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Question One (33 marks) 

a) Given the following complex numbers: 

 

 𝑍1 = 3 + 7𝑗              𝑍2 = 4 + 5𝑗              𝑍3 = 2 + 6𝑗 

Calculate the following, expressing your answers in rectangular form: 

 

1. 𝑍1 + 𝑍2                                                                                                            [1]

 𝑍1 + 𝑍2 = 3 + 7𝑗 + 4 + 5𝑗 = 𝟕 + 𝟏𝟐𝒋       

2. 𝑍2 + 3𝑍3                                                                                                          [2]                                                                                       

𝑍2 + 3𝑍3 = (4 + 5𝑗) + 3(2 + 6𝑗) 

= 4 + 5𝑗 + 6 + 18𝑗 = 𝟏𝟎 + 𝟐𝟑𝒋   

3. 𝑍2
2 + 𝑍3                                                                                                          [3] 

𝑍2
2 + 𝑍3 = (4 + 5𝑗)(4 + 5𝑗) + (2 + 6𝑗)                                                                                                          

= 16 + 20𝑗 + 20𝑗 − 25 + 2 + 6𝑗 = −𝟕 + 𝟒𝟔𝒋          

4. 𝑍1𝑍2𝑍3                                                                                                           [4] 

𝑍1𝑍2𝑍3 = (3 + 7𝑗)(4 + 5𝑗)(2 + 6𝑗) = (12 + 15𝑗 + 28𝑗 − 35)(2 + 6𝑗) 

= (−23 + 43𝑗)(2 + 6𝑗) = −46 − 138𝑗 + 86𝑗 − 258 

=  −𝟑𝟎𝟒 − 𝟓𝟐𝒋  
                                                                                           

5. 
𝑍1

𝑍2
                                                                                     [5]

        

𝑍1

𝑍2
=

3 + 7𝑗

4 + 5𝑗
 

=
3 + 7𝑗

4 + 5𝑗
×

4 − 5𝑗

4 − 5𝑗
=

12 − 15𝑗 + 28𝑗 + 35

16 + 25
                         [𝟑] 

𝑍1

𝑍2
=

47 + 13𝑗

41
                              [𝟏]  



𝒁𝟏

𝒁𝟐
=

𝟒𝟕

𝟒𝟏
+

𝟏𝟑

𝟒𝟏
  𝒋                                    [1] 

6. Simplify the following expression in algebraic form only:       

                                                                                    [3] 

𝑍1
2 − 𝑍2

2

𝑍1
2 − 𝑍1𝑍2

 

𝑍1
2 − 𝑍2

2 = (𝑍1 − 𝑍2)(𝑍1 + 𝑍2) 

𝑍1
2 − 𝑍1𝑍2 = 𝑍1(𝑍1 − 𝑍2) 

(𝑍1 − 𝑍2)(𝑍1 + 𝑍2)

𝑍1(𝑍1 − 𝑍2)
=

𝒁𝟏 + 𝒁𝟑

𝒁𝟏
 

 

b) Solve the following quadratic equation, expressing your answers in Polar Form: 

 

2𝑥2 − 6𝑥 + 9 = 0 

Hence, verify one of your solutions by substitution into the original equation. 

[9] 

2𝑥2 − 6𝑥 + 9 = 0 

𝑎 = 2             𝑏 = −6                    𝑐 = 9 

 

𝑥 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

 

𝑥 =
−(−6) ± √(−6)2 − 4(2)(9)

2(2)
                   [1] 

 

𝑥 =
6 ± √−36

4
=

6 ± 6j

4
                                       [1]  

 

𝒙 =
𝟔 + 𝟔𝒋

𝟒
=  

𝟑

𝟐
+

𝟑

𝟐
𝒋                             

 

𝑂𝑟 

 



𝒙 =
𝟔 − 𝟔𝒋

𝟒
=  

𝟑

𝟐
−

𝟑

𝟐
𝒋                                       [𝟏] 

