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Question One (34 Marks) 

a) If   𝐴  =  [
2 0 3
1 8 3
0 2 0

] ,   𝐵  =  [
3 0 2
2 5 0
1 3 6

] ,  𝐶  =  [
1 4
2 −5
3 1

]     and  𝐷  =  [
2 4

−3 8
] 

 

i. The Determinant of 𝐴                                                                           

|𝐴|  =  |
2 0 3
1 8 3
0 2 0

| = 2(0 − 6) − 0(0 − 0) + 3(2 − 0) = −12 − 0 + 6 =  −6 

[4]    

ii. The Determinant of 𝐶            

𝑁𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒            [1]   

iii. The Determinant of 𝐷          

𝐷  =  |
2 4

−3 8
| = 16 + 12 = 28 

 [2] 

iv. 𝐴𝐵              

[
2 0 3
1 8 3
0 2 0

]         [
3 0 2
2 5 0
1 3 6

] = [
9 9 22

22 49 20
4 10 0

] 

 [4] 

v. 𝐵𝐶             

[
3 0 2
2 5 0
1 3 6

]   [
1 4
2 −5
3 1

] =  [
9 14

12 −17
25 −5

] 

 [3] 

vi. 𝐷𝐶             

[
2 4

−3 8
] [

1 4
2 −5
3 1

] = 𝑁𝑜𝑡 𝑃𝑜𝑠𝑠𝑖𝑏𝑙𝑒     

[1] 

vii. 𝐴 + 𝐷            

  

[
2 0 3
1 8 3
0 2 0

]   [
2 4

−3 8
] = 𝑁𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒  

[1] 
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b) Find the Inverse of the following matrix: 

  𝐴 = [
2 4 1
1 4 7
0 5 2

]                        

𝐴−1 =
𝑎𝑑𝑗 𝐴

|𝐴|
 

|𝐴| = 2(8 − 35) − 4(2 − 0) + 1(5 − 0) 

|𝐴| = −54 − 8 + 5           

   |𝑨| = −𝟓𝟕    ≠ 𝟎                                                                 [𝟐] 

      Calculations for Minors, 

1. (4 × 2) − (7 × 5) = −27 

2. (1 × 2) − (7 × 0) = 2 

3. (1 × 5) − (4 × 0) = 5 

4. (4 × 2) − (1 × 5) = 3 

5. (2 × 2) − (1 × 0) = 4 

6. (2 × 5) − (4 × 0) = 10 

7. (4 × 7) − (1 × 4) = 24 

8. (2 × 7) − (1 × 1) = 13 

9. (2 × 4) − (4 × 1) = 4 

[
−27 2 5

3 4 10
24 13 4

]        →       [
+ − +
− + −
+ − +

]       →       [
−27 −2 5
−3 4 −10
24 −13 4

]  

 

[𝟔 𝒎𝒂𝒓𝒌𝒔 (−𝟏) 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒘𝒓𝒐𝒏𝒈]  

𝑎𝑑𝑗 𝐴 = [
−27 −3 24
−2 4 −13
5 −10 4

]                                        [𝟏]  

 

𝑨−𝟏 =
𝟏

−𝟓𝟕
[
−𝟐𝟕 −𝟑 𝟐𝟒
−𝟐 𝟒 −𝟏𝟑
𝟓 −𝟏𝟎 𝟒

]                                    [𝟏] 
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c) Use Cramer’s Rule to solve the following system of simultaneous equations: 

3𝑥 − 2𝑦 + 𝑧 = 2 

𝑥 − 3𝑦 + 2𝑧 = 1 

2𝑥 + 𝑦 − 3𝑧 = −5 

[8] 

                                                                      

[
3 −2 1
1 −3 2
2 1 −3

]  [
𝑥
𝑦
𝑧

] =  [
2
1

−5
]                                     [1] 

 

|
3 −2 1
1 −3 2
2 1 −3

| = 3(9 − 2) + 2(−3 − 4) + 1(1 + 6) 

                                           ∆= 𝟏𝟒                                                         [𝟏]                               

 

|
2 −2 1
1 −3 2

−5 1 −3
| = 2(9 − 2) + 2(−3 + 10) + 1(1 − 15) 

  ∆𝒙= 𝟏𝟒                                                           [𝟏]  

 

|
3 2 1
1 1 2
2 −5 −3

| = 3(−3 + 10) − 2(−3 − 4) + 1(−5 − 2) 

  ∆𝒚= 𝟐𝟖                                                               [𝟏] 

