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In the field of automotive and motorsport engineering, the study of vehicle dynamics is crucial for enhancing the safety of vehicles and performance. Vehicle dynamics deals with the analysis of the forces and moments acting on the vehicle body and the tire-road interaction, which affect the vehicle's motion and stability (Gillespie, 1992). One of the common methods to model and interpret the vehicle's dynamics under external forces is by using the spring mass damper model (FTechWriting, 2017). The model views the vehicle system as separate elements of a spring, a damper, and a mass, which represent the components of the vehicle's suspension system, such as the springs, the dampers, the unsprung and sprung masses (Rajamani, 2011). 
In the automotive industry, the spring mass damper system is used to design and optimize the vehicle's suspension system, which connects the vehicle body and the tire, and provides isolation, stability, and control. The suspension system affects the vehicle's ride comfort, handling, and road holding (Collimator, 2022), which are important aspects of the vehicle's performance and safety (Crolla and Mashadi, 2014). By using the spring mass damper system, automotive engineers can analyze the effects of different suspension parameters, such as the spring stiffness, the damping coefficient, and the mass distribution, on the vehicle's dynamics and behavior.

The number of Degrees of Freedom (DOF) represents the independent motions that are allowed in the vehicle system depending on the number of masses and the arrangement of springs and dampers. The degrees of freedom are the minimum number of independent variables required to define the position and orientation of a rigid body in space (Beer et al., 2015).

In the following report, it details the development from a 1DOF system up to a 7DOF system using Simulink modelling.

The principle of a 1 DOF spring mass damper model only assumes the car’s body and the wheel moves together as a single mass in a vertical direction. It can be shown in the equation:
-mz..=k(z-y)+c(z.-y.)

A 2 DOF spring mass damper model assumes the ability of the car’s body and the wheel to move independently only in a vertical direction, with no considerations of pitch and roll directions, a 2 DOF model is known as a quarter car model. The model can be represented in the following equations:
				-msz..s=ks(zs-zu)+cs(z.s-z.u)
-muz..u=ku(zu-y)+cu(z.u-y.)-ks(zs-zu)-cs(z.s-z.u)

In a 4 DOF spring mass damper model, the difference between this and a 2 DOF spring mass model is that It incorporates the vertical and pitch directions in the car’s body, while the wheels move in a vertical direction. It can be represented in the following 4 equations:

	-msz..s=kf(zs-zf-aθ)+kr(zs-zr+bθ)+cf(z.s-z.f-aθ.)+cr(z.s-z.r+bθ.)
	-Iθ..=bkr(zs-zr+bθ)-akf(zs-zf-aθ)+bcr(z.s-z.r+bθ.)-acf(z.s-z.f-aθ.)
	-mfz..f=ktf(zf-yf)-kf(zs-zf-aθ)+ctf(z.f-y.f)-cf(z.s-z.f-aθ.)
	-mrz..r=ktr(zr-yr)-kr(zs-zr+bθ)+ctr(z.r-y.r)-cr(z.s-z.r+bθ.)

In a 7 DOF spring mass damper model, the model considers the vertical, pitch and roll motions of the car body and the vertical motions of the individual wheels. This is known as the full car model. It can be represented in the following 7 equations:

-mz..=kf1(z-zf1-aθ-βΦ)+cf1(z.-zf1.-aθ.-βΦ.)+kf2(z-zf2-aθ+αΦ)+cf2(z.-zf2.-aθ.+αΦ.)+kr1(z-zr1+bθ-βΦ)+cr1(z.-zr1.+bθ.-βΦ.)+kr2(z-zr2+bθ+αΦ)+cr2(z.-zr2.+bθ.+αΦ.)

-Ixθ..=bkr1(z-zr1+bθ-βΦ)+bcr1(z.-zr1.+bθ.-βΦ.)+bkr2(z-zr2+bθ+αΦ)+bcr2(z.-zr2.+bθ.+αΦ.)-akf1(z-zf1-aθ-βΦ)-acf1(z.-zf1.-aθ.-βΦ.)-akf2(z-zf2-aθ+αΦ)-acf2(z.-zf2-aθ.+αΦ.)

-IyΦ..=αkf2(z-zf2-aθ+αΦ)+αcf2(z.-zf2-aθ+αΦ.)+αkr2(z-zr2+bθ+αΦ)+ αcr2(z.-zr2.+bθ.+ αΦ.)-βkf1(z-zf1-aθ-βΦ)-βcf1(z.-zf1.-aθ.-βΦ.)-βcf1(z.-zf1.-aθ.-βΦ.)-βkr1(z-zr1+bθ-βΦ)-βcr1(z.-zr1.+bθ.-βΦ.)