                                                                     

 

 

𝑥 =  1.5 + 1.5𝑗 

|1.5 + 1.5𝑗| = √1.52 + 1.52 = 2.12    

∅ = tan−1 (
1.5

1.5
) 

   ∅ = 45°        

𝑥 = 1.5 + 1.5𝑗  

                   𝒙 = 𝟐. 𝟏𝟐 ∠𝟒𝟓°                                [2]      

 

 

 

𝑥 =  1.5 − 1.5𝑗 

|1.5 − 1.5𝑗| = √1.52 + 1.52 = 2.12 

∅ = tan−1 (
−1.5

1.5
) 

∅ = 45° 𝑛𝑜𝑡 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  

∅ = 360° − 45°  

   ∅ = 315°         

𝑥 = 1.5 − 1.5𝑗 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑓𝑜𝑟𝑚 

                            𝒙 =   𝟐. 𝟏𝟐 ∠𝟑𝟏𝟓°                                     [2]       

Verification (substitute one root) 

Let: 

𝑥 = 1.5 + 1.5𝑗 

2𝑥2 − 6𝑥 + 9 

𝑥2 = (1.5 + 1.5𝑗)2 = 4.5𝑗 

2𝑥2 = 9𝑗 

−6𝑥 = −9 − 9𝑗 

𝟐𝒙𝟐 − 𝟔𝒙 + 𝟗 = 𝟗𝒋 − 𝟗 − 𝟗𝒋 + 𝟗 = 𝟎                                     [𝟐] 

 Verified 

Final Answers            𝒙 = 𝟐. 𝟏𝟐∠𝟒𝟓∘or𝒙 = 𝟐. 𝟏𝟐∠𝟑𝟏𝟓∘ 

 



c) Use de Moivres’ theorem to calculate   (5 + 3𝑗)6 , giving your answers in rectangular 

form.   

  [6] 

                (5 + 3𝑗)  𝑖𝑛 𝑝𝑜𝑙𝑎𝑟 𝑓𝑜𝑟𝑚:                                                                                                                                   

|(5 + 3𝑗)| = √52 + 32 = √25 + 9 =  √34 = 5.83                                  [𝟏]  

∅ = tan−1 (
3

5
) 

∅ = 30.96°                                                   [𝟏]   

5 + 3𝑗 = 5.83∠30.96 ∘ 

(5 + 3𝑗) = 5.83(𝑐𝑜𝑠 30.96° + 𝑗𝑠𝑖𝑛 30.96°)             [𝟏]   

 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒   [5.83(𝑐𝑜𝑠 30.96° + 𝑗𝑠𝑖𝑛 30.96°)] 6    

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔  𝑑𝑒 𝑀𝑜𝑖𝑣𝑟𝑒𝑠’ 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑔𝑖𝑣𝑒𝑠   5.836(𝑐𝑜𝑠 6 ×  30.96° + 𝑗𝑠𝑖𝑛 6 × 30.96°)        [𝟏]   

                        39265.5(𝑐𝑜𝑠 185.76° + 𝑗𝑠𝑖𝑛 185.76°)                      [𝟏]   

                       (𝟓 + 𝟑𝒋)𝟔 = −𝟑𝟗𝟎𝟔𝟕. 𝟐𝟓 − 𝒋𝟑𝟗𝟒𝟎. 𝟕𝟓                            [𝟏]  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Question Two (33 marks) 

 

a) If     𝐴 = [
1 3 3
0 5 4
5 2 6

] ,        𝐵 = [
3 5
2 −2
1 1

],          𝐶 = [
5 4

−2 6
]  ,        𝐷 = [

0 2 2
3 5 1
5 1 4

] 

Find: 

1. The Determinant of 𝐴                                                                           

𝐴 = [
1 3 3
0 5 4
5 2 6

] = 1(30 − 8) − 3(0 − 20) + 3(0 − 25) = 22 + 60 − 75 = 𝟕  

[3]    

