Root Locus Techniques


Root Locus

The root locus is a graphical presentation of the closed-loop poles of a system. It is a powerful method of analysis and design for stability and transient response. Feedback control systems are difficult to comprehend from a qualitative point of view and hence they rely heavily on mathematics. Root locus is a graphical technique that gives us the qualitative description of a control systems performance as various parameters are altered. Its real power lies in its ability to provide solutions for systems of higher order than two.

The locus describes graphically the path that the poles of a system take as they move due to variations of the closed loop system gain.

The poles of an open loop system transfer function can be found easily - by inspection and they do not change with changes in system gain. The poles of a closed loop system (which includes feedback) are more difficult to find – typically they cannot be found without factoring the closed-loop systems characteristic polynomial. (The denominator of the transfer function and furthermore the closed-loop pools change with changes in system gain.

For the typical closed-loop system below in figure 01 the open-loop transfer function is defined as,

KG(s)H(s)

We can determine the poles, since they arise from simple cascaded first or second order sub-systems. Further variations in ‘K’ do not affect the location of any pole of this function. On the other hand we cannot determine the poles of,


[image: image57.png]



unless we factor the denominator also the poles change position as the gain ‘K’ is varied. Letting
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then,
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where ‘N’ and ‘D’ are factored polynomials and signify numerator and denominator terms respectively. Observe that typically we know the factors of the numerators and denominators of G(s) and H(s). Also the zeros of T(s) consist of the zeros of G(s) and the poles of H(s). The poles of T(s) are not immediately known and can change with changes in ‘K’. For example if,
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The poles of KG(s)H(s) are 0, -2 and -4, the zeros are -1 and -3 but now,
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Thus the zeros of T(s) consist of the zeros of G(s) and the poles of H(s). The poles of T(s) are not immediately known without factoring the denominator, and they are a function of ‘K’. Since the systems transient response and stability are dependant upon the poles of T(s) we have no knowledge of the systems performance unless we factor the denominator for specific values of ‘K’. The root locus will be used to give us a vivid picture of the poles of T(s) as ‘K’ varies.

Method

The method for obtaining the root locus is to first find the poles and zeros of the “forward loop” system transfer function, then use a graphical procedure to determine the poles of the equivalent closed-loop system which enables us to map their movement as the closed-loop gain is varied from 0 to infinity. We will show later by example that it is possible to obtain a sketch of the locus by finding the roots of the denominator by applying the quadratic formula and plotting the pole positions. This method however is laborious and only practical for low order systems.

In mathematical terms given a forward-loop transfer function,
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Where ‘K’ is the root locus gain and the corresponding transfer function is,
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The root locus is the set of paths traced by the roots of,

1+KG(s)H(s)=0 ………………………………eqn.01

as ‘K’ varies from 0 to infinity. As ‘K’ varies the solution to the equation changes.

Eqn.01 is known as the characteristic equation. The roots to the equation are the poles of the forward-loop transfer function. The equation defines where the poles will be located for any value of root locus gain, ‘K’. In short it defines the characteristics of the system behaviour for various values of controller gain.
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On the root locus the characteristic equation is always satisfied. Mathematically this means that ,

1+KG(s)H(s)=0

so a pole exists when,
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KG(s)H(s)= -1

In polar form this is,

[image: image40.png]K Pole 1 Pole 2

0 -10 0

5 —-9.47 -0.53

10 —8.87 -1.13

15 —8.16 —1.84

20 —7.24 —2.76

25 -5 -5

30 -5+ j2.24 —5—2.24
35 -5+ /3.16 -5—-j3.16
40 -5+ j3.87 -5 —3.87
45 -5+ j4.47 —5—j4.47
50 -5+5 -5-75





[image: image10.wmf]n

k

k

±

±

±

±

=

°

+

Ð

...

..........

