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[bookmark: _Toc220868593]1 Introduction
A fundamental component of thermal engineering, heat transfer by conduction controls operations in manufacturing, electronic cooling, aeronautical structures, and renewable energy systems. For example, high temperatures can impair performance or lead to failure in electrical equipment, hence accurate thermal control is essential (Incropera et al., 2017). Because of its high thermal conductivity (roughly 237 W/m·K for pure aluminium), low density (2700 kg/m³), and exceptional strength-to-weight ratio, aluminium is especially common in these applications. This makes it perfect for heat sinks, heat exchangers, and automotive thermal components (Engineering ToolBox, n.d.; Hydro, n.d.). These characteristics allow for effective heat dissipation while reducing weight, which is essential in sophisticated electronics and electric cars where lifetime and efficiency are directly impacted by thermal management.
Because temperature changes over time and frequently results in non-uniform distributions that impact material performance and structural integrity, transient heat diffusion problems are particularly difficult. Numerical methods are required for actual geometries and boundary conditions because analytical solutions are restricted to idealized circumstances (Özişik, 2013). The Explicit Finite Difference Method (EFDM), a simple yet effective method for solving parabolic partial differential equations, is used in this research to design and evaluate a numerical model for transient heat conduction in a two-dimensional aluminium plate.
By comparing the steady-state numerical findings with an exact analytical solution, the main goal is to construct and evaluate an EFDM solver for the 2D transient heat equation. While identifying constraints and possible improvements, secondary goals include assessing stability, accuracy, and parameter sensitivity. The model includes convergence monitoring, user-friendly input validation in MATLAB, and the thermophysical characteristics of aluminium.
The report is structured as follows. Part 2 introduces the governing heat equation and its physical interpretation. Part 3 details the finite difference discretisation and stability considerations. Part 4 specifies the initial and boundary conditions and presents the analytical solution used for validation. Part 5 explains the structure and key components of the MATLAB code. Part 6 validates the numerical model, while Part 7 presents a sensitivity analysis. Part 8 and 9 discuss limitations and future improvements, and Part 10 concludes the report.
[bookmark: _Toc220868594]2 Governing Equation
Fourier's law (q = -k ∇T) and energy conservation in a control volume give rise to the heat equation. The net heat flux into a differential element in two dimensions is equal to the internal energy change rate:

Assuming no internal generation (= 0) and constant properties, this simplifies to the diffusion equation:

where ρ is the density, k is the thermal conductivity, and 𝑐𝑝 is the specific heat capacity at constant pressure. Thermal diffusivity is a physical measure of how quickly temperature changes spread through a substance. When thermal boundary conditions change, materials with high thermal diffusivity react quickly.

A parabolic partial differential equation is what the heat equation falls under. The diffusive characteristics of heat transport, in which temperature changes spread gradually over time rather than instantly, is reflected in this categorization. The heat equation is significant in many fields, such as applied physics, materials science, and mechanical engineering. Because there are no closed-form analytical solutions for actual geometries and boundary conditions, the heat equation must be solved numerically in many practical applications (Özişik, 2013).








[bookmark: _Toc220868595]3 Finite Difference Method
[bookmark: _Toc220868596]3.1 Finite Difference Approximations and Truncation Error
The finite difference method approximates derivatives by replacing them with algebraic expressions derived from Taylor series expansions. For a sufficiently smooth function , the Taylor expansion about a point yields

Using such expansions, finite difference approximations for derivatives can be derived. The central difference approximation for the second derivative is given by
which is second-order accurate in space, with a truncation error of order . Similarly, the forward difference approximation for the first-order time derivative is
which is first-order accurate in time, with truncation error .
When higher-order terms in the Taylor series are ignored, truncation error occurs. The correctness of the numerical solution is directly impacted by these mistakes, which build up during temporal integration. When analysing the findings of sensitivity tests involving grid spacing and time step size, it is crucial to comprehend truncation error.
[bookmark: _Toc220868597]3.2 Spatial and Temporal Discretisation
The rectangular domain is discretised using a uniform structured grid with spacing . Grid points are indexed as , corresponding to spatial locations and . Time is discretised into uniform steps of size , with superscript denoting the time level.
The continuous heat equation is discretized into a collection of iteratively solvable algebraic update equations.
[bookmark: _Toc220868598]3.3 Explicit Finite Difference Method (EFDM)
The explicit finite difference scheme is obtained by applying the forward difference approximation in time and the central difference approximation in space to the heat equation.

