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[bookmark: _Toc220689765]Chapter 1: Induction 

Heat transfer is a fundamental engineering problem used to predict temperature distributions within solid materials, which is essential for many practical applications. Transient heat conduction occurs when temperature varies with time due to applied boundary conditions (StudySmarter GmbH, 2019). In many cases, analytical solutions are limited to simple geometries and conditions, making numerical methods such as the Explicit Finite Difference Method (FDM) necessary for analysing transient heat behaviour (Aprecio et al., 2025).

The aims and objctives of this report is to implement a numerical model to simulate transient heat conduction in a two-dimensional aluminium plate using the Explicit Finite Difference Method. The model defines material properties, discretises the spatial and temporal domains, applies boundary conditions, ensures numerical stability, and computes the temperature distribution over time. The numerical solution is validated by comparison with an analytical solution at thermal equilibrium.

The methodology implemented in this report is based on the Explicit Finite Difference equation. The spatial domain of the plate is discretised with a uniform structured grid, and time integration is executed using a forward difference approach. User-defined parameters include plate size, boundary temperature, grid spacing, and time step, with stability requirements implemented to guarantee a physically valid solution. The numerical model is implemented in MATLAB, enabling rapid calculation, visualised results, and comparison with the analytical solution at thermal equilibrium.
 
This report is structured as follows. Chapters 2 and 3 present the governing heat equation and the Explicit Finite Difference Method, including discretisation and stability considerations. Chapter 4 defines the initial and boundary conditions and introduces the analytical solution used for validation. The MATLAB implementation and model validation are described in Chapters 5 and 6. Chapter 7 presents a sensitivity analysis of key numerical parameters, while Chapter 8 discusses the resulting model limitations. Suggested improvements are outlined in Chapter 9, and the report concludes in Chapter 10.
[bookmark: _Toc220689766]Chapter 2: Governing Equation.
[bookmark: _Toc220689767]2.1. background:
Sir Isaac Newton developed the idea of a governing equation in 1687 when he formulated the laws of motion in Philosophiae Naturalis Principia Mathematica (Britannica Editors, 2023). A governing equation is a mathematical expression that describes how the state of a system evolves in response to changes in its primary parameters (Grokipedia, 1970, Powers, 2023).

[bookmark: _Toc220689768]2.2. Heat equation:
The heat equation is a partial differential equation (PDE) that defines the variation of temperature within a material as a function of spatial and temporal parameters. It is based on the concepts of Fourier’s law of heat conduction. According to Croft and Lilley (1977), the heat equation is crucial in engineering as it enables the prediction of temperature distributions within solid structures, which is vital for design, safety, and performance evaluation. In actual engineering scenarios, particularly under unstable situations and complex geometries, the heat equation is frequently resolved by numerical methods (Mohye, 2025; Croft and Lilley,1977).

[bookmark: _Toc220689769]2.3. 2D Equation (no heat term):
In relation to a 2D solid component without internal heat generated, the heat conduction equation is as follows:


[bookmark: _Toc220435356]Equation 1 - 2D heat equation (no heat term) (Croft and Lilley, 1977)

The equation applies to 2D geometries such as rectangular plates, and its solutions depend on the specified boundary conditions (Croft and Lilley, 1977; Mahalingam, 2026)

[bookmark: _Toc220689770]2.4. Definition of terms:
Whereas:
T = temperature (K) or (°C)
x,y = spatial coordinates in the 2D plate (M)
 = Derive T with respect to x. Measures how quickly the temperature gradient changes along the x direction.

 = Derive T with respect to y. Measures how quickly the temperature gradient changes along the y direction. 
0 = no internal heat generation within the material 
(Croft and Lilley, 1977)

[bookmark: _Toc220689771]Chapter 3: Explicit Finite Difference Method
[bookmark: _Toc220689772]3.1 Finite Difference Approximations Based on Taylor Series
According to Croft and Lilley (1977), finite difference approximations are derived from Taylor series (Equation 2) expansions of the temperature field . Values at nearby grid points can be used to approximate the spatial and temporal derivatives in the heat equation. A forward difference is used to approximate the first-order temporal derivative, while central differences are used to estimate the second-order spatial derivatives given a uniform grid spacing h (Natural Sciences, 2022).