3

2

1

0

180

)

1

2

(

1


Alternatively a value of ‘s’ is a closed loop pole if,
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and,
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Equation 2b implies that if a value of ‘s’ is substituted into the function KG(s)H(s) a complex number results. If the angle of the complex number is an odd multiple of 180° that value of ‘s’ is a system pole for some particular value of ‘K’. What value of ‘K’? Since the angle criterion has been satisfied all that remains is to satisfy the magnitude criterion thus,
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We have found that a pole of the closed-loop system causes the angle of KG(s)H(s) or simply G(s)H(s), since ‘K’ is a scalar, to be an odd multiple of 180°. Furthermore the magnitude KG(s)H(s) must be unity implying that the value of ‘K’ is the reciprocal of the magnitude of G(s)H(s). The following table has been created by finding the roots of the second order system shown by using the quadratic formula. When we take a pole value from the table and substitute it into the system transfer function,
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(in this case we will try the pole at -9.47) we note that it yields KG(s)H(s) = -1 (which agrees with eqn.2a). This can be repeated for other points in the table. This shows that the magnitude criterion has been satisfied.

Let us now generate the table for the example system shown below,

a. CameraMan®


Presenter Camera System automatically follows a subject who wears infrared sensors on their front and back (the front sensor is also a microphone); tracking commands and audio are relayed to CameraMan via a radio frequency link from a unit worn by the subject. 

b. block diagram.

c. closed-loop transfer function.
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Table of pole positions for the cameraman system formed by finding the roots of the transfer function using the quadratic formula,
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Results plot of the pole positions from the above table is shown plot (a) below. In the second plot (b) the exact positions have been omitted but joined with a solid line – the path the poles take as the gain is varied.
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This tabular method is a crude way of plotting the locus. Notice how as the gain increases the closed-loop pole, which is at -10 for K = 0, moves toward the right and the closed-loop pole which is at 0 for k=0, moves towards the left. They meet at -5, K = 25, break away from the real axis, and move into the complex plain. One closed-loop pole moves upward while the other moves downward. We cannot tell which pole moves upward or which downward. In the second diagram the individual closed-loop pole locations have been removed and their path represented with solid lines. It is this representation of the path of the closed-loop poles, as the gain is varied, that we call a root locus.

The locus shows the changes in transient response as the gain ‘K’ varies. First of all the poles are real for gains less than 25 so the system tends to be over damped. At a gain of 25 the poles are real and multiple and the system is critically damped. For gains above 25 the system is under damped becomes the poles become complex and oscillations are set up between them, however it can be seen that the real parts of the complex poles remain constant. System settling time is inversely proportional to the real part of the complex poles for this second order system, so the conclusion is that although there will be oscillations the settling time remains constant for all values of gain for this system. It should also be noted that as we increase the gain the damping ratio diminishes so the percent overshoot will increase. The damped frequency of oscillation, which is equal to the imaginary part of the pole, also increases with increases in gain resulting in a reduction of peak time. Finally since the locus never crosses into the right half of the plain the system is always stable regardless of the value of gain and can never break into sinusoidal oscillation.

Referring back to the transfer function,
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presented earlier, it is helpful to visualise the meaning of the angle criterion graphically. If a point ‘s’ is a closed-loop system pole for some value of gain, then the angles of the zeros minus the angles of the poles must satisfy the magnitude and angle criterion. Consider the point -2+j3. If this point is a closed loop pole for some value of gain then the angles of the zeros minus the angles of the poles must equal an odd multiple of 180°. The illustration below shows the block diagram and pole-zero plot for the above transfer function,
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This means that from the figure below,

θ 1 + θ 2  - θ 3 - θ 4 = 56.31° + 71.57° - 90° - 108.43°

= - 70.55°
Therefore, -2 + j3 is not a point on the root locus, or alternatively, - 2 + j3 is not a closed loop system pole for any gain.

If these calculations are repeated for the point -2 + j0.707 the angles do add up to 180°. That is the point  -2 + j0.707 is a point on the root locus for some value of gain. We now proceed to evaluate that value of gain.
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We summarise what we have found as follows: Given the poles and zeros of the open-loop transfer function, KG(s)H(s),  a point on the s-plane is on the root locus for a particular value of gain ‘K’, if the angles of the zeros minus the angles of the poles, all drawn to a selected point on the s-plane, add up to (2k+1)180°. Furthermore, the gain ‘K’ at that point for which the angles add up to (2k+1)180° is found by dividing the products of the pole lengths by the product of the zero lengths.

