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lterative systems

X compact metric space, A finite alphabet
(F,: X — X)aea continuous.
(Fu: X = X)uea, Fw=F,oF,, Fx=1d

Theorem(Barnsley) If (F, : X — X)aea are
contractions, then there exists a unique attractor
Y C X with Y =[J,.4 Fa(Y), and a continuous
surjective symbolic mapping ® : AN — Y

u)} - ﬂ FU[o.n)(X)7 ue A"

n>0



Fractal attractor A = {0,1,2,3}




Binary system A = {0,1}, &, : AN — [0, 1]

x+1
2

Folx) = 5. Falx) =

dy(u) = Z ui-27 ue AN

i>0
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Binary signed system

A= {T,O,l}, (OFS AN [—1,1]
x—1 X x+1

Al = 25 Ralx) = 5. k) =5

d3(u) = Z ui-27 uwe AV

i>0

[0] [1]

[1]




In the standard decadic system, the addition is not
algorithmic

0.3333333333333333333333333333...

0.6666666666666666666666666666...
?




In the standard decadic system, the addition is not
algorithmic

0.3333333333333333333333333333...
0.6666666666666666666666666666...
?

0.33333333332 0.33333333334
0.66666666664 0.66666666668
0.9999999999 1.0000000000

The binary system @, is not redundant.
The binary signed system ®3 is redundant.



Real orientation-preserving Mobius transformations

ax + b
cx+d’

Ma’b@d(x) = ad — bc >0

acton R =R U {oo}
andon U= {zeC: 3(z) >0}

Stereographic projection d(z) = %

d:R—0D={z€C: |z| =1} unit circle
d:U—-D={zeC: |z|] <1} unitdisc



Disc Mobius transformations I\A/l —doModl

e T m
T- I‘ 1 T T-
T z—i = 2+i)z+1 ¢ 7420 z+i
Fz)=%4 R@)=S05 R =505
Fo(x) = x/2 Fi(x)=x+1 Fy(x) = 43XjX1

hyperbolic parabolic elliptic



Mobius number system(MNS) (F, X)

(F,: R — R),ca Mobius iterative system
F.= FuFu - F, ,, ucA"

convergence space:

Xp={ueA': lim F, (i) €R}

n—o00
symbolic map ® : X — R
®(u) = lim Fy () €R, ueXF

n—00

Y C Xf is a subshift such that ® : ¥ — R is
continuous and surjective.



Interval almost-cover W = {W, : a € A}

W, open intervals with UaeA W,=R
Expansion graph: x = F;1(x) if x € W,

X = Figt (%) = Frou () =

x € Wy, F (x) € Wy, F i.(x)e W,

Upuy

Wi = Wiy N Fup(Wo) N0 Py (W)

x € W, iff u is the label of a path with source x:
Expansion subshift:

={ue AV : Vn W, #0}

If VW is a cover then arithmetic algorithms exist.



Continued fractions ay — L 1 = F°FoF"Fy - -

al —
ay —
Fi(x)=x-1
Fo(x) =—-1/x
Fi(x) =1+ x

forbidden words:
00,11,11,101,101

2\ 2
Interval almost-cover:
L Wi = (00, —1)
A Wo =(-1,1)
Wi = (1,00)

x> F7(x)if x e W,
1 1
T N\,
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Binary signed system, A= {1,1,2}

Sy is a SFT.
forbidden words:
12,12,211,211
Sw = {2"u: ve {I,1}N}
S(2"u) =32 ui- on—i




The bimodular octanic system A = {3,2,1,0,0,1,2,3}

F3(x) =2x—1
F5(x) = 2x/(1 — x)
F(x) = (<~ 1)/2

)

)

)

Fo(x) = x/(2 = x)
Fo(x) = x/(x +2)
Fi(x) =(x+1)/2
Fa(x) =2x/(x + 1)
F3(x) =2x+1
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The redundant bimodular octanic system
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