Slope and Deflection of Beams

In practically all engineering applications limitations are placed upon the performance and behaviour
of components and normally they are expected to operate within certain limits of, for example, stress
or deflection. The stress limits are normally set so that the component does not yield or fail under the
most severe load conditions which it is likely to meet in service. In certain structural or machine linkage
designs, however, maximum stress levels may not be the most severe condition for the component in
qguestion. In such cases it is the limitation in the maximum deflection which places the most severe
restriction on the operation or design of the component. It is evident, therefore, that methods are
required to accurately predict the deflection of members under lateral loads since it is those form of
loading which will generally produce the greatest deflection of beams.

Relationship between loading, shear force, bending moment, slope and deflection.
At each point on a curve, with equation y = f(x), the tangent line turns at a certain rate. A measure
of this rate of turning is the curvature K.

y=f(x)\

From analytical geometry, it can be demonstrated that the curvature K can be expressed as follows,
f"'(x)

K= 2
(1+ (f’(x))2)3/

Also, it can be considered that the curvature of a circle of radius R should be large if R is small and
small if R is large.
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Thus the curvature of a circle is defined to be the reciprocal of the radius, that is,

1
K=—
R
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Therefore,
d?y
dx?

_ (14 (g)z)”

For small deflection dy/dx is small so that (dy/dx)? is negligibly small compared with unity.
Therefore the above curvature equation reduces to,

1 d%
R~ dx?
According to the Simple Bending Equation,
M o E th 1 M
I~y R 7" RTE
Therefore,
d’y M
dx? EI
That is,
d?y
El—=M
dx?

This is the differential equation for the deflection of beams.

And since Q = dM/dx we get,

3

y
= El—=
¢ dx3
And since w = dQ/dx we get,
d*y

The results can then be summarised as follows,

deflection =y

l _dy
slope =

Bending M £ M( )—Eldzy
ending omen X) = dxz

Shear F (x) = EI dy
ear Force Q(x) = a3

Load distributi ()—E1d4y
oa tstrioution w(x) = dx4




In order that the above results agree algebraically, i.e. that positive slope have the normal
mathematical interpretation of the positive sign and that BM and SF convention are consistent with
those introduced in the bending beams chapter, it is imperative that the sign conventionillustrated
in the following figure be adopted.

a) Deflection: vy is positive upwards.

b) Slope:
Positive slope

c¢) Bending Moment:

v

NEGATIVE

|
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BENDING X BENDING
(SAGGING) (HOGGING)

d) Shear Force:

I ]

X X
POSITIVE NEGATIVE
SHEAR FORCE SHEAR FORCE

e) Loading: Upward loading is positive.

Figure: Sign conventions for load, SF, BM, slope and deflection.

Il. Direct Integration method.
If the value of the BM at any point on the beam is known in terms of x, the distance along the beam,
and provided that the equation applies along the complete beam, the integration of the differential
equation for the deflection of beams will yield slopes and deflection at any point. That is,

d?y

El—= =
dx?

dy
M EI—=fde+A
dx

EIy=ff(de)dx+Ax+B

Where A and B are constants of integration evaluated from known conditions of slope and deflection
for particular values of x.



1. Cantilever with concentrated load at the end:
Determine the deflection curve equation and the maximum deflection for the cantilever as shown
in the following figure (a).
The load W causes the cantilever to deflect such that its neutral axis takes up the curved shape
shown in figure (b).
The axis system is chosen so that the origin coincides with the tip where the load is applied and
where the deflection y is clearly maximum.
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The Bending Moment M at section XX is,
MXX = _Wx

Substituting for M in the differential equation for the deflection of beams we obtain,

d?y
El— = -Wx
dx?
Integrating with respect to x gives,
EIl ay = sz +A
dx 2

Where A is a constant of integration which is obtained from a known condition of slope at a
particular value of x.
At x = L we know that dx/dy = 0, therefore,

L? W2
EI><0=—W?+A s A= -

Hence the differential equation for the deflection of beams after 1% integration can be written,

dy -WwW Wi
El—=——x?
x_ 2z 5T

Integrating again gives,

—-Wx® WL?
Ely=——+

2 3 2x+B




Where B is a constant of integration which is obtained from a known condition of deflection at a
particular value of x.
At x = L we know that y = 0, therefore,

-wr wi? w2 wL  -wid

X = E — RS = =
EI X0 > 3+ > L+B B 3 > 3

Hence the equation of the deflection curve of the cantilever is,

g W o W WE
Y= ¥ T T3

That is,

Equation of the deflection curve

The maximum deflection y,,, ., at the free end is obtained by setting x = 0 in the equation of the
deflection curve. Thus,

-wi3
ymax = 3E1

Which is clearly negative, i.e. downwards.