2. The Determinant of 𝐶          

𝐶  =  |
5 4

−2 6
| = 30 + 8 = 𝟑𝟖 

 [1] 

3. 𝐴𝐵              

[
1 3 3
0 5 4
5 2 6

]        [
3 5
2 −2
1 1

] = [
𝟏𝟐 𝟐
𝟏𝟒 −𝟔
𝟐𝟓 𝟐𝟕

] 

 [3] 

4. 𝐴𝐷             

[
1 3 3
0 5 4
5 2 6

]   [
0 2 2
3 5 1
5 1 4

] =  [
𝟐𝟒 𝟐𝟎 𝟏𝟕
𝟑𝟓 𝟐𝟗 𝟐𝟏
𝟑𝟔 𝟐𝟔 𝟑𝟔

] 

 [4] 

5. 𝐶𝐷             

[
5 4

−2 6
] [

0 2 2
3 5 1
5 1 4

] = 𝑵𝒐𝒕 𝑷𝒐𝒔𝒔𝒊𝒃𝒍𝒆     

[1] 

6. Given the following matrix: 

𝜔 = [
𝑥 3 −4
4 4 2

−2 5 (𝑥 + 2)
] 

Solve for 𝑥 if the determinant of  𝜔 = 4. 

[5] 



𝐝𝐞𝐭 (𝝎) = 𝒙(𝟒𝒙 − 𝟐) − 𝟑(𝟒𝒙 + 𝟏𝟐) − 𝟒(𝟐𝟖) 

𝐝𝐞𝐭 (𝝎) = 𝟒𝒙𝟐 − 𝟏𝟒𝒙 − 𝟏𝟒𝟖 

 

𝐝𝐞𝐭 (𝝎) = 𝟒 

𝟒𝒙𝟐 − 𝟏𝟒𝒙 − 𝟏𝟒𝟖 = 𝟒 

𝟒𝒙𝟐 − 𝟏𝟒𝒙 − 𝟏𝟓𝟐 = 𝟎 

𝟐𝒙𝟐 − 𝟕𝒙 − 𝟕𝟔 = 𝟎 

𝒙 =
𝟕 ± √𝟔𝟓𝟕

𝟒
 

𝒙 =
𝟕 + 𝟐𝟓. 𝟔𝟑

𝟒
≈ 𝟖. 𝟏𝟔 

𝒙 =
𝟕 − 𝟐𝟓. 𝟔𝟑

𝟒
≈ −𝟒. 𝟔𝟔 

 

 

b) Find the Inverse of the following matrix 

  𝐴 = [
6 3 1
2 0 5
4 2 3

]                        

[10] 

 

 

𝐴 = [
6 3 1
2 0 5
4 2 3

] 

𝐴−1 =
𝑎𝑑𝑗 𝐴

|𝐴|
 

|𝐴| = 6(0 − 10) − 3(6 − 20) + 1(4 − 0) 

|𝐴| = −60 + 42 + 4           

                                 |𝑨| = −𝟏𝟒   ≠ 𝟎                                                 [𝟐] 

      Calculations for Minors, 

1. (0 × 3) − (5 × 2) = −10 

2. (2 × 3) − (5 × 4) = −14 

3. (2 × 2) − (0 × 4) = 4 



4. (3 × 3) − (2 × 1) = 7 

5. (6 × 3) − (4 × 1) = 14 

6. (6 × 2) − (4 × 3) = 0 

7. (3 × 5) − (1 × 0) = 15 

8. (6 × 5) − (1 × 2) = 28 

9. (6 × 0) − (3 × 2) = −6 

[
−10 −14 4

7 14 0
15 28 −6

]        →       [
+ − +
− + −
+ − +

]       →       [
−10 14 4
−7 14 0
15 −28 −6

]              [𝟔] 