[bookmark: _Toc220435357]Equation 2 - Taylor Series equation (Croft and Lilley, 1977)

Using Taylor expansions, the first derivatives can be approximated as:

Forward difference:

[bookmark: _Toc220435358]Equation 3 - Forward difference (Croft and Lilley, 1977)



Backward difference:

[bookmark: _Toc220435359]Equation 4 - Backward difference (Croft and Lilley, 1977)

Central difference:

[bookmark: _Toc220435360]Equation 5 - Central difference (Croft and Lilley, 1977)


The central difference approximation to the 2nd derivative:


[bookmark: _Toc220435361]Equation 6 - Central difference approximation (Croft and Lilley, 1977)


The forward difference approximation to the 1st derivative:

[bookmark: _Toc220435362]Equation 7 - Forward difference approximation (Croft and Lilley, 1977)


These truncation errors define the accuracy of the approximation. The smaller the  value, the more accurate the result will be (Chandrasekar, 2022). Various approximations of the local gradients reflect different truncation errors (Stull, 2020).

[bookmark: _Toc220689773]3.2 Discretisation of the Spatial and Temporal Domains
A two-dimensional uniform grid with spacing in both the x and y directions is created by the spatial domain. The letter P represents every inner grid point. 

Each interior grid point is denoted , Figure 1 represents the following based on the assignment brief :
East () = i+1
West () = i−1
North () = j+1
South () = j−1

We assume that  = Δx = Δy 
(Hellevik, 2020)


[image: A diagram of mathematical equations
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[bookmark: _Toc220688554]Figure 1-  Spatial discretisation (Sharma and Mittra, 2024)

The temporal domain is divided into discrete time levels separated by . The temperature at grid point  at the time level  is denoted , and the temperature at the next time level is denoted  (Stull, 2020).


[bookmark: _Toc220689774]3.3 Finite Difference Approximations at  Point 
At the grid point , the second derivatives in space are approximated using central differences:

[bookmark: _Toc220435363]Equation 8 - Central differences (Croft and Lilley, 1977)
The first derivative in time is approximated using a forward difference:

[bookmark: _Toc220435364]Equation 9 - Forward difference (Croft and Lilley, 1977)

[bookmark: _Toc220689775]3.4 Explicit Finite Difference Form of the Heat Equation
The two-dimensional heat equation is:

[bookmark: _Toc220435365]Equation 10 - Heat equation (Croft and Lilley, 1977)
Substituting the finite difference approximations gives:

[bookmark: _Toc220435366]Equation 11 - Substituting finite difference approx. (Croft and Lilley, 1977)
Rearranging leads to the explicit finite difference equation:

[bookmark: _Toc220435367]Equation 12 - Explicit finite difference equation (Croft and Lilley, 1977)
Where  is the Fourier number. 


[bookmark: _Toc220689776]3.5 Fourier Number and Stability Criterion
The Fourier number was founded by Joseph, Baron Fouier, a French mathematician (Britannica, 2025).  The Fourier number (Fo) is a dimensionless number that represents how far heat or mass has spread in a material over time. It helps predict whether a system is near equilibrium. The Fourier number  governs the balance between temporal and spatial grid size in the explicit method (Davies, 2011).


The Fourier number is:


[bookmark: _Toc220435368]Equation 13 – Fourier number (Langtangen, 2015)


The stability criterion is derived by using the von Neumann stability analysis method and must be less than or equal to 1. This is to ensure the numerical method does not increase the errors but maintains the stability of the solution (Rosales, 2022; Strogatz, 2018). 


