc7238]4.1 dataset and assessment measures
To verify the validity of the Fringe BN method, experiments were conducted using the well-known Asia and Child networks. The Asia network has 8 nodes and 8 edges, and the Child network has 20 nodes and 25 edges. For the Child data, the dataset available on this website (http://www.dsl-lab.org/supplements/mmhc_paper/mmhc_index.html) is used directly in this paper. The dataset Asia was generated using the Netica tool (http://www.norsys.com/netica.html) based on the standard network (https://www.bnlearn.com/bnrepository/discrete-small.html#asia). ASIA.dnet was first compiled in the Netica software and then the dataset was generated using the Cases->Simulates Cases step. In addition, this paper compares the timing of A* and Fringe BN on a benchmark dataset in the UCI database (http://archive.ics.uci.edu/ml) (Yuan et al. 2013).
[bookmark: _Hlk34496444]In order to compare the performance of different methods, this paper uses Accuracy, Precision, Recall, and F1 values shown in Eqs. (6) to (9) for evaluation and analysis. TP denotes the number of correctly judged relevant edges, TN denotes the number of correctly judged irrelevant edges, FP denotes the number of edges that were initially relevant but determined to be irrelevant, and FN denotes the number of edges that were initially irrelevant but determined to be relevant. F1 is a combination of accuracy and recall.
                            (6)
                           (7)
                      (8)
                    (9)
[bookmark: _Toc9448645][bookmark: _Toc1808][bookmark: _Toc8183]4.2 Experimental results and analysis
[bookmark: _Toc9387191][bookmark: _Toc9448646][bookmark: _Toc4780]4.2.1 Optimal threshold coefficients
In each iteration of Fringe BN, the selection nodes are expanded by thresholding Flimit 's as shown in Equation (5). The threshold factor γ controls the size of the threshold increment layer(U). Different threshold coefficients γ have a significant impact on the accuracy (Accuracy, Recall, Precision, F1-score) and efficiency of the network.
In this paper, experimental comparisons were conducted on the Asia dataset (sample size 500, 1000) and the Child dataset (sample size 500, 1000). Table 4-Table 5 gives the results of the comparison of the running time and accuracy (Accuracy, Recall, Precision, F1-score) of the Fringe BN algorithm on the Asia and Child datasets for different threshold coefficients γ.
[bookmark: _Toc16642]Table 4 Experiment comparison of different γ in Asia dataset (500)
	γ
	Time(s)
	Accuracy
	Recall
	Precision
	F1

	0.1
	0.004017
	0.940625
	0.8000001
	0.7
	0.7466666

	0.2
	0.003853
	0.940625
	0.8
	0.7
	0.7466666

	0.3
	0.003763
	0.940625
	0.8
	0.7
	0.7466666

	0.4
	0.00368
	0.9375
	0.7857143
	0.6875
	0.7333333

	0.5
	0.003347
	0.94375
	0.8142857
	0.7125
	0.7599999

	0.6
	0.003701
	0.94375
	0.8142857
	0.7125
	0.7599999

	0.7
	0.003368
	0.94375
	0.8142857
	0.7125
	0.7599999

	0.8
	0.003386
	0.94375
	0.8142857
	0.7125
	0.7599999

	0.9
	0.003392
	0.946875
	0.8285715
	0.725
	0.7733332



[bookmark: _Toc4076]Table 5 Experiments comparing different threshold coefficients γ on the Child dataset (500 samples)
	γ
	Time(s)
	Accuracy
	Recall
	Precision
	F1