 

|
3 −2 2
1 −3 1
2 1 −5

| = 3(15 − 1) + 2(−5 − 2) + 2(1 + 6) 

∆𝒛= 𝟒𝟐                                                                 [𝟏]   

 

𝒙 =
∆𝒙

∆
=

𝟏𝟒

𝟏𝟒
= 𝟏                                                               [𝟏] 

𝒚 =
∆𝒚

∆
=

𝟐𝟖

𝟏𝟒
= 𝟐                                                              [𝟏] 

𝒛 =
∆𝒛

∆
=

𝟒𝟐

𝟏𝟒
= 𝟑                                                               [𝟏] 
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Question Two (34 Marks) 

a) Given the following complex numbers: 

 

 𝑍1 = 3 + 4𝑗,       𝑍2 = 5 + 3𝑗 ,     𝑍3 = 2 + 6𝑗 

Calculate the following, expressing your answers in rectangular form: 

i. 𝑍1 + 𝑍2                                                                                                              [1] 

𝒁𝟏 + 𝒁𝟐 = 𝟑 + 𝟒𝒋 + 𝟓 + 𝟑𝒋 = 𝟖 + 𝟕𝒋                               [𝟏]     

        

ii. 2𝑍2 + 3𝑍3                                                                                                          [2] 

2𝑍2 + 3𝑍3 = 2(5 + 3𝑗) + 3(2 + 6𝑗) 

= 𝟏𝟎 + 𝟔𝒋 + 𝟔 + 𝟏𝟖𝒋 = 𝟏𝟔 + 𝟐𝟒𝒋                              [𝟐]                                     

                                                                               

iii. 𝑍1
2 + 𝑍3                                                                                                            [3] 

𝑍1
2 + 𝑍3 = (3 + 4𝑗)(3 + 4𝑗) + (2 + 6𝑗)                                                                                                          

𝒁𝟏
𝟐 + 𝒁𝟑 = (𝟗 + 𝟏𝟐𝒋 + 𝟏𝟐𝒋 − 𝟏𝟔) + 𝟐 + 𝟔𝒋  

𝒁𝟏
𝟐 + 𝒁𝟑 = −𝟓 + 𝟑𝟎𝒋                                                 [𝟑]       

 

iv. 𝑍1𝑍2𝑍3                                                                                                                        [4] 

𝑍1𝑍2𝑍3 = (3 + 4𝑗)(5 + 3𝑗)(2 + 6𝑗) = (15 + 9𝑗 + 20𝑗 − 12)(2 + 6𝑗) 

𝑍1𝑍2𝑍3 = (3 + 29𝑗 )(2 + 6𝑗)                                                   
 

𝒁𝟏𝒁𝟐𝒁𝟑 = 𝟔 + 𝟏𝟖𝒋 + 𝟓𝟖𝒋 − 𝟏𝟕𝟒 = −𝟏𝟔𝟖 + 𝟕𝟔𝒋                                                 [𝟒] 
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v. |𝑍1𝑍2𝑍3|                                                                                                             [3] 

𝑍1𝑍2𝑍3 = −168 + 76𝑗                                 

|𝑍1𝑍2𝑍3| = √(−168)2 + (76)2 

|𝒁𝟏𝒁𝟐𝒁𝟑| = 𝟏𝟖𝟒. 𝟑𝟗 

 

vi. 
𝑍1

𝑍2
                                                                                                        [5]

         

𝑍1

𝑍2
=

3 + 4𝑗

5 + 3𝑗
 

=
3 + 4𝑗

5 + 3𝑗
×

5 − 3𝑗

5 − 3𝑗
=

15 − 9𝑗 + 20𝑗 + 12

25 + 9
                         [𝟑] 

𝑍1

𝑍2
=

27 + 11𝑗

34
                              [𝟏]  

𝒁𝟏

𝒁𝟐
=

𝟐𝟕

𝟑𝟒
+

𝟏𝟏

𝟑𝟒
  𝒋                          [𝟏] 

 

b) Solve the following quadratic equation, expressing your answers in Polar Form: 

 

5𝑥2 − 8𝑥 + 5 = 0 

[9] 

𝑎 = 5             𝑏 = −8                    𝑐 = 5 

𝑥 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

𝑥 =
−(−8) ± √(−8)2 − 4(5)(5)

2(5)
               [1] 

𝑥 =
8 ± √−36

10
=

8 ± 6j

10
                               [2]  