-mf1zf1..=ktf1(zf1-yf1)-kf1(z-zf1-aθ-βΦ)-cf1(z.-zf1.-aθ.-βΦ.)+ctf1(zf1.-yf1.)

-mf2zf2..=ktf2(zf2-yf2)-kf2(z-zf2-aθ-αΦ)-cf2(z.-zf2.-aθ.-αΦ)+ctf2(zf2.-yf2.)

mr1zr1..=ktr1(zr1-yr1)-kr1(z-zr1+bθ-βΦ)-cr1(z-zr1+bθ-βΦ)+ctr1(zr1.-yr1.)

mr2zr2..=ktr2(zr2-yr2)-kr2(z-zr2+bθ+αΦ)-cr2(z.-zr2.+bθ.+αΦ.)+ctr2(zr2.-yr2.)




1. I have built all my SMD models from 1 DOF to 7 DOF based on the same structure shown in the demonstration in class. For my 1 DOF SMD model, it’s just the simple case of assigning 3 variables in the Matlab script, which are the M value (vehicle mass in kg), K value (spring rate in N/M), C value (damping coefficient). An example of the MATLAB variables are shown in the following screenshot:[image: ]
Consequently, the Simulink model of the 1 DOF is also represented in such way:
[image: ]
Essentially, in a 1 DOF model, it’s a way of representing a vehicle system that consists of only one component moving in only one direction. In the Simulink model, the first part coming out from the -1/m Gain block represents the acceleration, then for the damping, I need velocity as it is velocity-dependent force generation. For the spring component, it is represented in terms of position as it is deflection and position based. Starting from acceleration, if we integrate it, we would then get velocity output. Subsequently, doing the same and integrating velocity, we would then get to position (Woods & Lawrence, 1997).

After building the basis of the equation, we would still need to multiply our positions by K, which is the spring stiffness, and also consider the X and Y terms, which are the position of the mass and the external input (road profile) respectively.

For the structure of my 1 DOF model, the 2 sum blocks represents (z-y) and (z.-y.), meaning there would be a positive and negative port on both sumblocks. The 2 positive ports of the sum block can easily be rerouted from the Z output (position) and the Z dot output (velocity). The remaining 2 negative ports on the sum blocks are the Y terms where -y in terms of the road position and the -y. in terms of the velocity. This can be easily represented in the system using a step input. In the step input parameters, we can then set the initial value and final value of y. For example, an initial value of y to be 0.05 and a final value of 0 would essentially mean something like dropping off a kerb from a ledge then returning to a flat plane. From the step input, we could then draw a line directly from it to the negative port of the (z-y) sum block, and the differentiated value of the step input would then go into the negative port of the (z.-y.) sum block then feeding to the damping terms of c. This completes the system of a 1 DOF model.

In my 2 DOF SMD model, there are 6 variables being assigned in the Matlab script, they are the ms (sprung mass), ks (sprung mass spring rate) , cs (sprung mass damping coefficient), mu (unsprung mass), ku (unsprung mass spring rate) and cu values (unsprung mass damping coefficient). An example of the MATLAB variables are shown in the following screenshot:
[image: ]
Consequently, the Simulink model of 2 DOF is also represented in such way:
[image: ]
In a 2 DOF model system, essentially it’s the same principle as In the 1 DOF system, except that we now need to factor in the sprung and unsprung mass components, while still moving in only one direction. In the screenshot of the 2 DOF Simulink model, the first part coming out from the -1/Ms Gain Block represents the acceleration of the sprung mass, for the damping, it’s the same case of integrating acceleration to get the velocity, here represented by z dot s (z.s). For the spring component, it’s the simple step of integrating it again then we have the position, which is represented by ZS here (Eshkabilov, 2020). 

The second part of the 2 DOF system consists of the Unsprung mass which essentially a direct mirror of the Sprung mass. Coming out of the -1/Mu Gain block is the acceleration of the unsprung mass. Integrating it once gives us the velocity, represented by z dot u (z.u). Integrating it again, we have the position for the unsprung mass, represented by ZU (Eshkabilov, 2020).

After building the basis of the equations, we would still need to multiply our relative positions and velocities by Ks, Cs, Ku and Cu, which are the spring and damping coefficient. The Zs, Zu and Y terms then represents the positions of the sprung mass, unsprung mass and the external road input respectively.