	0.1
	116.843
	0.976
	0.8778321
	0.716
	0.7884848

	0.2
	68.8425
	0.977
	0.887594
	0.724
	0.797277

	0.3
	51.8992
	0.976
	0.8778321
	0.716
	0.7884848

	0.4
	43.3057
	0.9765
	0.8828321
	0.72
	0.7929292

	0.5
	37.7031
	0.976
	0.8780702
	0.716
	0.7885814

	0.6
	33.7936
	0.975
	0.8780702
	0.716
	0.7885814

	0.7
	31.3189
	0.975
	0.8783334
	0.716
	0.7886823

	0.8
	27.974
	0.9745
	0.8828321
	0.72
	0.7929292

	0.9
	26.1668
	0.9745
	0.8733083
	0.712
	0.7842336


In Tables 4 and 5, the running time of the algorithm tends to decrease and the accuracy tends to increase as the threshold factor γ increases. Among them, the search time and accuracy are better when γ is 0.5, 0.7 and 0.8. In this paper, the threshold factor γ = 0.5, which has good efficiency and accuracy, is chosen for the following experiments.
[bookmark: _Toc9448647][bookmark: _Toc9387192][bookmark: _Toc25569]4.2.2 Accuracy and efficiency comparison
To verify the effectiveness of the Fringe BN method, this paper compares it experimentally with several commonly used Bayesian network structure learning methods: dynamic programming (DP) (Silander et al. 2012), branch-and-bound (B&B) (Campos et al. 2011), depth-first branch-and-bound (DFBnB) (Malone et al. 2014) and the A* algorithm (Yuan et al. 2013). In this paper, we compare the running time and learning accuracy (Presion, Accuracy, Recall and F1-score) of five BN learning algorithms in datasets with different sample sizes.
The left panel of Figure 7 shows the comparison of the experimental results of the run efficiency of the five methods (Fringe BN, A*, B&B, DP, DFBnB) on the Asia dataset with sample sizes of 500 and 1000 respectively, and the right panel of Figure 7 shows the comparison of the experimental results of the five methods (Fringe BN, A*, B&B, DP, DFBnB) on the Asia dataset with sample sizes of 500 and 1000 in the Child dataset.
[image: Asia时间][image: Child时间]
[bookmark: _Toc6711]Fig. 7 Learning efficiency comparison of Asia, Child dataset
In Figure 7, the run times for Fringe BN are very small in the Asia and Child datasets with sample sizes of 500 and 1000. the run times for Fringe BN and A* are very similar and increase slowly with sample size. In addition, we can see that in all cases the Fringe BN runtimes are much shorter than B& B, DFBnB and DP. Table 6 shows a comparison of the runtimes of A* and Fringe BN in different datasets.
[bookmark: _Toc13456]Table 6 Comparison of search time between A* and Fringe BN
	Dataset
	Number of variables
	A*(s)
	Fringe BN(s)

	Iris
	5
	0.0048
	0.0047

	Adult
	14
	0.1741
	0.1163

	Statlog
	19
	2.3383
	0.6120

	Image
	20
	6.1186
	4.5312

	Imports
	22
	21.9990
	14.4855

	Mushroom
	23
	44.9741
	24.3465

	Autos
	26
	81.0339
	61.5684

	Horse
	28
	＞100
	80.3769


In Table 6, when the number of nodes is small, the advantages of the Fringe BN algorithm are not obvious. However, as the number of variables increases, the efficiency of the method improves. In particular, in the 28-node Horse dataset, the search time of A* is too long (much longer than 100s), while the Fringe BN algorithm can get the search results quickly.
Figures 8 and 9 show the results of the accuracy comparison of the five methods on the Asia and Child datasets with different sample sizes.
[image: Figure_1][image: Asia1000]
[bookmark: _Toc12921]Fig. 8 Learning accuracy comparison of Asia dataset (500 and 1000)
[image: ][image: ]
[bookmark: _Toc18924]Fig. 9 Learning accuracy comparison of Child dataset (500 and 1000)
As can be seen in Figures 8 and 9, the accuracy (Accuracy, Recall, Precision and F1-score) of the Fringe BN algorithm largely outperformed the other four methods in the two datasets with different sample sizes. Although the DFBnB method was the most accurate method in the Asia dataset of 1000 samples, it took too long. Fringe BN followed closely behind with a less clear advantage. In the other three sets of experiments, the Fringe BN algorithm had the highest accuracy rates (Accuracy, Recall, Precision and F1-score). In conclusion, the experimental results show that Fringe BN can not only improve efficiency but also handle data with a larger number of variables, while ensuring accuracy. Early experiments showed that only Fringe BN was able to handle the 27-variable Insurance dataset and that the other four methods (A*, B& B, DP, DFBnB) were unable to obtain a network due to high memory consumption.
[bookmark: _Toc19507]4.2.3 Comparison of the memory footprint of the Fringe BN algorithm
The Fringe BN algorithm not only outperforms the other four methods in terms of accuracy and efficiency, but also in terms of memory usage. The memory consumption of the algorithm comes mainly from open lists and closures. In Fringe BN, we use a threshold to limit the expansion process and a special pruning method (see Section 3.3.3) to effectively reduce memory consumption. Table 7 shows the memory consumption of the Fringe BN and A* methods in the Asia and Child datasets. For the Asia dataset with a small number of nodes, the advantage of Fringe BN is not particularly obvious. However, for the Child dataset with a high number of nodes, the memory consumption of the Fringe BN algorithm is significantly smaller than that of A*.
[bookmark: _Toc23192]Table 7 Memory comparison of A* and Fringe BN algorithms on different datasets
	Dataset
	Number of samples
	A*(KB)
	Fringe BN(KB)

	Asia
	500
	29851
	29836

	Asia
	1000
	29944
	29868

	Child
	500
	73108
	41189

	Child
	1000
	82100
	43528


[bookmark: _Toc14236]4.2.4 Limits of the Fringe BN algorithm
The experimental results show that the Fringe BN algorithm is able to handle more variables than the other four algorithms (A*, B& B, DP, DFBnB). Also, Fringe BN has the least running time. In this experiment, the dataset on this website (http://www.urlearning.org/datasets.html) is used in this paper, with different numbers of variables for comparison. Here the threshold factor γ = 0 is set and Table 8 shows the running time and memory consumption of Fringe BN on datasets with different numbers of variables.