[bookmark: _Toc220435369]Equation 14 - Stability Criterion (Strogatz, 2018)
Should this constraint be exceeded, numerical errors may escalate quickly, leading to unstable solutions. Therefore, the time step Δt must be selected to be adequately small in relation to the spatial grid spacing h to guarantee stable and precise numerical results. 
(Rosales, 2022).

[bookmark: _Toc220689777]Chapter 4: Initial Condition, Boundary Conditions and Analytical Solution. 
This chapter defines the initial and boundary conditions applied to the 2D transient heat conduction and introduces an analytical solution.

[bookmark: _Toc220689778]4.1. initial condition
The temperature within the aluminium plate is initially uniform and equal to zero:



[bookmark: _Toc220689779]4.2. boundary conditions 
The domain is a rectangular aluminium plate which consists of Xdim width and Ydim height. Constant temperature boundary conditions are enforced on all four sides. Based on the assignment brief, an analytical solution for these requirements is to test the code:
North boundary:


South boundary:


West boundary:


East boundary:


These conditions set a constant temperature on the north boundary, whilst the other boundaries are maintained at zero degrees Celsius.

[bookmark: _Toc220689780]4.3. Analytical solution 
The selected initial and boundary conditions align with the analytical solution of the 2D transient heat conduction equation. Analytical solutions are restricted to a set of boundary conditions, especially for simple geometries with rectangle domain with Dirichlet boundaries. 
This allows for the analytical solution of the governing equation by the approach of separation of variables, providing a Fourier series solution that decreases over time. The existence of an analytical solution justifies the choice of these initial and boundary conditions, providing direct comparison between numerical and analytical results and enabling validation of the numerical model (M. Necati Özışık, 1989).

[bookmark: _Toc220689781]Chapter 5: Code details and explanations.
[bookmark: _Toc220689782]5.1. set up
Figure 2 shows the setup commands used at the start of the MatLab program. These commands reset the command window and any open figures to ensure the code runs in a clean environment and removes prior data. 

[image: ]
[bookmark: _Toc220688555]Figure 2 - Set up


[bookmark: _Toc220689783]5.2. Material properties.
Material properties of the aluminium plate are defined in Figure 3

[image: A close-up of a white background
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[bookmark: _Toc220688556]Figure 3 - Material properties


[bookmark: _Toc220689784]5.3. Geometric.
Figure 4 prompts the user to input plate dimensions. The ‘while’ loop step blocks to ensure the user inputs a positive value. 

[image: A screenshot of a computer code
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[bookmark: _Toc220688557]Figure 4 - Geometric input

[bookmark: _Toc220689785]5.4. Grid spacing.
As shown in Figure 5, it prompts the user to input a Spatial step size. The ‘while’ loop is used to enforce constraints. If any of these constraints are violated, the user is prompted again to enter a positive value. This definition validates the grid spacing to evenly divide the plate dimension to ensure numerical accuracy and stability.
[image: A close-up of a computer code
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[bookmark: _Toc220688558]Figure 5 - Grid spacing

[bookmark: _Toc220689786]5.5. Boundary conditions 
[image: ]Figure 6 prompts the user to input a temperature in degrees Celsius at the north boundary of the plate. 


[bookmark: _Toc220688559]Figure 6 - Boundary conditions

[bookmark: _Toc220689787]5.6. Grid 
Figure 7 determines the number of grid points in the X and Y direction based on the domain dimensions and spacing, .
[image: ][bookmark: _Toc220688560]Figure 7 - Grid



[bookmark: _Toc220689788]5.7. Temperature matrix.
Figure 8 demonstrates East, South and West boundary conditions with fixed zero conditions, 
[image: A close up of a computer code

AI-generated content may be incorrect.][bookmark: _Toc220688561]Figure 8 - Temperature matrix



[bookmark: _Toc220689789]5.8. Time step validation 
Based on the explicit finite difference equation, the stability criterion shown in  Figure 9 prompts the operator to enter a positive time step if the constraints are violated. This calculates the stability limit for the time step.
[image: A close-up of a white background

AI-generated content may be incorrect.][bookmark: _Toc220688562]Figure 9 - Time step validation