Because the temperature at the new time level is calculated directly from known values at the present time level, this formulation is straightforward. Explicit systems are appealing for instructional and exploratory research since they are simple to implement and computationally cheap per time step.

Explicit systems, on the other hand, are conditionally stable, which means that stability is only ensured under specific time step and grid spacing requirements.

[bookmark: _Toc220868599]3.4 Fourier Number and Stability Criterion
The Fourier number,

is a dimensionless metric that describes the relative significance of spatial and temporal discretization. Stability analysis based on von Neumann analysis for the two-dimensional heat equation solved with EFDM reveals that the scheme is only stable if.

Numerical mistakes increase exponentially if this condition is broken, resulting in non-physical oscillations and solution divergence (Press et al., 2007). The MATLAB code's interactive enforcement is motivated by this stability restriction, which has a significant impact on the choice of numerical parameters.

[bookmark: _Toc220868600]Chapter 4: Initial Condition, Boundary Conditions, and Analytical Solution
The study's initial condition is based on the assumption that, at time t=0, the entire aluminium plate is at a constant temperature of 0 °C. This state offers a distinct baseline from which transient heat diffusion can be measured and represents a thermally quiescent state before boundary heating is applied. Because it makes it easier to evaluate the thermal response and guarantees that all observed temperature evolution is caused only by boundary effects rather than residual internal energy, this assumption is frequently made in transient conduction experiments. (Incropera et al., 2017).
The rectangular plate's four edges are subject to Dirichlet boundary requirements. While the east, west, and south boundaries are locked at 0 °C, the north boundary is kept at a constant temperature of 𝑇0. Because these boundary conditions are time-independent, the system is subjected to a continuous thermal force. This arrangement physically resembles a plate with the top edge uniformly heated, and the other edges kept in thermal contact with a heat sink. (Özişik, 2013).
Validation considerations intentionally drive the selection of boundary conditions. There are just a few geometries and boundary conditions for which the two-dimensional heat equation has analytical solutions. The boundary conditions chosen in this work precisely match a known analytical steady-state solution obtained by Fourier series expansion and separation of variables (Özişik, 2013; Press et al., 2007). This makes it possible to validate the numerical model directly and rigorously.
An infinite Fourier series comprising hyperbolic functions in the vertical direction and trigonometric functions in the horizontal direction represents the analytical steady-state solution. In actuality, the series must be shortened, and accuracy is directly impacted by the quantity of terms kept. Although it raises processing costs, adding more terms helps convergence toward the exact solution. In order to guarantee that the truncation error in the analytical solution is insignificant in comparison to the numerical discretization error, a suitably large number of terms are used in this study.





[bookmark: _Toc220868601]5. Code Details and Explanations
A structured and modular script architecture that closely resembles the problem's mathematical description is used to create the numerical model in MATLAB. The code is organized logically into sections for post-processing, numerical time integration, stability enforcement, user input handling, and material property description. To increase clarity, reproducibility, and debugging ease, such organization is advised in computational modelling practice (Ferziger and Perić, 2002).
The screenplay starts with a clear definition of the thermophysical characteristics of aluminium, such as density, specific heat capacity, and thermal conductivity. The thermal diffusivity, which controls the model's rate of heat diffusion, is calculated using these parameters. The code can be readily modified for different materials thanks to the explicit specification of material attributes.
While loops are used to develop robust input handling by enforcing numerical and physical limitations. Grid spacing must precisely partition the domain, plate dimensions must be strictly positive, and the time step must meet the explicit stability condition. When invalid input is entered, the code constantly prompts the user until acceptable values are entered instead of stopping execution. This methodology enhances dependability and conforms to optimal methodologies in the creation of numerical software.
A time-stepping loop that uses the Explicit Finite Difference Method to update inner grid points makes up the numerical core of the model. Since boundary conditions don't change during the simulation, they are applied only once, before time integration. By tracking the greatest absolute difference between successive temperature fields and comparing it to a predetermined tolerance, thermal equilibrium can be identified. Despite being numerical in nature, this convergence criterion offers a useful stopping condition for brief simulations (Press et al., 2007).
Error maps, analytical comparisons, steady-state contour plots, and transient animations are produced using post-processing procedures. These results offer quantitative indicators of numerical correctness as well as qualitative understanding of the plate's thermal history.


