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1. [bookmark: _TOC_250010]Introduction

This report describes the design, implementation and validation of the pell.R script. The purpose was to use R programming constructs to create, manipulate, and analyse numeric sequences all by loop based computation. The particular aim was to construct the Pell sequence, and a connection with the Fibonacci sequence, and rational approximations to the irrational constant
√2.

The task demanded strict observance of procedural programming principles devoid of user-defined functions, apply family constructs. Rather, classical iteration and explicit management of vectors were used to show command of the art of algorithmic control and data structure and computational accuracy. The final code constructs a dataframe (pelldata) of the first 200 Pell numbers, the corresponding Fibonacci numbers, the rational approximations of √2 , their signed errors (compared to the actual square-root value), and the calculated error in terms of correctness to the nearest decimal place.
2. [bookmark: _TOC_250009]Program Implementation Logic

The program is linear, with deterministic logic. It starts by initialising vectors of length fixed numbers to save Fibonacci and Pell numbers. The two series are then computed in turn based on their canonical recurrence relations. The script then uses the rational approximation of Hn/Pn to compute √2, and measures the accuracy by analytically comparing the value with that obtained using R’s sqrt().
A conceptual flow that shows a high level of execution would look like the one below:


1

START


Define constants (N = 200, true_sqrt2 = sqrt(2)) Initialise numeric vectors: n, F, P, approx, diff, acc Compute Fibonacci via loop (F[i] = F[i−1] + F[i−2]) Compute Pell via loop (P[i] = 2*P[i−1] + P[i−2]) For each i ≥ 2:
Hn ← P[i] + P[i−1]
approx[i] ← Hn / P[i]
diff[i] ← round(approx[i] − sqrt(2), 5) acc[i] ← floor(−log10(2*|diff|))
Combine all columns into pelldata dataframe Print preview and best-accuracy record
END

This sequential order (Figure 1) guarantees the transparency of the calculations and allows replication or debugging without extraneous factors.
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Figure 1: Flowchart

2.1. [bookmark: _TOC_250008]Sequence Generation

2.1.1. [bookmark: _TOC_250007]Fibonacci Sequence

The Fibonacci sequence was obtained, starting with F0 = 0 and F1 = 1 and the recurrence formula Fn = Fn -1 + Fn -2.

The rest of the 198 elements were built up by a for loop that ran through the index 3 to N. It was important to pre-allocate the numeric vector F as this is efficient, and avoids dynamic memory re-allocation during iteration.
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2.1.2. [bookmark: _TOC_250006]Pell Sequence

The Pell sequence was constructed in the same way as B with base values P0 = 0 and P1 = 1 and the recurrence Pn = 2Pn -1 +Pn -2.
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This repetition makes the growth rate larger than Fibonacci numbers, which is the intrinsic mathematical fact that the Pell sequence contains better rational approximations to √2 than the Fibonacci ratio to ∅ (the golden ratio). The two sequences were followed strictly within the confines of the brief, no vectorised operations, no function definitions or more sophisticated iterators were used.

2.2. [bookmark: _TOC_250005]Approximation Computation

The relationship was used to derive the nth rational approximation to √2.


𝐻  = 𝑃

+ 𝑃

𝐻𝑛

𝑛	𝑛	𝑛−1, and approximation=𝑃𝑛
This relation is the result of the theory of continued fractions, as every 𝐻𝑛 pair monotonically approaches√2. The loop put in place
𝑃𝑛
starts at index 2 to not divide by 0 (as P0 = 0).
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Each n was approximated and placed in approx_s2, a 200 length numeric vector. As an example, the initial convergents (1.0, 1.5, 1.4, 1.4167, 1.4138, 1.4142 …..) all coincide with the known theoretical values, which indicates that the implementation is mathematically valid.
2.3. [bookmark: _TOC_250004]Difference and Accuracy Metrics

The difference between every computed approximation and the actual √2:

𝐷𝑖𝑓𝑓 = 𝑟𝑜𝑢𝑛𝑑(𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 − √2, 5),

providing five-decimal uniformity. Positive values indicate the overestimation and negative values indicate the underestimation. The accuracy was measured in terms of the number of correct decimal places of the approximation compared to √2, which was calculated by:



𝑑 = ;−log10(2 × @𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 − √2@A

maximized over 0 to 15 to support double-precision constraints in R. This equation is a quantitative measure of convergence quality - a single step in the d decreases the magnitude of the error by a factor of ten.

2.4. [bookmark: _TOC_250003]Data Assembly and Output

All the vectors were added into the single dataframe pelldata with the schema as follows:

	Column
	Description

	n
	Integer index (0 – 199)

	Fn
	Fibonacci number

	Pn
	Pell number

	Sqrt2_Approx
	Rational approximation of √2

	Diff_vs_sqrt2_5dp
	Signed difference (rounded)

	Accuracy_DP
	Number of correct decimal places



The program gives an abstract of the first 10 rows to check that it is correct and will find the row with maximum accuracy automatically. The last approximate acceptable value is at n =21 is 1.414214 with 15 correct decimal digits, which is accurate convergence behaviour as expected.
3. [bookmark: _TOC_250002]Testing and Verification

In order to achieve algorithmic integrity, the following tests were performed:

· The first five Pell and Fibonacci terms were checked by hand, which demonstrated that the recurrence relationships were implemented properly.
· The approximations of √2 used in series showed the anticipated alternating convergence: underestimation (1.0 to 1.5 to 1.4 to 1.4167 to …), as was anticipated in the literature of mathematics.
· Manual comparison of approx_s2 and sqrt(2) with n=7, 8, 9 did show an absolute error of order 10-5-10-6, which was exactly the accuracy index obtained in Accuracy_DP.
· Length and type checks (length (), str (), is.numeric ()) verified that all vectors shared the same dimension N and had numeric values without coercion or NA propagation past the desired undefined n = 0 row.
· The code ran in less than 0.01 seconds, and this confirmed the computational efficiency of the code, although it was written as a loop.