 

[𝟔 𝒎𝒂𝒓𝒌𝒔 (−𝟏) 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒘𝒓𝒐𝒏𝒈 𝒂𝒏𝒔𝒘𝒆𝒓]  

𝑎𝑑𝑗 𝐴 = [
−10 −7 15
14 14 −28
4 0 −6

]                                        [𝟏]  

 

𝑨−𝟏 =
𝟏

−𝟏𝟒
[
−𝟏𝟎 −𝟕 𝟏𝟓
𝟏𝟒 𝟏𝟒 −𝟐𝟖
𝟒 𝟎 −𝟔

]                                    [𝟏] 

 

c) Use Cramer’s Rule to solve the following system of simultaneous equations 

2𝑥 − 𝑦 − 2𝑧 = −2 

−𝑥 + 𝑦 + 𝑧 = 0 

𝑥 − 2𝑦 + 𝑧 = 8 

[6] 

2𝑥 − 𝑦 − 2𝑧 = −2 

−𝑥 + 𝑦 + 𝑧 = 0 

𝑥 − 2𝑦 + 𝑧 = 8 

 

                                                                      

[
2 −1 −2

−1 1 1
1 −2 1

]  [
𝑥
𝑦
𝑧

] =  [
−2
0
8

]                                     [1] 



 

∆= |
2 −1 −2

−1 1 1
1 −2 1

| = 2(1 + 2) + 1(−1 − 1) − 2(2 − 1) 

                                                         ∆= 𝟐                                                         [1]                               

 

  ∆𝑥= |
−2 −1 −2
0 1 1
8 −2 1

| = −2(1 + 2) + 1(0 − 8) − 2(0 − 8) 

                                  ∆𝒙= 𝟐                                                          [1]  

 

  ∆𝑦= |
2 −2 −2

−1 0 1
1 8 1

| = 2(0 − 8) + 2(−1 − 1) − 2(−8 − 0) 

                         ∆𝒚= −𝟒                                                              [1] 

 

∆𝑧= |
2 −1 −2

−1 1 0
1 −2 8

| = 2(8 + 0) + 1(−8 − 0) − 2(2 − 1) 

∆𝒛= 𝟔                                                                 [1]   

 

𝒙 =
∆𝒙

∆
=

𝟐

𝟐
= 𝟏         

𝒚 =
∆𝒚

∆
=

−𝟒

𝟐
= −𝟐       

𝒛 =
∆𝒛

∆
=

𝟔

𝟐
= 𝟑       

[1] 

 

 

 

 

 

 

 



Question Three (34 marks) 

a) Integrate the following: 

 

1. ∫ 𝑥(2𝑥3 + 3 𝑥2 − 3𝑥 + 5)   𝑑𝑥          

                                                                                                                    [3]  

  

∫ 𝑥(2𝑥3 + 3 𝑥2 − 3𝑥 + 5) 𝑑𝑥 = ∫(2𝑥4 + 3𝑥3 − 3𝑥2 + 5𝑥) 𝑑𝑥 

=
2𝑥5

5
+

3𝑥4

4
−  

3𝑥3

3
+

5𝑥2

2
+ 𝐶 

=
𝟐

𝟓
𝒙𝟓 +

𝟑

𝟒
𝒙𝟒 − 𝒙𝟑 + 𝟐. 𝟓𝒙𝟐 + 𝑪                                 [𝟑] 

 (−1 mark for each wrong answer)  

2. ∫(sin 3𝑥 + 𝑐𝑜𝑠5𝑥 + (3𝑥 + 1)(4𝑥 + 3) )  𝑑𝑥      

  

                                                                            [3]    