𝒙 =
𝟖 + 𝟔𝒋

𝟏𝟎
=  

𝟒

𝟓
+

𝟑

𝟓
𝒋                                 
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𝑂𝑟 

 

𝒙 =
𝟖 − 𝟔𝒋

𝟏𝟎
=  

𝟒

𝟓
−

𝟑

𝟓
𝒋                                               [𝟏] 

            

𝑖𝑛 𝑝𝑜𝑙𝑎𝑟 𝑓𝑜𝑟𝑚 

𝑥 =  0.8 + 0.6𝑗 

|0.8 + 0.6𝑗| = √0.82 + 0.62 = 1                              [1] 

∅ = tan−1 (
0.6

0.8
) 

∅ = 36.87°                                [1]   

𝑥 = 0.8 + 0.6𝑗 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑓𝑜𝑟𝑚 

𝒙 = 𝟏(𝒄𝒐𝒔𝟑𝟔. 𝟖𝟕° + 𝒋𝒔𝒊𝒏 𝟑𝟔. 𝟖𝟕°)    𝑝𝑜𝑙𝑎𝑟  𝑓𝑜𝑟𝑚            [𝟏]      

𝑥 =  0.8 − 0.6𝑗 

|0.8 − 0.6𝑗| = √0.82 + 0.62 = 1 

∅ = tan−1 (
−0.6

0.8
) 

∅ = 36.87° 𝑛𝑜𝑡 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  

∅ = 360° − 36.87°  

∅ = 𝟑𝟐𝟑. 𝟐°                                            [𝟏] 

𝑥 = 0.8 − 0.6𝑗 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑓𝑜𝑟𝑚 

𝒙 = 𝟏(𝒄𝒐𝒔𝟑𝟐𝟑. 𝟐° + 𝒋𝒔𝒊𝒏 𝟑𝟐𝟑. 𝟐°)  𝑖𝑛 𝑝𝑜𝑙𝑎𝑟  𝑓𝑜𝑟𝑚                           [𝟏]       

 

c) Use de Moivres’ theorem to calculate  (3 + 4𝑗)4 , giving your answers in rectangular 

form.   

[7]  

                (3 + 4𝑗)  𝑖𝑛 𝑝𝑜𝑙𝑎𝑟 𝑓𝑜𝑟𝑚 ∶                                                                                                                                  

|(3 + 4𝑗)| = √32 + 42 = √25 = 5                                  [1]  

∅ = tan−1 (
4

3
) 

∅ = 53.13°                                                   [1]   

𝑠𝑜 (3 + 4𝑗)   𝑖𝑛 𝑝𝑜𝑙𝑎𝑟 𝑓𝑜𝑟𝑚 𝑖𝑠      5(𝑐𝑜𝑠 53.13° + 𝑗𝑠𝑖𝑛 53.13°)    

 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒   [5(𝑐𝑜𝑠 53.13° + 𝑗𝑠𝑖𝑛 53.13°)] 4  
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𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑑𝑒 𝑀𝑜𝑖𝑣𝑟𝑒𝑠’ 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑔𝑖𝑣𝑒𝑠   54(𝑐𝑜𝑠 4 ×  53.13° + 𝑗𝑠𝑖𝑛 4 × 53.13°)             [3]   

625(𝑐𝑜𝑠 212.52° + 𝑗𝑠𝑖𝑛 212.52°)             [1]   

(𝟑 + 𝟒𝒋)𝟒 = −𝟓𝟐𝟕 − 𝒋𝟑𝟑𝟔  𝒊𝒏 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒇𝒐𝒓𝒎              [1]  

 

Question Three (32 Marks) 

a) Integrate the following: 

 

i. ∫(25𝑥4 +  12𝑥2 + 6𝑥 − 10)   𝑑𝑥          [4] 

=
25𝑥5

5
+

12𝑥3

3
+

6𝑥2

2
− 10𝑥 + 𝐶 = 5𝑥5 + 4𝑥3 + 3𝑥2 − 10𝑥 + 𝐶 

ii. ∫(𝑠𝑖𝑛7𝑥 + 6𝑐𝑜𝑠3𝑥 +  5𝑒5𝑥) 𝑑𝑥                                    [3] 

= −
1

7
𝑐𝑜𝑠7𝑥 +

6

3
𝑠𝑖𝑛3𝑥 +

5

5
𝑒5𝑥 + 𝐶 = −

1

7
𝑐𝑜𝑠7𝑥 + 2𝑠𝑖𝑛3𝑥 + 𝑒5𝑥 + 𝐶 

 

iii. ∫
10𝜃4+2

2𝜃5+2𝜃+𝜋
  𝑑𝜃                                                                           [2]