. Cantilever with Uniformly Distributed Load:

Determine the deflection curve equation and the maximum deflection for the cantilever carrying
a UDL as shown in the following figure (a).

The load w (kN/m) causes the cantilever to deflect such that its neutral axis takes up the curved
shape shown in figure (b).

The axis system is chosen so that the origin coincides with the free tip and where the deflection
y is clearly maximum.

X
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The Bending Moment M at section XX is,

x
Myy = —(wx) 5

. Myy = —
XX Zx
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Substituting for M in the differential equation for the deflection of beams we obtain,

d? —-w
122 ="
dx? 2
Integrating with respect to x gives,
dy —-wx3
El—=——+A
dx 2 3

Where A is a constant of integration which is obtained from a known condition of slope at a
particular value of x.
At x = L we know that dx/dy = 0, therefore,

-wl3 wl3

EIXx0=——=+A4 N A=—
0 2 3+ 6

Hence the differential equation for the deflection of beams after 1% integration can be written,

dy —-w wil3
EI=Y=—"33 42
6" "6

Integrating again gives,

El _Wx4+WL3 +B
=——+—x
Y= 6 4 "6

Where B is a constant of integration which is obtained from a known condition of deflection at a
particular value of x.
At x = L we know that y = 0, therefore,

—wl* wil3 wl*  wL*  —wl?

X = — B — o = —_ =
EIx0 3 4+ 3 L+B B 4 3 3

Hence the equation of the deflection curve of the cantilever is,

Ely = —w 4+WL3 wlL*
V=24 T T8
That is,

Equation of the deflection curve



The maximum deflection y,, ., at the free end is obtained by setting x = 0 in the equation of the
deflection curve. Thus,

—wL*
Ymax = W

Which is clearly negative, i.e. downwards.

. Simply supported beam with UDL:

Determine the deflection curve equation and the maximum deflection at mid-span for the simply
supported beam carrying a UDL as shown in the following figure (a).

The load w (kN/m) causes the beam to deflect such that its neutral axis takes up the curved shape
shown in figure (b).

The axis system is chosen so that the origin coincides with the left tip and where the deflection y
is zero.

X
— X 57 w(kN/m)
a .
'S : A
X
wL wL
2 2

(b) i

M wlL ( X
XX =7 X Wx)z
u w 2+WL
=——x —X
XX 2 2

Substituting for M in the differential equation for the deflection of beams we obtain,

d?y w wiL
El—2 = ——x2 4 —
xz- 28 T

Integrating with respect to x gives,



Where A is a constant of integration which is obtained from a known condition of slope at a
particular value of x.

At x = L/2 we know that dx/dy = 0, therefore,
L3 L\?
EIxO—_W(Z) WL(?) 4 . A_WL3 wlL3 . A_—WL3
2 3 2 2 - 48 16 24

Hence the differential equation for the deflection of beams after 1% integration can be written,

Eldy_—w 3+WL wiL3
dx 6 2% "

Integrating again gives,

Where B is a constant of integration which is obtained from a known condition of deflection at a
particular value of x.
At x = 0 we know that y = 0, therefore,

wL 3

Eixo=Yxot+ ot Y iorr - B=o0
24 12 24 - -

Hence the equation of the deflection curve is,

£l —w 4+WL 3 wl3
Y=o TN T

That is,

Equation of the deflection curve

The maximum deflection y;,,4, at mid-span is obtained by setting x = L/2 in the equation of the
deflection curve. Thus,

1 —W(L)4+WL(L>3 wl3 (L)
Ymax =1\ 24 \2) T12\2 24 \2

1 —WL4'+WL4' wl*
Ymax =71\ 384 T 96 48

1 <—WL4' 4wl* 8wL4>

Ymax =71\ 382 T 384 38
3 —5wl*
Ymax = 384 F]

Which is clearly negative, i.e. downwards.