∫(sin 3𝑥 + 𝑐𝑜𝑠5𝑥 + (3𝑥 + 1)(4𝑥 + 3)) 𝑑𝑥 

= ∫(sin 3𝑥 + 𝑐𝑜𝑠5𝑥 + 12𝑥2 + 9𝑥 + 4𝑥 + 3 )  𝑑𝑥  

= ∫(sin 3𝑥 + 𝑐𝑜𝑠5𝑥 + 12𝑥2 + 13𝑥 + 3 )    𝑑𝑥 

     

=
−𝑐𝑜𝑠3𝑥

3
+

𝑠𝑖𝑛5𝑥

5
+  12

𝑥3

3
+ 13

𝑥2

2
+ 3𝑥 + 𝐶    

= −
𝟏

𝟑
𝒄𝒐𝒔𝟑𝒙 +

𝟏

𝟓
𝒔𝒊𝒏𝟓𝒙 + 𝟒𝒙𝟑 +

𝟏𝟑

𝟐
𝒙𝟐 + 𝟑𝒙 + 𝑪                            [𝟑] 

(−1 𝑚𝑎𝑟𝑘 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑤𝑟𝑜𝑛𝑔 𝑎𝑛𝑠𝑤𝑒𝑟)  

 

 

 



3. ∫ (4𝑥3 + 3𝑥2 + 2𝑥 − 3) 𝑑𝑥
3

0
   

[3]   

∫(4𝑥3 + 3𝑥2 + 2𝑥 − 3) 𝑑𝑥

3

0

 

 [= 4
𝑥4

4
+ 3

𝑥3

3
+ 2

𝑥2

2
− 3𝑥]

0

3

= [𝑥4 + 𝑥3 + 𝑥2 − 3𝑥]0
3 

= [𝟑𝟒 + 𝟑𝟑 + 𝟑𝟐 − 𝟑(𝟑)] − [𝟎𝟒 + 𝟎𝟑 + 𝟎𝟐 − 𝟑(𝟎)] = 𝟏𝟎𝟖                     [𝟑] 

(−1 𝑚𝑎𝑟𝑘 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑤𝑟𝑜𝑛𝑔 𝑎𝑛𝑠𝑤𝑒𝑟) 

 

4. ∫  (𝑒2𝑥 + 2𝑥3 + 7) 𝑑𝑥
2

1
    

                                          [3]    

     ∫  (𝑒2𝑥 + 2𝑥3 + 7) 𝑑𝑥

2

1

  = [
𝑒2𝑥

2
+ 2

𝑥4

4
+ 7𝑥]

1

2

= [
𝑒2𝑥

2
+

𝑥4

2
+ 7𝑥]

1

2

 

= [
𝒆𝟐×𝟐

𝟐
+

𝟐𝟒

𝟐
+ 𝟕 × 𝟐] − [

𝒆𝟐×𝟏

𝟐
+

𝟏𝟒

𝟐
+ 𝟕 × 𝟏] =  𝟑𝟖. 𝟏𝟎𝟒                            [𝟑] 

 

(−1 𝑚𝑎𝑟𝑘 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑤𝑟𝑜𝑛𝑔 𝑎𝑛𝑠𝑤𝑒𝑟) 

 

5. ∫ (√𝑥 − 3)(√𝑥 + 5)
4

1
 𝑑𝑥 

[4] 

∫ (√𝑥 − 3)(√𝑥 + 5)
4

1

 𝑑𝑥 

(√𝑥 − 3)(√𝑥 + 5) = 𝑥 + 2√𝑥 − 15                                  [1] 
 

∫ (𝑥 + 2√𝑥 − 15) 𝑑𝑥 =
𝑥2

2
+

4

3
𝑥3/2 − 15𝑥              [1]      

[
𝑥2

2
+

4

3
𝑥3/2 − 15𝑥]

1

4

= (
42

2
+

4

3
(4)3/2 − 15(4)) − (

12

2
+

4

3
(1)3/2 − 15) 



[
𝑥2

2
+

4

3
𝑥3/2 − 15𝑥]

1

4

≈ −28.17              [2] 