[bookmark: _Toc220868602]6. Validation of the Numerical Model
By contrasting the steady-state temperature distribution produced by the Explicit Finite Difference Method with the matching analytical solution, the numerical model is validated. Since it provides assurance that the governing equations have been appropriately discretized and implemented, model validation is a crucial part of numerical analysis (Roache, 1998).
Contour maps of the analytical and numerical temperature fields are used for visual validation. To prevent visual artifacts from obscuring differences between the answers, same plotting techniques and colour schemes are employed. The numerical solution replicates the anticipated steady-state behaviour, as evidenced by the strong agreement between contour patterns.
The absolute error field, which is the pointwise absolute difference between numerical and analytical temperatures, is calculated to perform quantitative validation. The greatest absolute error and the root mean square error (RMSE) are two scalar error measures that are presented. While the RMSE offers a global measure of the average disagreement across the domain, the maximum error offers a conservative assessment of the worst-case deviation (Ferziger and Perić, 2002).
The numerical solution converges toward the analytical solution with good precision, as evidenced by the measured error magnitudes being minimal in relation to the applied boundary temperature. The finite truncation of the analytical Fourier series and spatial discretization mistake are the main causes of the remaining inconsistencies.




[bookmark: _Toc220868603]7. Sensitivity Analysis of Key Numerical Parameters
When evaluating the resilience and dependability of numerical models, sensitivity analysis is essential. It helps pinpoint the main causes of numerical inaccuracy and sheds light on how numerical results react to variations in discretization parameters (Roache, 1998).
Truncation inaccuracy and spatial resolution are directly impacted by grid spacing. Reducing the grid spacing results in numerical solutions that more closely resemble the analytical solution and increases the accuracy of spatial derivatives. Grid refinement, on the other hand, greatly expands the number of computational nodes, which raises memory consumption and lengthens execution times. The second-order spatial accuracy of central difference schemes is consistent with the reported diminishing returns beyond modest grid refinement (Ferziger and Perić, 2002).
Numerical stability and temporal accuracy are both impacted by time step size. The time step needs to meet the Fourier number stability criterion because of the conditional stability of the Explicit Finite Difference Method. Although they increase the number of iterations needed to attain steady state, smaller time increments enhance temporal resolution. One well-known drawback of explicit systems is the trade-off between efficiency, accuracy, and stability (Press et al., 2007).
The simulation's termination is determined by the thermal equilibrium tolerance. An excessively severe tolerance results in needless calculation with little benefit in physical precision, whereas an excessively high tolerance may cause premature termination before genuine steady state is reached. Therefore, choosing the right tolerance is crucial to striking a compromise between solution reliability and numerical efficiency.
[bookmark: _Toc220868604]
8. Limitations of the Numerical Model
The numerical model has a number of intrinsic drawbacks despite its openness and simplicity. The Explicit Finite Difference Method's conditional stability is the biggest drawback. Computational efficiency is limited by the stringent time step restriction, especially for issues involving fine spatial grids or long physical timeframes (Özişik, 2013).
Another basic restriction is truncation error. An upper bound on possible precision is imposed by the scheme's first-order temporal accuracy and second-order spatial accuracy. Grid refinement increases computing cost and decreases truncation error, but it cannot completely eliminate it.
Even if round-off error is negligible for the grid sizes under consideration, it might become substantial for extremely tiny meshes or lengthy simulations. Furthermore, the model's application to more realistic engineering challenges with complicated boundaries is limited by the usage of a structured Cartesian grid, which limits it to simple rectangular geometries.
Instead of using a physically strict approach, the code uses a numerical equilibrium detection method. In certain situations, comparing successive temperature fields may misrepresent convergence behaviour and does not precisely equate to thermodynamic equilibrium (Roache, 1998).



