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This method is also called ‘change of variable’, both names are appropriate, as we will see.
There is no formula for this method (unlike integration by parts), instead it is a procedure which depending on the integral to be evaluated vary in difficulty quite a lot! Many students, which approaching this method, are unsure as to ‘where to start’. As ever, the technique is best explained by several examples, starting with a fairly straightforward one.

Example 1

The starting point is to select the ‘change of variable’. We usually change the variable from  to , and, if you are not given the change of variable, then we usually let  equal ‘something inside the integral’. In this example we shall let  (this is the substitution).
You are usually given the change in variable before you begin a question. Otherwise it can be difficult as to what to choose! Having got the change of variable, the first thing you always do is differentiate it.


The aim of these questions is to change the integral from having  to having  in it. This means that we must also replace  by .
The  is telling us to integrate the ’s but, as we are trying to get rid of the ’s and replace them with ’s, we will want  and not  within the integral, and that is why we firstly differentiated. To replace  with  we do the following:

Cross-multiplying:

Therefore we replace  by  in the integral.

From now on, you are on your own, except from remembering that we are aiming to get rid of all of the ’s in the integral and replace them with ’s. With the above integral the ’s of  and  will cancel, therefore:

As soon as the integral is entirely in terms of , we can now integrate it.



The final thing to do is put the answer back in terms of , which, of course, was there originally. Therefore:


Sometimes, the hardest part of these type of questions is changing our variable so that we can integrate it. Let’s look at a slightly harder example:
Example 2

By using the substitution .
Remember firstly we need to differentiate:

Therefore:

Now substitute this into the original integral:

Cancelling the  on the top and bottom:

Remember to make use of :

This is the worst scenario; a mixture of ’s and ’s, and we must get rid of the ’s. How do we get rid of  There is a trick – use the identity , which, rearranged, becomes . Now put this into the integral:

Therefore:

At last we have the integral all in terms of . Don’t forget that we need to have separate terms before integrating, so we need to multiply the bracket out.


And then substituting  back in:






Another important example:
Example

By using the substitution .



Therefore the integral becomes:

Cancelling the  on the top and bottom gives:

This is a standard integral:

Therefore the answer is:

This last example could have been done a lot quicker if we were aware of a very useful shortcut in integration, and is used to integrate algebraic fractions. “If, when you differentiate the denominator you end up with the numerator (or you can fix it to give the numerator), then the answer is  “. This is very useful, especially when integrating partial fractions. Let’s see some examples where this trick is used:
Example

Differentiating the bottom gives  therefore the answer is .

Example

Remember, any constant by itself can be taken outside of the integral, so we can write this as:

Differentiating the bottom gives 1, therefore the answer is .

Example
Sometimes we need to ‘fix’ the integral:

This time, when we differentiate the denominator we get . Unfortunately we only have  on the top, so we need to fix it. Put a 4 in front of the  and counteract that by putting a  outside of the integral:

Now we can use the usual trick, differentiate the bottom and it gives the top, so as usual the integral is . But of course, we need the  in front as well, so the answer is:


These occur time and time again when integration involves partial fractions.
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