From the previous it can be seen that the root locus can be obtained by sweeping through every point in the s-plane to locate those points for which the angles, as previously described, add up to an odd multiple of 180°. Although this task is tedious without the aid of a computer, the concept can be used to sketch the root locus without the effort required to plot it. Once a sketch is obtained, it is possible to accurately plot just those points that are of interest to us for a particular problem.

The following 5 rules allow us to sketch the root locus using minimal calculations. The rules yield a sketch that gives intuitive insight into the behaviour of a control system. We can now refine the sketch by finding actual points or angles on the root locus. These refinements, however, require some calculations or the use of computer programs such as MATLAB.

1. Number of Branches

Each closed loop pole moves as the gain is varied. If we define a branch as the path that one pole traverses, then there will be a branch for each closed-loop pole. The 1st rule, then, defines the number of branches of the root locus.

The number of branches of the root locus equals the number of closed-loop poles

As an example look at the locus sketch for the cameraman where two branches are shown one originates at the origin the other at –10.

2. Symmetry

If complex closed-loop poles do not exist in conjugate pairs, the resulting polynomial, formed by multiplying the factors containing the closed-loop poles, would have complex coefficients. Physically realizable systems cannot have complex coefficients in their transfer functions. Thus we conclude:

The root locus is symmetrical about the real axis.

An example of symmetry about the real axis can be seen in the locus ketch for the cameraman.

3. Real-Axis segments

The only contribution to the angle criterion at any of the points shown below comes from the open-loop, real-axis poles and zeros to the right of each point, we note the following:

· Angles on the real axis alternate between 0° and 180°.

· The angle is 180° for regions of the real axis that exist to the left of an odd number of poles and/or zeros. The following rule summarises the findings:

On the real axis, for K>0, the root locus exists to the left of an odd number of real-axis, finite open-loop poles and/or finite open-loop zeros.

Diagram showing the angle contribution of poles and zeros at points P1, P2, P3 and P4 on the real axis,
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Diagram showing real-axis segments for the example system earlier with the transfer function,
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4. Starting and ending points.

Where does the root locus begin (zero gain) and end (infinite gain)? The answer to this question will enable us to expand the sketch of the root locus beyond the real axis. As ‘K’ approaches zero (small gains) the closed-loop system poles approach the combined poles of G(s) and H(s) so we conclude that the locus begins at the poles of G(s)H(s) the open-loop transfer function.

At high gains, where ‘K’ is approaching infinity, the closed-loop system poles at large gains approach the combined zeros of G(s) and H(s). Now we conclude that the root locus ends at the zeros of G(s)H(s), the open-loop transfer function.

To summarise,

The root locus begins at the finite and infinite poles of G(s)H(s) and ends at the finite and infinite zeros of G(s) H(s).

In order to demonstrate this rule look at the system on the previous page (zeros at –4, -3 and poles at –2, -1). Using this rule we see that the poles begin at the poles at –1 and –2 and ends at the zeros at –3 and –4. Thus the poles start out at –1 and –2 and move through the real axis space between the two poles. They meet somewhere between the two poles and break out into the complex plane, moving as complex conjugates. The poles return the real axis somewhere between the zeros at –3 and –4, where their path is completed as they move away from each other and end up respectively at the two zeros of the open-loop system at –3 and –4. The diagram below shows the completed locus for this system,
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5. Behaviour at infinity.

Consider applying rule 4 to the following open-loop transfer function:
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There are three finite poles at s = 0, -1 and -2 and no finite zeros.

A function can also have infinite poles and zeros. If the function approaches infinity as s approaches infinity, then the function has a pole at infinity. If the function approaches zero as s approaches infinity then the function has a zero at infinity. For example the function

G(s)=s

Has a pole at infinity since G(s) approaches infinity as s approaches infinity. On the other hand, 

G(s)=1/s

Has a zero at infinity since G(s) approaches zero as s approaches infinity.

Every function of s has an equal number of poles and zeros if we include the infinite poles and zeros as well as the finite poles and zeros. In this example KG(s)H(s) contains three finite poles and three infinite zeros. Rule 5 helps us locate these zeros at infinity. We will now state rule 5, which tells us what the root locus looks like as it approaches zeros at infinity or as it moves from the poles at infinity.