 

6. Evaluate  

∫
𝑥 + 1

𝑥2 + 3𝑥 + 2

2

0

 𝑑𝑥 

[4] 

 

∫
𝑥 + 1

𝑥2 + 3𝑥 + 2

2

0

 𝑑𝑥 

𝑥 + 1

(𝑥 + 1)(𝑥 + 2)
=

1

𝑥 + 2
 

∫
1

𝑥 + 2

2

0

 𝑑𝑥 = [ln ∣ 𝑥 + 2 ∣]0
2 

= 𝐥𝐧 (𝟒) − 𝐥𝐧 (𝟐) = 𝐥𝐧 (
𝟒

𝟐
) =  𝐥𝐧 𝟐 

 

 

 
 

b) Using the substitution method, let  𝑢 = 4𝑥2 − 5   find  

 

∫ 𝑥 (4𝑥2 − 5)3𝑑𝑥 

[6] 

               

𝑢 = 4𝑥2 − 5 

 

𝑑𝑢

𝑑𝑥
= 8𝑥                   𝑑𝑢 = 8𝑥 𝑑𝑥               𝑑𝑥 =

𝑑𝑢

8𝑥
                               [𝟐]  

 

∫ 𝑥 (4𝑥2 − 5)3𝑑𝑥 = ∫ 𝑥. 𝑢3
𝑑𝑢

8𝑥
=

1

8
∫ 𝑢3𝑑𝑢                                 [𝟐]      

 



1

8
∫ 𝑢3𝑑𝑢 =

1

8
 
𝑢4

4
+ 𝐶 =

1

32
(4𝑥2 − 5)4 + 𝐶                                        [𝟐]    

c) Use Integration ‘by Parts’ to find    ∫ 𝑥2 𝑒𝑥 𝑑𝑥. 

 

 Hence find the value of    ∫ 𝑥21

0
𝑒𝑥  𝑑𝑥 

 

[8] 

∫ 𝑥2 𝑒𝑥 𝑑𝑥 

𝑢 = 𝑥2                    ⇒        𝑑𝑢 = 2𝑥 𝑑𝑥 

𝑑𝑣 = 𝑒𝑥  𝑑𝑥            ⇒             𝑣 = 𝑒𝑥 

∫ 𝑥2𝑒𝑥  𝑑𝑥 = 𝑥2𝑒𝑥 − ∫ 2𝑥𝑒𝑥  𝑑𝑥 

[3] 

∫ 2𝑥𝑒𝑥  𝑑𝑥 

𝑢 = 2𝑥         ⇒        𝑑𝑢 = 2 𝑑𝑥 

𝑑𝑣 = 𝑒𝑥  𝑑𝑥      ⇒        𝑣 = 𝑒𝑥 

∫ 2𝑥𝑒𝑥  𝑑𝑥 = 2𝑥𝑒𝑥 − ∫ 2𝑒𝑥  𝑑𝑥 

= 2𝑥𝑒𝑥 − 2𝑒𝑥 

∫ 𝑥2𝑒𝑥  𝑑𝑥 = 𝑥2𝑒𝑥 − (2𝑥𝑒𝑥 − 2𝑒𝑥) 

∫ 𝑥2𝑒𝑥  𝑑𝑥 = 𝑒𝑥(𝑥2 − 2𝑥 + 2) + 𝐶 

[3] 

∫ 𝑥2
1

0

𝑒𝑥  𝑑𝑥 

= [𝑒𝑥(𝑥2 − 2𝑥 + 2)]0
1 

At 𝑥 = 1 

𝑒1(1 − 2 + 2) = 𝑒(1) = 𝑒 

At 𝑥 = 0 

𝑒0(0 − 0 + 2) = 2 

 

∫ 𝑥2
1

0

𝑒𝑥  𝑑𝑥 = 𝑒 − 2 

[2] 

 

𝐸𝑁𝐷   