                  

= ∫
10𝜃4 + 2

2𝜃5 + 2𝜃 + 𝜋
  𝑑𝜃 

= 𝑙𝑛|2𝜃5 + 2𝜃 + 𝜋| + 𝐶 

iv. ∫ (
16

𝑓
+ 𝑙𝑛(𝑒2) + 3 ) 𝑑𝑓                                                                         [2]

               

= 16 𝑙𝑛|𝑓| + 2𝑓 + 3𝑓 + 𝐶 = 16 𝑙𝑛|𝑓| + 5𝑓 + 𝐶 

v. ∫ (2𝑥3 + 5𝑥2 + 3𝑥 − 9) 𝑑𝑥
5

1
        [4] 

= [2
𝑥4

4
+ 5

𝑥3

3
+ 3

𝑥2

2
− 9𝑥]

1

5

= [
2𝑥4

4
+

5𝑥3

3
+

3𝑥2

2
− 9𝑥]

1

5

 

= [
2(5)4

4
+

5(5)3

3
+

3(5)2

2
− 9(5)] − [

2(1)4

4
+

5(1)3

3
+

3(1)2

2
− 9(1)] =   
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= [
2(625)

4
+

5(125)

3
+

3(25)

2
− 45] − [

2

4
+

5

3
+

3

2
− 9]   

= [513.333] − [−5.333] =  = 518.666 

vi. ∫  (2𝑒2𝑥 + sin
𝑥

2
)  𝑑𝑥

4

0
          [3] 

= [2
𝑒2𝑥

2
+

𝑐𝑜𝑠
𝑥
2

1
2

]

0

4

 

= [2
𝑒8

2
+

𝑐𝑜𝑠2

1
2

] − [2
𝑒0

2
+

𝑐𝑜𝑠0

1
2

] = [𝑒8 + 2𝑐𝑜𝑠2] − [1 + 2] = 2979.957  

   [18]  

b) Using the substitution method, let  𝑢 = 4𝑥3 + 9   find : 

 

∫ 𝑥2 (4𝑥3 + 9)5𝑑𝑥 

                        [6]   

 

𝑢 = 4𝑥3 + 9 

𝑑𝑢

𝑑𝑥
= 12𝑥2                        𝑑𝑢 = 12𝑥2𝑑𝑥                       𝑑𝑥 =

𝑑𝑢

12𝑥2
                   [𝟐]  

 

∫ 𝑥2 (4𝑥3 + 9)5𝑑𝑥   = ∫ 𝑥2. 𝑢5
𝑑𝑢

12𝑥2
                                   

=
1

12
∫ 𝑢5𝑑𝑢                                                                                      [𝟐]   

=
1

12
∫ 𝑢5𝑑𝑢 =

1

12
 
𝑢6

6
+ 𝐶 

=
𝟏

𝟕𝟐
(𝟒𝒙𝟑 + 𝟗)𝟔 + 𝑪                                                                [𝟐]    
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c) Use Integration ‘by Parts’ to find 

 

  ∫ 5𝑥 𝑒5𝑥 𝑑𝑥                  [8]

  

 

𝑢 = 5𝑥 →      
𝑑𝑢

𝑑𝑥
= 5    →   𝑑𝑢 = 5 𝑑𝑥                                                      [2] 

𝑑𝑣 = 𝑒5𝑥 𝑑𝑥    →    𝑣 = ∫ 𝑒5𝑥 𝑑𝑥    =
1

5
𝑒5𝑥                                                        [2] 

 

 ∫ 5𝑥 𝑒5𝑥 𝑑𝑥   = 5𝑥 (
1

5
𝑒5𝑥) − ∫ (

1

5
𝑒5𝑥) 5 𝑑𝑥 = 𝑥𝑒5𝑥 − ∫ 𝑒5𝑥𝑑𝑥                           [2]  

 ∫ 𝟓𝒙 𝒆𝟓𝒙 𝒅𝒙  = 𝒙𝒆𝟓𝒙 −
𝟏

𝟓
𝒆𝟓𝒙 + 𝑪 = 𝒙𝒆𝟓𝒙 −

𝒆𝟓𝒙

𝟓
+ 𝑪                            [𝟐] 

 

     

 

𝐸𝑁𝐷   
 