[bookmark: _Toc220689790]5.9. Boundary consistency
As shown in Figure 10, assign T2 = T1 to ensure that the boundary values in T2 are consistent with those in T1. 
[image: ][bookmark: _Toc220688563]Figure 10 - Boundary consistency



[bookmark: _Toc220689791]5.10. Convergence criteria
Figure 11 defines the convergence criterion (CC) threshold to determine when thermal equilibrium has been achieved. 
[image: ][bookmark: _Toc220688564]Figure 11 - Convergence criteria (CC)



[bookmark: _Toc220689792]5.11. Numerical solution: thermal equilibrium
Shown in Figure 12, the explicit finite difference method is used to determine how heat spreads in a 2D plate over time. The Fourier number equation is used to control stability. The ‘while’ loop calculates each temperature at a grid point; this continues until the ‘MaxDiff’ falls below the CC threshold, indicating thermal equilibrium has been reached. T2 is displayed as ‘numerical solution: thermal equilibrium’. 
[image: A white background with black text
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[bookmark: _Toc220688565]Figure 12 - Numerical solution

[bookmark: _Toc220689793]5.12. Numerical solution output
Figure 13 displays the output in a filled contour plot. 
[image: A white background with text
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[bookmark: _Toc220689794]5.13. Analytical solution.
As shown in Figure 14, the analytical temperature distribution uses a Fourier series solution. Since the analytical solution is expressed as an infinite series, it cannot be exactly determined on a computer and must therefore be truncated to a finite number of terms. This process involves summing only a large but finite number of terms, which is referred to as truncating the series. In this report, N_terms is defined as 100000 to ensure accuracy. Once TA has been achieved, TA is displayed as ‘Analytical solution: temperature distribution’. 
[image: ] 
[bookmark: _Toc220688567]Figure 14 - Analytical solution.
[bookmark: _Toc220689795]5.14. Analytical solution output
Figure 15 displays the output in a filled contour plot. 
[image: A white background with black and white clouds
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[bookmark: _Toc220689796]5.15.  Code validation.
Figure 16 demonstrates the validation between the numerical and analytical solutions. The absolute error is calculated by each grid point defined as T2 and TA. Calculating the max root mean square error and maximum error. 

[image: ]



[bookmark: _Toc220688569]Figure 16 - Code validation.


[bookmark: _Toc220689797]5.16. Absolute error between the numerical and analytical solution outputs
Figure 17 displays the output in a filled contour plot. 

[image: A white background with text
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[bookmark: _Toc220688570]Figure 17 - Absolute error between the numerical and analytical solution outputs

[bookmark: _Toc220689798]5.17. Thermal equilibrium 
Figure 18 shows the total time to reach thermal equilibrium by multiplying the counter by the time step. The report is outputs seconds, minutes, hours and days.
[image: A screenshot of a computer code
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[bookmark: _Toc220689799]Chapter 6: Validation of the Model.
Figure 19 shows the numerical solution obtained using the explicit finite difference method.


[image: A diagram of a graph
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Figure 20 presents the analytical solution map. Both distributions exhibit similar temperature gradients, indicating strong agreement between the two methods.
[image: A diagram of a graph
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[bookmark: _Toc220688573]Figure 20 - Analytical solution map


The absolute difference between the numerical and analytical solutions is shown in Figure 21. The error remains small across the computational domain, with slightly higher values near the boundaries.
[image: A screen shot of a graph

AI-generated content may be incorrect.][bookmark: _Toc220688574]Figure 21 - Absolute error between numerical and analytical solution map















Quantitative validation results are shown in Figure 22, where the maximum absolute error was 0.36593, and the root mean square error (RMSE) was 0.081401.
[image: A black text on a white background
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Overall, to conclude, the comparison between the numerical and analytical solutions confirms the accuracy of the explicit finite difference method for predicting heat conduction in the plate.