The root locus approaches straight lines as asymptotes as the locus approaches infinity. Further, the equation of the asymptotes is given by the real axis intercept, σa, and angle, θa, as follows,
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Where k = 0, ±1, ±2, ±3, and the angle is given in radians with respect to the positive extension of the real axis.
Notice that the running index k, yields a multiplicity of lines that account for many branches of a root locus that approaches infinity. This is best illustrated by an example,

Example. Sketch the root locus for the following system;
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Solution. We will begin by calculating the asymptotes the real axis intercept is given by;
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The angles of the lines that intercept at -4/3, is given by;
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If the value of k continued to increase, the angles would begin to repeat. The number of lines obtained equals the difference between the number of finite poles and the number of finite zeros.

Rule 4 states that the locus begins at the open-loop poles and ends at the open-loop zeros. For the example there are more open-loop poles than open-loop zeros. Thus there must be zeros at infinity. The asymptotes tell us how we get to those zeros at infinity.

The following diagram shows the completed root locus as well as the asymptotes that were just calculated. Note that we have made use of all the rules learned thus far. The real axis segments lie to the left of an odd number of poles and/or zeros. The locus starts at the open-loop poles and ends at the open-loop zeros. For the example there is only one open-loop finite zero and three infinite zeros. Rule 5 then tells us that the three zeros at infinity are at the ends of asymptotes;
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Refining The Locus

Although we now enough to sketch the root locus, there are further steps that we apply to refine the sketch, namely;

· Real axis breakaway and tie-in points.

· The imaginary axis crossing.

· Angles of departure and arrival.

If we want more detail we must be able to accurately find important points on the root locus with their associated gain i.e. points on the real axis where the root locus enters or leaves the complex plain – real axis break away and break in points – and the imaginary axis crossings are candidates. We can also get a better picture of the root locus by finding the angles of departure and arrival from complex poles and zeros respectively.

Some of the calculations required make use of the basic root locus relationship that the sum of the zero angles minus the sum of the pole angles equals an odd multiple of 180°, and the gain at appoint on the locus is found as the ratio of the product of pole lengths drawn to that point to the product of zero lengths drawn to that point. Root locus calculations can be labour intensive, it is advised for this section to use software tools such as MATLAB in order to speed up the calculations. However we will explore the manual methods in order to gain an understanding of the techniques employed.

Real-Axis Breakaway and Break-in Points

Numerous root loci appear to break away from the real axis as the system poles move from the real axis to the complex plain. At other times, the loci appear to return to the real axis as a pair of complex poles becomes real. This is illustrated in the diagram below;
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The above locus was sketched using the first four rules;

1. Number of branches.

2. Symmetry.

3. Real-axis segments.

4. Starting and ending points.

The diagram shows the locus leaving the real axis between –1 and –2 and returning to real axis between +3 and +5. The point where the locus leaves the real axis, -σ1, is called the breakaway point, and the point where it returns, σ2, is called the break-in point.

At the breakaway or the break-in point the branches of the root locus form an angle of 180°/n with the real axis, where n is the number of closed-loop poles arriving or departing from the single breakaway or break-in point on the real axis. Thus for the two poles shown in the above diagram, the branches at the breakaway point form 90° angles with the real axis. We will now explore methods to find the breakaway and break-in points.

As the two closed-loop poles which are at –1 and –2 for K=0, move toward each other, the gain increases from a value of zero. We conclude that the gain must be maximum along the real axis at the point where the breakaway occurs, somewhere between –1  and –2. Naturally, the gain increases above this value as the poles move into the complex plain. The converse is true for the break-in point, the gain at this point is the minimum gain found along the real axis between the two zeros. The diagrams below illustrate this concept by plotting K versus σ;
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There are three methods for finding the breakaway and break-in points;

1. Minimise and maximise the gain using differential calculus.

2. Use the transition method which eliminates the step of differentiation.

3. Use a software tool such as that provided or such as MATLAB.

We will concentrate on methods 2 and 3;

The transition method

Relies on the fact that breakaway and break-in points satisfy the relationship;
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where zi and pi are the negative of the zero and pole values, respectively, of G(s)H(s). Solving the equation for σ, the real axis values that minimise or maximise K, yields the breakaway and break-in points without having to differentiate – consider the following example;
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Using the transition equation we get;
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Simplifying gives;

11σ2 - 26σ -61 = 0

And using the quadratic formula to find the roots gives;
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which agree with our earlier diagrams positions of the breakaway and break-in points.