The structure of my 2 DOF model includes the 6 sum blocks, which are (zs-zu), (z.s-z.u), (zu-y), (z.u-y.), (zs-zu) and (z.s-z.u). For the first two sumblocks representing (zs-zu) and (z.s-z.u), they work just the same way as in 1 DOF. In this 2 DOF Simulink model, I have used the Goto and From block in order to reroute zs, zu, z.s and z.u. This is a neat little function we learnt in class allowing for a cleaner workspace, saving to draw a few lines in order to reroute the terms. This completes the equations of the sprung mass. 
Onto the Unsprung mass equations, we need to consider Ks, Cs, Ku and Cu, that way we need 4 sum blocks to deal with the unsprung mass, which are (zu-y), (z.u-y.), (zs-zu) and (z.s-z.u). This is considerably more complicated than sprung mass part. In the unsprung mass, we not only need to consider the spring and damping forces from below the tyre acting on it, but also the corresponding main spring and damper units from the vehicle acting against the motion as well. 

Finally, a step block was made to provide road inputs to the system. The output of the step block is y and the output of the derivative block goes to y dot. This completes the system of a 2 DOF model.

Onto the structure of my 4 DOF Simulink model, there are 15 variables being assigned into the MATLAB script. They are the a, b, ms, I, mf, mr, kf, kr, cf, cr, ktf, ktr, ctf, ctr and h values. An example of the MATLAB variables are shown in the following screenshot:
[image: ]
And the Simulink model of 4 DOF is represented in such way:
[image: ]
In the 4 DOF Simulink model, 3 main sub-systems were used to represent the Sprung mass (which contains the pitch and the heave equations), the front mass and the rear mass. The Sprung mass, front un-sprung mass and rear un-sprung mass sub-system are shown below:
[image: ]
(Sprung Mass sub-system)
[image: ]
(front un-sprung mass)
[image: ]
(rear un-sprung mass)

Fundamentally, a 4 DOF system consists of 4 equations, the first equation involves the vertical translation of the sprung mass, with 2 terms relating to the springs and 2 terms relating to the dampers .The second equation relates to the pitch of the sprung mass and theta refers to the pitch angle. The remaining 2 equations represents the un-sprung masses of the front and the rear (MathWorks, 2021).
Inside each sub-system the basic core of each equations is the same as in the 2 DOF system. As a result, I will omit going into further explanation of the structure of each equations as they are essentially the same as in the 2 DOF, which is a gain block, followed by the integration of acceleration, velocity and then position. The only differences between the 4 DOF and the 2 DOF is there are 4 terms instead of 2 terms to consider. As a result, there are 4 gains ahead of each sum blocks for each respective equations. For instance in the heave equation, the 4 gains would be kf, kr, cf and cr (MathWorks, 2021). 

Finally onto the 7 DOF system, the first equation involves the vertical translation of the sprung mass, with 4 terms relating to the springs and 4 terms relating to the dampers. Similarly to 4 DOF, the second equation relates to the pitch of the sprung mass and theta refers to the pitch angle. The third equation relates to the roll of the sprung mass and Phi refers to the roll angle. The remaining 4 equations that involves zf1, zf2, zr1 and zr2 represent the un-sprung masses of the front left, front right, rear left and rear right wheels as labelled in the Simulink model (MathWorks, 2021).

To better illustrate the model, the following screenshots shows the variables of the 7 DOF model
[image: ]
[image: ]

Some of the values like a,b and h_roll needed to be calculated based on the parameters given. “a” and “b” values can be calculated from taking the wheelbase 2.443 and multiplying 55% and 45% respectively for the front and rear split. Whereas h_roll can be calculated from simple trigonometry from the roll centre height values and the wheelbase.
Again, similar to the 4 DOF model, the 7 DOF model was built on the same basis, but with the added complexity of the roll angle, represented by Φ Phi. 

The Simulink model of the 7 DOF is represented below:
[image: ]
[image: ]

[image: ]

[image: ]
[image: ]
The dynamic response of the 7 DOF system in roll also happens to be the sole objective as there is almost no longitudinal pitch acceleration in the MOTEC Simulator session. This will also be proven later on with an overlaid graph between the pitch and roll value.