[bookmark: _Toc220689800]Chapter 7: Sensitivity Analysis of Key Numerical Parameters. 
This chapter presents a systematic sensitivity analysis of the numerical heat conduction model to evaluate its robustness, stability, and reliability. Sensitivity analysis is a fundamental requirement in numerical heat transfer, as the accuracy of finite difference solutions depends strongly on choices and convergence criteria (Croft & Lilley, 1977; Özışık, 2013). The analysis focuses on three key parameters: spatial grid spacing (), time step (Δt) and thermal equilibrium tolerance. Based on the assignment brief, plate dimensions were defined by 12x12mm and a temperature of 50 degree Celsius was used to test the code:
[bookmark: _Toc220689801]7.1 Influence of Grid Spacing
Figure 23 demonstrates the effect of the time step on the thermal equilibrium time. When the grid spacing is reduced below h = 1, the equilibrium time becomes almost constant at approximately 3.73 × 10⁵ s. This indicates that the solution is no longer sensitive to grid spacing and that the results are grid independent. At this stage, spatial truncation errors are very small, and the numerical solution value represents the true physical behaviour (Özışık, 2013).
As the grid spacing increases, the predicted equilibrium time increases. This happens because coarse grids cannot accurately represent temperature gradients, which leads to larger truncation errors. As a result, the numerical solution moves further away from the true value. Although using a smaller grid spacing improves accuracy, it also increases computational cost (Croft & Lilley, 1977). Therefore, h = 0.75 provides a good balance between accuracy and efficiency (See appendix A for data).
A further limitation of the numerical method is its restriction to square or rectangular geometries, which makes it difficult to accurately represent curved or complex shapes (Croft & Lilley, 1977).

[bookmark: _Toc220688576]Figure 23 - Influence of grid spacing

[bookmark: _Toc220689802]7.2. Influence of time step
Figure 24 demonstrates the effect of the time step on the thermal equilibrium time. As the time step increases, the equilibrium time also increases. Smaller time steps give more accurate results because they reduce truncation error in time and better capture the transient behaviour of heat transfer (Özışık, 2013).
However, using very small-time steps increase the number of iterations required, which causes round-off errors to build up due to finite numerical precision. Larger time steps reduce the number of iterations and therefore reduce round-off error, but they increase truncation error and may approach stability limits. This shows that there is a trade-off between truncation error and round-off error (Press et al., 2007) (See appendix B for data).
The most reliable results are obtained using an intermediate time step, where truncation and round-off errors are balanced. This behaviour also shows that the numerical method is conditionally stable (Özışık, 2013).

[bookmark: _Toc220688577]Figure 24 - Influence of the time step











[bookmark: _Toc220689803]7.3. Influence of convergence criterion tolerance
Figure 25 demonstrates how the convergence tolerance affects the predicted equilibrium time. Larger tolerance values lead to faster convergence, while very small tolerances greatly increase the time required to reach equilibrium. This occurs because smaller tolerances require the solution to change by extremely small amounts before the simulation stops.
Although very small tolerances produce temperature values that are slightly closer to the target equilibrium temperature, the improvement in accuracy is often physically insignificant. For example, a temperature of 24.999 °C instead of 24.9 °C requires much longer simulation times, even though the difference in temperature is small to be noticed in reality (See appendix C for data).
This highlights a limitation of the coding implementation.  The predicted equilibrium time is sensitive to the tolerance chosen, with a CC tolerance which is higher when used with a small ΔT, such as 0.5s, showing that this method is more about numerical convenience than physical reality. Smaller tolerances make the simulation take much longer without making the results more realistic.
[bookmark: _Toc220688578]Figure 25 - Influence of convergence criterion tolerance