Software solution

The following table has been created by using the software circulated on a floppy disk. The program has been used to search for the maximum point of gain between -1 and -2 , and the minimum point of gain between +3 and +5. The locus leaves the real axis at -1.45, the point of maximum gain, and re-enters the axis at +3.48, the point of minimum gain.
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The jω-Axis Crossings

We now look at further refining the sketch by finding the points where the locus crosses the imaginary axis. The importance of this is to establish at what values of gain the system will move from stability to instability or visa-versa (remember the right hand side of the pole zero plot is the unstable region.). Also the value of ω at the crossing yields the frequency of oscillation. In order to find the crossing, we can use the Routh-Hurwitz criterion (this is covered fully in a separate handout). The method is to force a row of zeros in the table which will yield the gain; going back row in the table to the even polynomial equation and solving for the roots yields the frequency at the imaginary axis crossing.

Example.
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Find the frequency and gain K, at the imaginary axis crossing for the following system that we looked at earlier;


The closed loop transfer function for the system is;
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Just to re-cap the structure of the Routh table is as follows for the standard form transfer function shown below;


Resulting structure of Routh table,


This results in the following Routh table for the transfer function given at the start of the example;


Note that a complete row of zeros yields the possibility for imaginary axis roots. For positive values of gain, those for which the root locus is plotted, only the s1 row can yield a row of zeros (by setting the quadratic form numerator to zero) thus,

-K2 – 65K +720 = 0

From this equation, is evaluated (using the quadratic formula) as,

K = 9.65

Forming the even polynomial with the s2 row we get,

(90 – K)s2 + 21K = 80.352s2 + 202.7 = 0

and s is found to be equal to ±j1.59. Thus the root locus crosses the imaginary axis at ±j1.59 at a gain of 9.65. We conclude that this system is stable for 
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Another method for finding the imaginary axis crossing (or any point on the root locus for that matter) uses the fact that at the jω-axis crossing the sum of the angles from the finite open-loop poles and zeros must add to (2k + 1)180º. Thus we can search the jω-axis until we find the point that meets this angle condition. A computer program, such as the program distributed on disk or Matlab can be used for this purpose.
Angles of Departure and arrival.

The root locus can be further refined by finding the angles of departure and arrival from complex poles and zeros. Consider the diagrams a and b, below which show open-loop poles and zeros, some of which are complex. The root locus starts at the open-loop poles and ends at the open-loop zeros. In order to sketch the locus more accurately we want to calculate the departure angle from the poles and arrival angle to the zeros.

If we assume that a point on the root locus ε close to a complex pole, the sum of angles drawn from all finite poles and zeros to this point is an odd multiple of 180°. Except for the pole that is ε close to the point we assume that all angles drawn from all other poles and zeros are drawn are drawn directly to the pole that is near to the point. Thus, the only unknown angle in the sum is the angle drawn from the pole that is ε close. We can solve for this unknown angle, which is the angle of departure from this complex pole. Hence from the diagram,
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or
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We can apply the above to the zeros of the system. This is illustrated in the second diagram b, and mathematically is,
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or
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This can be further illustrated by example, given the unity feedback system below, find the angle of departure from the complex poles and sketch the locus.


Solution

Using the poles and zeros of G(s) = (s + 2)/[(s + 3)(s2 + 2s + 2)] as plotted below, we can calculate the sum of angles drawn to a point ε close to the complex pole, -1 + j1, in the second quadrant. Thus,
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From which θ1  = -251.6º = 108.4º. A sketch of the root locus is shown below. Notice how the departure angle from the complex poles helps us refine the shape;
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Figure 01 - Typical Closed Loop System
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