4. Simply supported beam with central concentrated load:
Determine the deflection curve equation and the maximum deflection at mid-span for the simply
supported beam carrying a central concentrated load as shown in the following figure (a).
The load W causes the beam to deflect such that its neutral axis takes up the curved shape shown
in figure (b).
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In order to obtain a single expression for the Bending Moment which will apply across the
complete beam, in this case it is convenient to take the origin for x at the centre.

The Bending Moment M at section XX is,

Mex =5 (5-7)
xx =5 \3 X

Substituting for M in the differential equation for the deflection of beams we obtain,

g4y W Wi
A2 27T 7g

Integrating with respect to x gives,



Where A is a constant of integration which is obtained from a known condition of slope at a
particular value of x.
At x = 0 we know that dx/dy = 0, therefore,

-W WL
EIXO:TXOZ+TXO+A ~ 0=0+0+4 ~ A=0

Hence the differential equation for the deflection of beams after 1% integration can be written,

El—=—x*+—
x4 & ”
Integrating again gives,
ply="WE WX
Y= 3T 2
Ely = ﬂx3 +—x%+B
12 8

Where B is a constant of integration which is obtained from a known condition of deflection at a
particular value of x.
Atx = L/2 we know that y = 0, therefore,
W L\ WL L\? 145 WL  -wI3
EI X0 =——— () — (

X |= B B = — =
12 + 8 2) + 12x23 8x22 48

2

Hence the equation of the deflection curve is,

gy W s WL, W3
YT 12 T8 Y T a8

That is,

Equation of the deflection curve

The maximum deflection y,,,,, at mid-span is obtained by setting x = 0 in the equation of the
deflection curve. Thus,

LW s W o wi?
Ymax = Fr\ 12 8 48
1 w3
Ymax _E - 48
—WI3
Ymax =
48E1

Which is clearly negative, i.e. downwards.
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Macauley’s Method.

The direct integration method used in the previous examples can only be used when a single
expression for the Bending Moment applies along the complete length of the beam. In general this is
not the case, and the method has to be adapted to cover all loading conditions.

An alternative approach is to introduce so-called singularity or half-range functions. Such functions
were first applied to beam deflection problems by Macauley in 1919 and hence the method is
frequently known as Macauley’s Method.

We now introduce a quantity [x — a] and define it to be zero if (x — a) < 0, thatis x < a, and to be
simply (x — a) if x > a. The quantity [x — a] is known as a singularity or half-range function and is
defined to have a value only when the argument is positive in which case the square brackets behave
in an identical manner as ordinary parentheses.

Also the singularity functions, or Macauley terms, must be integrated with respect to themselves.

Let’s consider the latter example (simply supported beam with a central concentrated load) with
taking the origin at the left tip of the beam.

woo T
2 !
X i
v T
'3 )
- L ; »
w X w
2 2
The Bending Moment M at section XX is,
Myy = EI @y = w W[ L
xx =82 X732
Integrating with respect to x gives,
112
Idy_sz [x—j] 4
dx 2 2 2
dy W w L7?
El—==—x?——|x—- —] A
ax_aX 272 T

Where A is a constant of integration which is obtained from a known condition of slope at a
particular value of x.

2
At x = L/2 we know that dx/dy = 0. Singularity function [x — %] is not strictly greater than

zero at x = L/2 and should therefore by set to zero. Hence,

Elxo=" (L)z A 0 Wit A A —wi?
X = — X |—= = =
2 \z) t 6 T 16
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Hence the differential equation for the deflection of beams after 1% integration can be written,

dy W w L]Z Wi?
B 16
Integrating again gives,

Where B is a constant of integration which is obtained from a known condition of deflection at a
particular value of x.