[bookmark: _Toc220689804]Chapter 8: Limitations of the Numerical Model. 
As illustrated in Chapter 7, the main numerical errors in the model are truncation error and round-off error. These errors, along with stability constraints and coding limitations, define the limitations of the model.
[bookmark: _Toc220689805]Chapter 9: Suggested Improvements and Future Developments.
The explicit finite difference method (EFDM) is effective in heat transfer simulations. However, the solution has limitations as it is less accurate. It provides only an approximation. The limitations are followed by stability constraints, time step must be small to satisfy stability criterion, often dictated by the Courant–Friedrichs–Lewy (CFL) condition. Using a greater time step can lead to instability or a great loss of accuracy (Necati Özişik et al., 2017).  
According to Łach and Svyetlichnyy (2025), adaptive modelling strategies and computational optimisation are important for improving efficiency and accuracy, and dynamic, adaptive algorithms are a key area for future development. 
There are other alternatives, according to Reddy (2024), Finite volume and finite element methods support unstructured meshes and irregular domains, providing higher spatial accuracy. Spectral methods offer very high accuracy for smooth problems, while implicit schemes, such as fully implicit or Crank–Nicolson, improve stability and allow larger time steps (QuarkGluon Ltd,2024), adaptive techniques, including adaptive time-stepping and residual-based refinement, dynamically adjust calculations to improve efficiency, accuracy, and robustness making thermal equilibrium modelling practical and accurate for real-world applications (Reddy, 2024).
[bookmark: _Toc220689806]Chapter 10: Conclusion. 
To conclude this report, a numerical model for transient heat conduction was implemented using the Explicit Finite Difference Method. The model was implemented in MATLAB and validated against an analytical solution, demonstrating thermal equilibrium.
Sensitivity analysis demonstrated that model accuracy depends on grid spacing, time step, and convergence tolerance. Although smaller grid spacing and time steps improve accuracy, they are limited by increased computational cost, round-off error, and stability constraints. The numerical definition of thermal equilibrium was also shown to introduce uncertainty, as convergence depends on a chosen tolerance rather than physical equilibrium.
Overall, the model provides reliable results only when numerical parameters are carefully selected, with its use limited by spatial and time choices, stability requirements, and simplified geometry.
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Influence of grid spacing
	Grid spacing, h
	Time step (fixed)
	Tolerance (Fixed
	Thermal Equilibrium Time (in seconds)

	4
	150
	0.001
	345300

	3
	150
	0.001
	374100

	2
	150
	0.001
	373800

	1.5
	150
	0.001
	373650

	1.2
	150
	0.001
	373500

	1
	150
	0.001
	373500

	0.75
	150
	0.001
	373350

	0.6
	150
	0.001
	373350

	0.5
	150
	0.001
	373350

	0.4
	150
	0.001
	373350

	0.3
	150
	0.001
	373350

	0.25
	150
	0.001
	373350

	0.2
	150
	0.001
	373350
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Influence of time step
	Grid spacing, h (fixed)
	Time step 
	Tolerance (fixed)
	Thermal Equilibrium Time (in seconds)

	0.75
	2000
	0.001
	666000

	0.75
	1500
	0.001
	634500

	0.75
	1000
	0.001
	588000

	0.75
	800
	0.001
	563200

	0.75
	600
	0.001
	531000

	0.75
	400
	0.001
	484800

	0.75
	200
	0.001
	406200

	0.75
	100
	0.001
	327200

	0.75
	50
	0.001
	249350

	0.75
	25
	0.001
	176025
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Influence of convergence criterion tolerance
	Grid spacing, h (fixed)
	Time step (fixed)
	Tolerance 
	Thermal Equilibrium Time (in seconds)

	1
	500
	0.1
	55500

	1
	500
	0.01
	248500

	1
	500
	0.001
	510500

	1
	500
	0.0001
	773000

	1
	500
	0.00001
	1035500

	1
	500
	0.000001
	1298000
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clc
clear
close all

%Define the material properties of the plate 
k = 143;               %Conductivity in W/m°C
rho = 2.8*10^3;           %Density in kg/^3
cp = 795;              %Specific Heat in J/kg°C
alpha = k/(rho*cp);     %Thermal diffusivity