In order for me to test if my Simulink model is working correctly. I have first trialled with exporting the data from one of the MOTEC Setup log files to my MATLAB script.
[image: ]
Using these command lines, I am able to extract the G_Force_Lat element from the setup 1.mat file as well as inputting the “time1” and “ax1” variables into my workspace for later use in my Simulink model. I have also plotted a graph inside MATLAB to check whether “ax1” looks correct.[image: ]
				(ax1 being plotted in MATLAB)
The next step is to input the ax and time value into my Signal Builder of the Roll element in my 7 DOF Simulink model. An interesting hiccup to point out here is that MATLAB R2023b has cancelled the “Signal Builder” block and has since replaced it with “Signal Editor”. However I have found the usage of Signal Editor to be clumsy, plus our online video tutorial on Teams is based on Signal Builder. As a result, I have trialled with exporting Signal Builder from an older version of MATLAB and copied the block straight into R2023b and it has worked for me.
[image: ]
The graph plotted of “ax1” against “time1” is shown below, indicating the values have been successfully taken into my model.
[image: ]
	(Signal Builder setup 1 screenshot, matching ax1 plotted in MATLAB )

After running the Simulink model with the Setup 1 signal input, the output of Phi can is shown on the scope attached.
[image: ]

To prove that the output of Pitch (theta) is near zero. I have repeated the exact steps to get an output of theta, shown below.
[image: ]

It may seem like theta was giving some sort of output. However when we overlay both Phi and Theta in the same graph, it would make theta seem negligible.
[image: ]

In order to for me to validate the trend of Roll being plotted against time and to further confirm it is behaving in the expected manner, I have conducted extensive research into looking at published papers that have produced results in a similar vehicle settings.
One of the vehicle models I have looked at for comparison/reference was from the book “Vehicle Dynamics : Theory and Application”. An example given in Chapter 11 illustrated in details of what the roll dynamics of a 4-wheeled road-going vehicle with the given variables would look during a passing/lane change manoeuvre.
[image: ]		[image: ]
The passing manoeuvre in this instance is known as a step input test. In the example, the vehicle had undergone a response of a step input test, which is a standard test of examining the vehicle’s dynamic response during a sudden change in steering angle from zero to a non-zero constant value (Jazar, 2008) which is very similar to the way our Motec simulated test of performing a standard “Lane Change” manoeuvre. According to the research, a step input test can also be categorized into a half-sined (sharper steering) and a sine-squared (smoother steering) function depending on the sharpness of the steering input (Jazar, 2008). 
[image: ]		[image: ]
     (Half-sined, sharper steering)		   (Sine-squared, smoother steering)

I have highlighted the difference in the above diagrams showing the difference of the Φ roll trend in the 2 different steering scenarios. I would argue that the setting scenario in our Motec simulated lane change test is leaning more towards a half-sined, sharper steering angle input which is in-lined to the Φ output in our data. However, since there is no steering angle data available in the given Setup 1-3 Motec log files, even if this could be reverse-engineered or predicted, it could ultimately only remain a hypothesis.

A graph of the roll angle plotted against time during a continuous lane-change manoeuvre was also given in the research, which further confirms the trend in my Simulink model to be in the expected manner. (shown below)
[image: ]

2. Using the same method mentioned previously in part 1, I have exported all 3 setup datasets from Motec i2 into MATLAB using the following lines of codes. I have also imported the extra parameter of “Gyro_Roll_Angle” from the .mat file. The “Gyro_Roll_Angle” parameter represents the real data logged from the vehicle’s roll sensor in the real world. It is my aim in this project to investigate the difference between this real value against the Phi value in my Simulink model to assess the accuracy the model.
[image: ]





I have setup my Simulink model to alter between the Setup’s signals as shown below:
[image: ]
		(Different input signals from 3 Setup datasets)

By rerouting different inputs from the 3 signal builders into the Roll equation, 3 different outputs of phi can be obtained. Subsequently, to compare the “Gyro_Roll_Angle” data from Motec, I have created the following subsystem in my Simulink model that allows me to create an overlaid graph of the simulator data and my model data.
[image: ]
It is also important to change the units from Radiant to Degrees in the Motec setup files before exporting the .mat file for later comparison with Phi in Simulink. It is also required for phi to go through a Radiant to Degrees translation by adding a gain block of -180/pi. Subsequently, using the built-in “R2D” function should also work however, that would require adding an extra “-1” gain block in order to make the value negative. 
To select the correct Motec setup data for comparison, we have to type in the correct names for the time values and Y values in order for the simulator gyro angle data to be plotted correctly.[image: ]

The last step is to run the model and we are able to obtain an overlaid graph in the scope. Overlaid graphs of Setup 1 to Setup 3 are shown below:
[image: ]
				(Setup 1 Overlaid graph)
[image: ]
				(Setup 2 Overlaid graph)

[image: ]
				(Setup 3 Overlaid graph)

The results of the overlaid graphs have shown that the troughs and crests patterns between the simulator output data and the model data have been mostly consistent. However, the difference lies in the peak values of the frequency waves. The Simulink model output appears to have exaggerated peak values when compared to the real data output obtained from Motec i2. 