[bookmark: _Toc220868605]9. Suggested Improvements and Future Developments
Although the Explicit Finite Difference Method offers a clear and simple framework for simulating transient heat diffusion, a number of enhancements might greatly improve the numerical model's precision, effectiveness, and applicability. The numerical scheme, spatial discretization, convergence criteria, and computational performance are the main areas of improvement.
Adopting an implicit or semi-implicit time integration technique, such the Crank-Nicolson method, would be one of the most significant improvements. In contrast to explicit schemes, implicit methods eliminate the restricted Fourier number stability constraint that restricts the effectiveness of the Explicit Finite Difference Method by being unconditionally stable with regard to the time step size (Özişik, 2013). This would be especially useful for simulations involving lengthy physical timescales since it would enable the use of much longer time steps without compromising numerical stability. Despite the fact that implicit schemes necessitate solving linear problems at each time step, the accompanying computing cost can be greatly decreased by using sparse matrix techniques and contemporary numerical solvers (Press et al., 2007).
Using a finite volume or finite element formulation in place of the finite difference framework would be another significant extension. While finite element approaches offer remarkable flexibility for modelling complex geometries and non-uniform meshes, finite volume methods offer strong conservation of energy at the discrete level, making them particularly appealing for heat transfer issues (Ferziger and Perić, 2002). The model could be applied to realistic engineering components with curved borders or spatially variable material properties by putting such techniques into practice.
Additionally, there is room for improvement in the convergence criterion utilized to identify thermal equilibrium. The current model uses a purely numerical metric to determine equilibrium by comparing successive temperature fields. Monitoring the global energy balance, residual norms of the discretized governing equations, or the temporal decay rate of the maximum temperature gradient would be a more physically significant strategy. To guarantee that numerical convergence more closely resembles physical steady state, such criteria are frequently employed in computational heat transfer (Roache, 1998).
Computational optimization could lead to more advancements. The execution time for fine grids might be greatly decreased by vectorizing array operations, utilizing MATLAB's built-in sparse solvers, and parallelizing using multicore machines. If grid refinement studies or parametric analyses were expanded, these improvements would be especially beneficial.
Lastly, further physical effects like internal heat generation, temperature-dependent material qualities, or convective and radiative boundary conditions could be included to the model. By adding these impacts, the model would become more realistic and more applicable to a greater variety of real-world engineering issues.




[bookmark: _Toc220868606]10 Conclusion
The Explicit Finite Difference Method was used in this study to create a numerical model for transient heat transport in a two-dimensional aluminium plate. The problem was discretized in space and time using the governing heat conduction equation, and MATLAB was used to implement it under precise beginning and boundary conditions. The numerical technique was chosen because it is transparent and easy to understand, which makes it ideal for illustrating basic ideas in computational heat transfer.
The thorough validation of the numerical model against an analytical steady-state solution is one of the work's main strengths. The accuracy of the discretization and implementation is confirmed by the strong agreement between the numerical and analytical temperature distributions. Quantitative error analysis also showed that disparities are still negligible in relation to the applied boundary temperature, with discretization and analytical series truncation being the main causes of mistakes.
Sensitivity analysis gave important information about how numerical parameters affect computing efficiency and solution accuracy. The findings brought to light the trade-offs that come with explicit methods, especially the equilibrium between grid resolution, time step size, stability, and runtime. These results show that numerical accuracy cannot be evaluated separately from computational cost and emphasize the significance of appropriate parameter selection in numerical simulations.
Notwithstanding these drawbacks, the model offers a solid framework for researching conduction-dominated heat transport issues and well represents the fundamental physics of transient heat diffusion. Conditional stability, truncation error, and geometric simplicity are some of the limits that have been recognized. These limitations are well understood and offer obvious impetus for further improvements.
Overall, this work shows that the Explicit Finite Difference Method is still a useful tool for beginning and intermediate heat transfer modelling when it is correctly used and evaluated. Additionally, the research shows how numerical approaches may be methodically evaluated, verified, and enhanced—a crucial ability in contemporary engineering practice. The suggested modifications provide direct routes for improving the model's efficiency, realism, and suitability for further research.
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12 Appendix 
%% 2D Heat Conduction in an Aluminium Plate using EFDM
% Fully corrected and improved version

clear; clc; close all;

%% ------------------------------------------------------------------------
% 1. Physical properties of Aluminium
% -------------------------------------------------------------------------
k   = 143;        % W/m.C
rho = 2.8e3;      % kg/m^3
cp  = 795;        % J/kg.C

alpha = k/(rho*cp);

%% ------------------------------------------------------------------------
% 2. Robust user input handling
% -------------------------------------------------------------------------
% Plate dimensions
while true
    Xdim = input('Enter plate width Xdim [m] (>0): ');
    Ydim = input('Enter plate height Ydim [m] (>0): ');
    if Xdim > 0 && Ydim > 0
        break
    end
    fprintf('ERROR: Plate dimensions must be strictly positive.\n');
end

% Boundary temperature
T0 = input('Enter North boundary temperature T0 [°C]: ');

% Grid spacing
while true
    h = input('Enter grid spacing h [m]: ');
    if h > 0 && mod(Xdim,h)==0 && mod(Ydim,h)==0
        break
    end
    fprintf('ERROR: h must be positive and divide evenly into Xdim and Ydim.\n');
end

Nx = Xdim/h + 1;
Ny = Ydim/h + 1;

x = linspace(0,Xdim,Nx);
y = linspace(0,Ydim,Ny);