%User prompt - geomertic 
xdim = input('Enter plate width xdim(M): ');
while xdim<=0
    xdim = input('Enter a positive plate width xdim(M): ');
end

ydim = input('Enter plate height ydim(M): ');
while ydim<=0
    ydim = input('enter a positive plate height ydim(m): ');
end 

%User prompt - grid spacing selection 
h = input('Enter grid spacing h (M): ');
while h<=0 || h>=xdim || h>=ydim || rem(xdim,h)~=0 || rem(ydim,h)~=0
    h = input('enter a valid h: ');
end

%User prompt - North boundary temperature
T0 = input('Enter boundary temperature (°C): ');

% Calculate the number of row and column 
NR = (ydim/h)+1;
NC = (xdim/h)+1;

%Temperature matirx, T1 (E,W,S boundaries) 
T1 = zeros(NR,NC);
T1(1,2:NC-1) = T0;


% Calculate the dtMAX 
dtMAX = h^2 / (4 * alpha);
dt = input ('enter a time step (s): ');
while dt<=0 || dt>dtMAX;
    dt = input(['enter a positive time step (s) that is less than ' num2str(dtMAX) ' seconds : ']);
end 

T2 = T1; %T2 is to retain consistency along the boundaries. 

% Define convergence criterion (CC) threshold 
CC = 0.000001;
MaxDiff = CC+1;

%Calculation of T2 
Fo = alpha*dt / h^2; %Fourier number
Counter = 0;

while MaxDiff > CC
    for i = 2:NR-1
        for j = 2:NC-1
            T2(i,j) = Fo * ( T1(i-1,j) + T1(i+1,j) + T1(i,j+1) + T1(i,j-1) - (4-1/Fo)*T1(i,j) ); %Explicit Finite Difference Equation

        end
    end
    MaxDiff = max(abs(T2 - T1),[],'all');
    T1 = T2;
    Counter = Counter+1;
end
disp('T2,Numerical Solution: thermal equilibrium:')
disp(T2)


%plot temerature distribution T2

x = 0:h:xdim;
y = ydim:-h:0;

subplot(1,3,1)
contourf(x,y,T2)
xlabel('x (m)')
ylabel('y (m)')
title ('Numerical Solution')
colorbar
shading interp


%Analytical solutation

N_terms = 100000;
TA = zeros(NR, NC); 

for i = 1:NR
    for j = 1:NC
        SeriesSum = 0;
        for n = 0:N_terms
            K_term = 2*n+1;
            numerator = sin(K_term*pi*x(j)/xdim)*(exp(K_term*pi*(y(i)-ydim)/xdim)-exp(-K_term*pi*(y(i)+ydim)/xdim));

            denominator = K_term*(1-exp(-2*K_term*pi*ydim/xdim));

            SeriesSum = SeriesSum + numerator / denominator;
        end
        TA(i,j) = (4*T0/pi)*SeriesSum;
    end
end

disp('TA,Analytical Solution Temperature Distribution:')
disp(TA)

subplot(1,3,2)
contourf(x,y,TA)
xlabel('x (m)')
ylabel('y (m)')
title('Analytical Solution')
colorbar
shading interp  


%Code Validation 
disp('Absolute Error between numerical and analytical solutions T2-TA:')
Error = abs(T2-TA); 
disp(Error)
Max_Error = max(Error, [], 'all'); 
RMS_Error = sqrt(mean(Error.^2, 'all')); 
disp('Validation results:') 
disp(['Maximum absolute error =', num2str(Max_Error)])
disp(['RMS_Error =', num2str(RMS_Error)])



%Create a seperate plot for the errors
subplot(1,3,3)
contourf(x, y, Error)
xlabel('x (m)')
ylabel('y (m)')
title('Absolute Error between numerical and analytical solutions')
colorbar
shading interp