2
At x = 0 we know that y = 0. Singularity function [x - %] is not strictly greater than zero at x =

0 and should therefore by set to zero. Hence,
2

EIx0= W><(0)3 L><0+B 0=0-0+B B=0
X = — = — =
12 16

Hence the equation of the deflection curve is,

Ely=—x3——
Y=Y e |”

2

w W[ Lr WL2
16 ~

That is,

1<W w L3 WL2>

— ({3 _ _ _
YTEI\2Y T2 16

Equation of the deflection curve

The maximum deflection y,,, 4, at mid-span is obtained by setting x = L/2 in the equation of the

: . . . L2 .
deflection curve. Singularity function [x — E] is not strictly greater than zero at x = L/2 and

should therefore by set to zero. Thus,

1 WX(L)3 WLZXL
Ymax = 1\ 12 7 \2 16 2

3 1 WL3 w3 1 -WL3
Ymax = pr\T96 ~ 32 )T EI\ 48

3 —WI3
ymax - 48E1

Which is clearly negative, i.e. downwards.
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1. Problem.
The beam shown in the following figure is 12 m long with an E value of 208 GN/m? and an | value
of 82x10°® m*. Determine slope and defection values in the middle of the beam.

20 kN 30kN X

| x :
|

i —
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n
»

v
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\ 4

A
v
A

3m 3m 4m 2m

10 kN

Implementing the conditions for static equilibrium to determine support reactions Ra and Rg:
e Condition 1: the algebraic sum of forces is zero that is,

sum of the upward _ sum of the downward
component of forces ~  component of forces
Thus,
Ry+10+ Rz =20+ 30

e (Condition 2: the sum of the anticlockwise moments about a point or axis equals the sum
of the clockwise moments about the same point or axis. If we choose left tip point A,

10X6+Rpx12=20%x3+30x10

20x3+30x10—10x%6
Rs = 12

=25kN

And substituting Rs into condition 1 gives,
Ry +10425=20+30

R, =20+30-10—-25=15kN

Taking the origin at the left hand end of the beam and writing down the bending moment at a
section located at the extreme right hand part of the beam in terms of all loads to the left of
that section gives,

dZ

Myy = Eld—x}zl = 15x — 20[x — 3] + 10[x — 6] — 30[x — 10]

It must be emphasised that all loads in the right-hand side of the above bending moment
equation are in units of kN (i.e. newton x 103%). In subsequent workings, therefore, it is
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convenient to carry through this factor as a denominator on the left-hand side of the equation
in order that the expressions are dimensionally correct.

Integrating gives,

El dy 15 , 20 10 30
103dx 27 2 2 2

Integrating a second time gives,

El 15 20 10 30
_ 3 3 3 3
037 = ¢~ —6[x—3] +6[x—6] —6[x—10] +Ax+ B

5
=—x3——[x—3]3+§[x—6]3—5[x—10]3+Ax+B

Determination of the constant of integration A and B:

e Atx =0,y = 0. Therefore,

El

5
1—03x0=§><03+A><0+B . 0=0+0+B -~ B=0

e Atx =12,y = 0. Therefore,

EI 5 10 5
—X0==%x123—-——[12-3]13+=[12—-6]3 —=5[12 - 1013+ A x 12
103 > 3[ ]+3[ ] [ 1°+
—2210 )
0=14320—-2430+360—404+A4Ax12 =~ A= " = —184.16

Therefore the slope equation is,

dy 103 /15 .
@ _ (7,(2 —10[x — 3]% + 5[x — 6]2 — 15[x — 10]2 — 184.16)

dx EI

And the deflection equation is,
103 (5 10 5 )

=— —x3——[x—3P +=[x—6]°—-5[x—10]°> — 184.16 x

Y 2 3 3

Hence the slope and deflection at mid-span, that is x = 6, are:
dy 103 (15
dx 208 x 109 x 82 x 1076

x 62 —10[6 — 3] — 184.16) = —0.00024

2
and,
10° (5 63 10 [6 —3]° — 184.16 6) 38.4
= 5 X6°——[6—-3]" —18416X6|=—36.
Y = 208x10°x 82 x 10-6\2 3 mm
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2. Macauley’s Method for UDLs.

a) Beam carrying UDL over complete spam:

X
W1 Wz i
A w )
lrv\/\ A Vv
T B C 4
R4 : Rp
e ;
3 > :
x >
X

Taking the origin at the left hand end A of the beam and writing down the bending moment
at a section located at the extreme right hand part of the beam in terms of all loads to the left
of that section gives,

d2

y x
MXX=ElmzRAx—Wx-E—Wl[x—b]—Wz[x—c]
d%y w
ElﬁzRAx—gxz—Wl[x—b]—Wz[x—c]

Integrating gives,

Eldy Ry , w ., W w,
——=—x?——=x3——[x—-b]? —=[x—c]*+ A4
103dx 2 g% ~7 x—bl=7rlx—c]
Integrating a second time gives,
El R w W,
Axd——xt— 2 x—bP—Z[x—cP+Ax+B

Where singularity functions must be ignored when negative.
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b) Beam carrying UDL over one end of the beam:

X
Wy W,
| ow b,
|A faVaYaYaVaVaVaVa /aVaYaVa'

T B C [ §
R, : Rp
b i
c > !
X ;!

X

Taking the origin at the left hand end A of the beam and writing down the bending moment
at a section located at the extreme right hand part of the beam in terms of all loads to the left
of that section gives,

MXX=EI%=RAx—W1[x—b]—w[x—b]-[x;b]—Wz[x—c]
EI%:RAx—Wl[x—b] —g[x—b]z—Wz[x—c]
Integrating gives,
%3—2:=R2—Ax2—%[x—b]z—%[x—b]?’—%[x—c]z+A
Integrating a second time gives,
%y=%x3—%[x—b]3 —%[x—b]4—%[x—c]3+Ax+B

Where singularity functions must be ignored when negative.
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c) Beam carrying UDL over part of the beam:

X
Wy :
| . .
|A faYaYaYaYaYaYa) g
T B C : A
R4 : Rp
X
).( Fictitious UDL
W, i term over beam
l / section CD
w 1 D
f /vvvvvvvvvv\m:/v\l
\V W\ AWAWY, W,/
Ry : Rp
—— z
C > :
X ::
X

The Macauley method requires continuation of the UDL as shown on the loading diagram
containing the fictitious UDL over section CD. The required loading condition can therefore be
achieved by introducing an equal and opposite UDL over the last part of the beam to cancel
the fictitious continuation of the initial distributed load.

The correct Bending Moment equation for any general section XX is given by,

d?y [x — b] [x — ]
MXX=EIW=RAx—W1[x—b]—w[x—b]- +wlx—c]- 5
Eldzy—R Wy[x — b] — =[x — b]? + = [x — c]?
Tz = Rax L x 5 |x 5 lx—c

This type of approach can be adopted for any beam loading cases in which UDLs are stopped
or added to.
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3. Macauley’s Method brief.

The Macauley’s Method can be summarised as follows,

i.  Take the origin at the left-hand end of the beam.

ii. Write down the bending moment expression at a section at the extreme right-hand end
of the beam in terms of all loads to the left of that section.

iii. Do not simplify the bending moment expression by expending any of the terms involving
the distance x which are contained within brackets (singularities).

iv. Integrate, keeping all bracketed terms within brackets and integrating the bracket as if it
was a single variable.

V. Apply the resulting equations to any part of the beam but neglect all terms within the
brackets whenever they are negative or zero.

vi. Where a distributed load does not extend to the right-hand end of the beam, then
introduce two equal but opposite dummy loads. These two loads will have no effect on
the behaviour of the beam.

4. Examples.
a) Beam is 7 m long with an El value of 200 MN.m?2. Determine slope and deflection values in the
middle.
30kN 40kN
L, 2m | 2.5m
\ 4 \ 4
|
T A
Ry R,
b) Beam is 6 m long with an El value of 300 MN.m?2. Determine slope at the left end and deflection
in the middle.
30kN X
2m
w = 2kN/m

VTAVAVAVAVAVAVAVAVANAVANAVAY

: “

Rl R2

c) Determine the deflection at a point 1 m from the left-hand¥end of the beam loaded as shown
below. Consider an El value of 0.65 MN.m?2,

20kN 20kN
w=30kN/m
| JAYAYAYAY
A A
“o06m | 12m O 12m
Rl Rz
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