Analysis

After looking at the overlaid graphs, we can make the conclusion that the Simulink’s model is accurate enough to provide a trend/pattern for us to observe the dynamic behaviour of the vehicle during a lane change manoeuvre. In theory, both the Simulator and the model’s output should look identical. However, it’s never going to happen in the real world as it is only a model, and any response we get from the model is always going to be theoretical. On top of that, we can only model the vehicle based on how accurate the information is provided. In other words, the model’s accurateness is always going to depend on the data we put in. 
In my own observation, I would also argue that the Simulink model even provides some advantages when compared to the actual data, albeit being not as accurate. As the peak values and the trend of Simulink output line is exaggerated, it could be useful for engineers to easily validate a phenomenon, such as observing the change in Roll when altering the spring rates. The Simulink model output would make such differences easier to spot as it is purely based on mathematical theories.

Extra findings
Based on the theory, I have trialled with altering the front & rear spring rates in my 7DOF model to beyond the limits to an extreme rate to observe/compare the change in the Z term (vertical displacement).
[image: ]

[image: ]
					(Z output of extremity A)
In the case of Extremity A with front spring rate of 6k and 28k rear, we can observe in the graph a lot extra noises from the bouncing. Indicating not enough support in the vertical movement.

[image: ]
		(Z output of Setup 2)
	In the case of Setup 2 with a front spring rate of 18k and 16k rear, the model responded well in the beginning, indicating sufficient but not over filtering. During the lane change manoeuvre, the troughs and crests of the vehicle’s vertical movement are clear with not much stutter in the transitional phase from steering left to right.

[image: ]
		(Z output of extremity D)
	In the case of extremity D with a front spring rate of 32k and 4k rear, the graph is an indication that the suspension is overly stiff. What was originally a minor crest in the case of Setup 2 in the 3-second period turned into a movement almost as if the vehicle was already doing a lane change manoeuvre.
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FIGURE 11.16. A passing maneuver.

s DMEIE





image25.png
Example 414 Force system coefficients for a car.

Consider a front steering, four-wheel car with the following characteris-

tics:

Cap, = Cagy ~ 26000N/rad

Car, = Cary ~ 32000N/rad

m 838.7kg

I, = 300kgm?

I, = 1391kgm?

a = 0.859m

a; = 1.486m

k, = 26612N/rad

¢, = 1700Ns/rad
Cs, = —04
Cs, = —01
Cr, = —04
Cr, = 02
Csp, = 0.01
Csp, = 0

Cp, = —3200
Cw. =0

v, = 16.6m/s
6 = O.lrad

(11.226)
(11.227)

(11.228)

(11.229)

(11.230)
(11.231)
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FIGURE 11.19. Roll angle response for the steering function (11.279).
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FIGURE 11.23. Roll angle response for the steering function (11.282).
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FIGURE 11.9. Roll angle response over time.
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48 %% Setup 1

a9

50 load( 'setup 1.mat’,’'G_Force_Lat');

51

52 load('setup 1.mat’, 'Gyro_Roll_Angle');
53

54 time1=0:0.01948:7.79;

55

56 ax1 =G_Force_Lat.Value;

57

58 motecgyroanglel =Gyro_Roll_Angle.Value;
59

60 %% Setup 2

61

62 load( 'setup 2.mat’,’G_Force_Lat');

63

64 load('setup 2.mat’, 'Gyro_Roll_Angle');
65

66 time2=0:0.01947:6.87;

67

68 ax2 =G_Force_Lat.Value;

69

70 motecgyroangle2 =Gyro_Roll_Angle.Value;
71

72 %% Setup 3

73

74 load( 'setup 3.mat’,’'G_Force_Lat');

75

76 load('setup 3.mat’, 'Gyro_Roll_Angle');
77

78 time3=0:0.01948:7.83;

79

80 ax3 =G_Force_Lat.Value;

81

82 motecgyroangle3=Gyro_Roll Angle.Value;
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Spring Rate in N/M
extremity A extremity B Setup 1 Setup 2 Setup 3 extremity C extremity D
Front Spring Rate 6000 10000 14000 18000 23000 28000 32000
Rear Spring Rate 28000 24000 20000 16000 12000 8000 4000




image37.png




image38.png




image39.png




image1.png
FNETINI

clc, clear

m
k
c

400; % mass in kg
8000; % stiffness in n/m
750; %damping coefficient




image2.png
¥ 0neDOF_simulink - Simulink academic use

% oncDOF_simulink =3
& | @ [alonenor simuink Ml
Ela ‘g
- g
=
=]
=

88% VariableStepAuto





image3.png
| twoDOF _variables.m | fourdc

VRNV R WD R

clc, clear

ms=450;
ks=9000;
€s=1200;

mu=40;
ku=75000;
cu=15;