The code is not redundant, assigns understandable names to variables (F, P, approx_s2, diff_signed_5dp, accuracy_dp), and contains the same naming conventions. This enhances maintainability and traceability. Optional output statements and the CSV export commands were included but disabled which allowed future extensions without changing the core deliverables.

4. [bookmark: _TOC_250001]Challenges and Learning Reflection

The key difficulty in this task was to carry out iterative calculations without making use of the vectorised or functional programming capabilities of R. This limitation enforced a sense of appreciation in terms of the way R uses indexing, memory allocation, and numeric precision internally.

The other important learning outcome was the ability to convert mathematical recurrence relations into computational algorithms. The recursive specifications of the Pell and Fibonacci definitions also offered a good way to exercise algorithmic thinking and the design of control-flow.
Calculus of the ten-digit accuracy was another analysis problem. Floating-point round-off errors were difficult to handle conceptually, but to handle them logarithmic functions and bounds operations needed to be taken into consideration carefully to

avoid spurious negative or infinite cases. This exercise enhanced the knowledge on numerical stability and shortcoming of double- precision arithmetic in R.

This assignment has underlined the importance of future-facing code documentation. It was found that having readable comments and organizing code blocks in development significantly decreased the amount of time needed to debug and improved logical readability.

5. [bookmark: _TOC_250000]Conclusion

The developed script meets all the technical and pedagogical conditions of the Data Manipulation assignment. It computes the first 200 Pell numbers and the Fibonacci numbers they are associated with through loop-based computation, computes approximate values of √2 and their numerical approximation, and packages these outputs in a structured dataframe. The
theoretical property that the Pell-based ratio 𝐻𝑛 approaches quickly to √2, with the first twenty one terms giving a precision of
𝑃𝑛
fifteen decimal places. The program shows accurate command of iterative forms, arithmetic, and data organisation in R with a high level of expertise in statistical programming methods. In addition to the functional correctness, the script provides an example of professionalism in presentation, modularity, and documentation. The testing and reflection that come along with it depict a high level of understanding of computational logic, error handling and transparency of an algorithm that is required in a postgraduate level.
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F <- numeric(N) # Fibonacci numbers F_0=0, F_1=1, F_n = F_{n-1} + F_{n-2}

P <- numeric(N) # Pell numbers P_0=0, P_1=1, P_n = 2*P_{n-1} + P_{n-2}
approx_s2 <- rep(NA_real_, N) # 2 approximation column

diff_signed_S5dp <- rep(NA_real_, N) # Signed difference to 5 decimals (Approx - sqrt(2))
accuracy_dp <- rep(NA_integer_, N) # Correct decimal places (integer)

O S S S S e e e e

# Build Fibonacci by LOOP

e IR e A O D R

# Base cases

F[1] <- @ # F_0

if (N>=2) F[2] <-1 # F_1

# Loop for remaining terms: for n = 2,3,... (in R's 1-based indexing: positions 3..N)

if (N>=3) {
for (i in 3:N) {
# 1 corresponds to mathematical index n = i-1
F[i] <- F[i - 1] + F[i - 2]
}
}
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# Pell base cases
P[1] <- @ #P_0
if (N>=2) P[2] <-1 #P_1

# Loop for remaining terms: P_n = 2*P_{n-1} + P_{n-2}
if (N>=3) {
for (i in 3:N) {
P[i] <- 2 * P[i - 1] + P[1i - 2]
}
¥
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max_cap_dp <- 15L

for (i in 1:N) {

i =11
# n = 0: undefined approximation because P_0 = @
approx_s2[i] <- NA_real_
diff_signed_S5dp[i] <- NA_real_
accuracy_dp[i] <- NA_integer_

} else {

#n=1i-15=1

# H_n = P_.n + P_{n-1}

Hn <- P[i] + P[i - 1]

# Approximation to sqrt(2)
approx_val <- Hn / P[i]
approx_s2[i] <- approx_val

# Signed difference (Approx - sqrt(2)), shown to five decimals
diff_signed_S5dp[i] <- round(approx_val - true_sqrt2, 5)

# Absolute error for accuracy calculation
abs_err <- abs(approx_val - true_sqrt2)

# Handle the exact-equality edge case (theoretically never happens for irrational 2)
if (abs_err == 0) {

accuracy_dp[i] <- max_cap_dp
} else {

# d = floor( -logl@( 2 * lerrorl ) )

# If error is large, this can go negative; enforce lower bound at 0.

raw_dp <- floor(-logl@(2 * abs_err))

if (is.naCraw_dp) || raw_dp < @) raw_dp <- OL

if (raw_dp > max_cap_dp) raw_dp <- max_cap_dp

accuracy_dp[i] <- as.integer(raw_dp)
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