[bookmark: _Toc19856]Table 8 Experiment results of different number of variables
	Dataset
	Number of samples
	Number of variables
	Times(s)
	Memory(MB)

	Insurance
	500
	27
	1.20303
	40.9141

	Insurance
	1000
	27
	1.73415
	42.8867

	Flag
	194
	29
	3.55511
	54.0586

	Alarm
	500
	37
	43.677
	238.0156

	Soybean
	266
	36
	16.2292
	105.1367

	Water
	380
	38
	7.3056
	57.8672

	Spectf
	267
	45
	180.272
	783.3125


In Table 8, the running time of Fringe BN tends to increase as the number of variables in the dataset increases. Especially in the Spectf dataset with 45 variables, the running time of Fringe BN is relatively long and the memory consumption is also high. In conclusion, the Fringe BN algorithm is able to handle datasets with a high number of variables and has a good learning efficiency. The method has the advantage of running time and storage space while ensuring accuracy.
[bookmark: _Toc13647][bookmark: _Toc8115][bookmark: _Toc9387194][bookmark: _Toc9448653]4.3 Summary of this chapter
[bookmark: _Toc453155076][bookmark: _Toc7838][bookmark: _Toc9448654][bookmark: _Toc9387205][bookmark: _Toc14019]This chapter is a series of experiments conducted on the Fringe BN algorithm to demonstrate the superiority of the Fringe BN algorithm through the selection of the optimal threshold coefficients, the time comparison of the algorithm to arrive at a Bayesian network, the accuracy comparison of the network, and the performance comparison of the algorithm to not only handle a larger dataset of nodes, but also to arrive at a better Bayesian network structure with a reduced time and memory footprint.
[bookmark: _Toc25126]5 Summary and outlook
[bookmark: _Toc9387206][bookmark: _Toc23920][bookmark: _Toc9448655][bookmark: _Toc32149]5.1 Main research work in this paper
[bookmark: _Toc9387207]This paper presents Fringe BN, a Bayesian network learning method based on optimised edge search, which combines the advantages of the A* and IDA* algorithms. The optimal path from the starting node to the target node is found in the inverse order graph using the edge search method, and then a Bayesian network is constructed based on the optimal path.
(1) Fringe BN optimises the order in which nodes are stored in a bidirectional chain table, avoiding the need to sort the nodes in the chain table. This operation helps to scale better nodes faster and increase efficiency.
(2) Based on the characteristics of Bayesian networks, Fringe BN uses a dynamic modification of the threshold. The threshold is dynamically updated according to the BN score and the number of layers of the traversed nodes. Then an appropriate number of outstanding nodes are selected for expansion, thus shortening the node expansion time and improving accuracy.
In addition, the method helps to reduce memory consumption and somewhat extends the maximum number of variables that the algorithm can handle.
[bookmark: _Toc14202][bookmark: _Toc9448656][bookmark: _Toc18977]5.2 Shortcomings and what remains to be done
This paper also suffers from the following shortcomings.
(1) The gradient of the threshold setting is not refined enough, the threshold coefficient is only taken to be 0.1-0.9, and the threshold coefficient can also be set to a smaller order of magnitude.
(2) The network structure only uses the BIC scoring criteria and fails to experimentally study multiple scoring methods.
(3) There are fewer comparative experiments of multiple Bayesian network structure learning algorithms, which cannot be compared on a dataset with more nodes due to the limitations of the upper operating limits of other methods.
Subsequent work has focused on the following points.
(1) Refine the threshold coefficients and analyse the scenarios in which the algorithm is applicable and the associated shortcomings.
[bookmark: _Toc2432][bookmark: _Toc453155077][bookmark: _Toc9448657][bookmark: _Toc9387208](2) Tests algorithm performance using a dataset with more nodes to reasonably compare the advantages and disadvantages of multiple algorithms.
(3) The Bayesian network learning method Fringe BN can be useful in areas such as diagnosis of chest diseases and variability of maize plants, and this paper will be followed by experimental analysis using domain-specific data to put theory into practice.
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