% Time step with stability enforcement
dt_max = h^2/(4*alpha);
fprintf('Maximum stable time step dt_max = %.4e s\n',dt_max);

while true
    dt = input('Enter time step dt [s]: ');
    if dt > 0 && dt <= dt_max
        break
    end
    fprintf('ERROR: dt must be positive and <= %.4e s\n',dt_max);
end

Fo = alpha*dt/h^2;

%% ------------------------------------------------------------------------
% 3. Initial and boundary conditions
% -------------------------------------------------------------------------
T = zeros(Ny,Nx);     % T(y,x)

% Apply boundary conditions ONCE (they are constant in time)
T(1,:)   = T0;        % North boundary (row 1)
T(end,:) = 0;         % South
T(:,1)   = 0;         % West
T(:,end) = 0;         % East

T_new = T;

%% ------------------------------------------------------------------------
% 4. Time-stepping loop to steady state
% -------------------------------------------------------------------------
t = 0;
tol = 1e-6;
maxChange = inf;
step = 0;

figure;
while maxChange > tol
    step = step + 1;

    for j = 2:Ny-1
        for i = 2:Nx-1
            T_new(j,i) = T(j,i) + Fo*( ...
                T(j,i+1) + T(j,i-1) + ...
                T(j+1,i) + T(j-1,i) - ...
                4*T(j,i));
        end
    end

    maxChange = max(abs(T_new(:) - T(:)));
    T = T_new;
    t = t + dt;

    % Transient animation (every 10 steps to reduce overhead)
    if mod(step,10)==0
        contourf(x,y,T,20,'LineColor','none');
        colorbar;
        title(sprintf('Transient Temperature Field, t = %.2f s',t));
        xlabel('x [m]'); ylabel('y [m]');
        drawnow;
    end
end

%% ------------------------------------------------------------------------
% 5. Time-to-equilibrium reporting (adaptive units)
% -------------------------------------------------------------------------
if t < 60
    fprintf('Thermal equilibrium reached at t = %.2f seconds\n',t);
elseif t < 3600
    fprintf('Thermal equilibrium reached at t = %.2f minutes\n',t/60);
elseif t < 86400
    fprintf('Thermal equilibrium reached at t = %.2f hours\n',t/3600);
else
    fprintf('Thermal equilibrium reached at t = %.2f days\n',t/86400);
end

fprintf('Total time steps: %d\n',step);

%% ------------------------------------------------------------------------
% 6. Analytical steady-state solution (high accuracy)
% -------------------------------------------------------------------------
T_analytical = zeros(Ny,Nx);
Nterms = 5000;   % Large number for convergence

for n = 0:Nterms
    k_n = 2*n + 1;
    for j = 1:Ny
        for i = 1:Nx
            T_analytical(j,i) = T_analytical(j,i) + ...
                (1/k_n)*sin(k_n*pi*x(i)/Xdim)* ...
                sinh(k_n*pi*(Ydim - y(j))/Xdim) / ...
                sinh(k_n*pi*Ydim/Xdim);
        end
    end
end

T_analytical = (4*T0/pi)*T_analytical;

%% ------------------------------------------------------------------------
% 7. Error calculation (correct orientation)
% -------------------------------------------------------------------------
errorField = abs(T - T_analytical);

maxError = max(errorField(:));
rmseError = sqrt(mean(errorField(:).^2));

fprintf('Maximum absolute error: %.6e °C\n',maxError);
fprintf('RMSE: %.6e °C\n',rmseError);

%% ------------------------------------------------------------------------
% 8. Command Window matrix output
% -------------------------------------------------------------------------
disp('Numerical temperature matrix T:');
disp(T);

disp('Analytical temperature matrix T_analytical:');
disp(T_analytical);

disp('Absolute error matrix errorField:');
disp(errorField);

%% ------------------------------------------------------------------------
% 9. Final comparison figure (three subplots)
% -------------------------------------------------------------------------
figure;

subplot(1,3,1)
contourf(x,y,T,20,'LineColor','none');
colorbar;
title('Numerical Steady-State T');
xlabel('x [m]'); ylabel('y [m]');

subplot(1,3,2)
contourf(x,y,T_analytical,20,'LineColor','none');
colorbar;
title('Analytical Steady-State T');
xlabel('x [m]'); ylabel('y [m]');

subplot(1,3,3)
contourf(x,y,errorField,20,'LineColor','none');
colorbar;
title('|Numerical − Analytical|');
xlabel('x [m]'); ylabel('y [m]');
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