%Time to thermal equilibrium 
Time = Counter*dt; %The total time to reach equilibrium in seconds
if Time < 60
    disp(['Time to reach thermal equilibrium = ', num2str(Time),'seconds'])
elseif Time < 3600
    disp(['Time to reach thermal equilibrium = ', num2str(Time/60),'minutes'])
elseif Time < 86400 %This will display the time in the appropriate units
    disp(['Time to reach thermal equilibrium = ', num2str(Time/3600),'hours'])
else
    disp(['Time to reach thermal equilibrium = ', num2str(Time/86400),'days'])
end
disp('Time in seconds')
disp(Time)
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KUser prompt - geomertic
xdim = input('Enter plate width xdim(H): *
while xdime=0

xdim = input('Enter a positive plate width xdim(M): ');
end

ydim = input('Enter plate height ydim(M):
while ydimc=0

ydim = input(enter a positive plate height ydim(m): '
end
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%ser prompt - grid spacing selection
h = input('Enter grid spacing h (M):
while hes || h>=xdim || h>=ydim || rem(xdim,h)~=a || rem(ydin,h)~=0

h = dinput(‘enter a valid h: ');

end
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28 %User prompt - North boundary temperature
29 To = input('Enter boundary temperature (°C): ');
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n % Calculate the number of row and column
32 MR = (ydim/h)+1;
33 NC = (xdim/h)+1.
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35 XTemperature matirx, T1 (E,W,S boundaries)
36 T1 = zeros(NR,NC);
37 T1(1,2:NC-1) = TO;
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% Calculate the dtax |
G - w2 /(5 alpha);

4t = tnput (‘enter a tine step (5): )
while deceo || derdthax;

dt = dnput([enter a positive time step (s) that is less than ' num2str(dtMAX) * seconds : ']);
end
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a7 T2 = T1; %72 is to retain consistancy along the boundaries.
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49 % Define convergence criterion (CC) threshold
s cc = 0.000001;
51 MaxDAFF = CC1;
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%plot temerature distribution T2

X = 0:hixdim;
y = ydim:-h:0;

subplot(1,3,1)
contourf (x,y,72)

xlabel("x (m)")

ylabel('y (s)')

title ('Numerical Solution')
colorbar

shading interp
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%analytical solutation

N_terms = 100000;
TA = zeros(WR, NC);
For 1= LR
for § = 1:NC
Seriessun

o;
For n = 0:N_terms
K_term = 2°n+1;
numerator = sin(K_term*pi®x(j)/xdim)* (exp(K_term*pi* (y(i)-ydim)/xdim)-exp(-K_term*pi*(y(i)+ydin)/xdim));

denominator = K_term* (1-exp(-2*K_term*pi*ydin/xdin));

Seriessum = SeriesSum + numerator / denominator;
end
TAL,3) = (47T0/pi)*seriessum;
end
end

disp('TA,Analytical Solution Temperature Distribution:')
disp(Ta)
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%Code Validation
disp(*Absolute Error betueen nunerical and snalytical solutions T2-TA
Error - abs(T2-TA);|

disp(Error)

Max_Error = max(Error, [, ‘s11');

Ris_Error - sart(nean(error.~2, a11));

disp(*Validation results:’)

disp([ Maxinun sbeolute error -, nunzstr(Hex_Error)])
disp(['RUS_Error =", num2str (RS Error)])
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XCreate a seperate plot for the errors
subplot(1,3,3)

contourf(x, y, Error)

xlabel("x (m)')

ylabel('y (m)')

title("Absolute Error between numerical and analytical solutions')
colorbar

‘shading interp
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XTime to thermal equilibrium
Time = Counter*dt; ¥The total time to reach equilibrium in seconds
if Time < 60

disp(['Tine to reach thermal equilibrium = °, num2str(Time), seconds'])
clseif Time < 3600

disp(['Tine to reach thermal equilibrium = ', num2str(Time/60), minutes'])
elseif Time < 86400 XThis will display the time in the appropriate units

disp(['Time to reach thermal equilibrium = ', num2str(Time/3600), hours'])
else

disp(['Time to reach thermal equilibrium = °, num2str(Time/86400), " days'])
end
disp('Tine in seconds’)
disp(Time)
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