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By use of a mathematical presented model to show a two zone representation of in cylinder 
dynamics under combustion, with analyses on the sensitivity giving a large effect. Resulting in how 
the formation of NOx production is present at high cylinder temperatures with comparative results, 
giving a new method of parametrization of pressures to give greater accuracy with NOx prediction.  
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1.  Introduction 
The use of mathematical models for engine simulations is becoming more popular due to the 

advantage of increased computational power for some complex models. This saves 

manufacturers time and cost as a model will be able to compute a prediction within a few 

seconds where as a dynamometer run will take a considerably longer time to carry out.  

By started with equations used day to day such as the ideal gas law, adiabatic relationships 

and relatable equations to give the simple combustion model. Where supplied engine data 

from a secondary source Ford Motor Company is used. Where the base data is pressure 

and volume values, with a data sheet giving details of each parameter necessary for input 

data. The model will evolve into a two zone model where combustion temperatures and 

pressures will help give a prediction of Nitrogen Oxides (NOx) formation.  

Each NOx formation will be looked at and from the Extended Zeldovich Mechanism (EZM), 

to the Super Extended Zeldovich Mechanism (SEZM) and the suitability of results towards 

the engine data given. Chemical formations will be divulged leading onto reaction rates of 

the engine out emissions to find equilibrium. The use of Microsoft Excel will be used to 

provide a platform for the extensive amount of calculations where some limitations are made 

for calculation quantities.  

From the use of the SEZM, the use of the empirical parametrization will be used to further 

increase the accuracy of the NOx predictions. As the pressure data is averaged over 300 

cycles it will be used to best fit the parametrization. 

As the engine manufacturers are under EU regulations for tailpipe emissions, there is the 

use of aftermarket available to combat the engine out emissions. The use of the model is 

important as it predicts the engine out emissions so combating the problem in cylinder rather 

than adding more and more after treatment devices. The New European Drive Cycle 

(NEDC) cycle is now in force and soon to come is the Real Driving Emissions (RDE) and 

Worldwide harmonized Light vehicles Test Procedure (WLTP). These models can be used in 

the ECU to actively change the engines parameters to tackle the future strict regulations.  
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2. Two zone model 
With engine data from a 1.0L turbocharged direct injection engine, showing the pressure and 

volume at each interval of crank angle. A piezoelectric pressure transducer is used to 

measure the in cylinder pressure. A model is used for analytical work and prediction before 

any dynamometer work is done as the calculations can take a matter of seconds where a 

simple engine run on the dyno can take considerably longer.  

The need for direct injection came from the need of lowering specific fuel consumption and 

as a result lowering CO2 emissions. The greater efficiency of the engine is made by the 

charge drawn in consisting wholly of air with or without the addition of exhaust gas 

recirculation (EGR), with the use of fuel stratification before combustion.  

2.1. Polytropic Index 
By taking logarithms of the pressure and volume to result in the Log PV loop in Figure 1. It 

can be used to narrow down the start of combustion (SOC) and end of combustion (EOC), 

from workings it can be found within ±10 degrees. This isn’t ideal for following calculations so 

it was necessary to narrow down by an alternative method. (Tazerout, Le corre, & Ramesh, 

2000) 

 

Figure 1 Log PV loop – Expansion and compression are assumed to be straight lines  

From the Log PV loop diagrams, it is possible to find the relation between the pressure and 

volume. It is known that the compression and expansion processes are assumed to be 

adiabatic thus, can be fitted well with a polytropic relation; where ‘𝜂𝜂′ is the Polytropic index, 
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Equation 1  

Where it is seen that a suitable for the index is of the order of 1.3 (±0.05). To gain a value it is 

achieved by;  

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝜂𝜂) ≈  
−(𝐿𝐿𝐿𝐿𝐿𝐿𝑃𝑃2 − 𝐿𝐿𝐿𝐿𝐿𝐿𝑃𝑃1)
(𝐿𝐿𝐿𝐿𝐿𝐿𝑉𝑉2 − 𝐿𝐿𝐿𝐿𝐿𝐿𝑉𝑉1)

 

Equation 2  

It is seen that it is analogous to the average value of ′𝛾𝛾𝑢𝑢𝑢𝑢𝑢𝑢′ over compression process, but it 

is larger than ′𝛾𝛾𝑏𝑏′ for the burned gas during expansion; as a result of the heat loss to the walls. 

(Heywood, 1988).  The SOC and EOC where found by an immediate increase/decrease in the 

polytropic index. The delay from spark to a noticeable change in pressure is, the ignition delay 

is approximately 9 degrees. 

2.2. Pressure without combustion 
From the polytropic relation equation, to find the resultant pressure after 1 degree if the EOC 

stopped at ‘𝑃𝑃1’ (Bar). Where ‘𝜂𝜂’ value is used appropriately for compression and expansion.  

𝑃𝑃2𝜂𝜂 =  𝑃𝑃1 �
𝑉𝑉1
𝑉𝑉2
�
𝜂𝜂

 

Equation 3  

This value is dependent on the correct calculation of the polytropic index due to the power 

mathematic function. 

 

Figure 2 Pressure added from combustion at 6500RPM 
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The maximum pressure added to the combustion is at 12 degrees ATDC with an additional 

4.52Bar. This pressure is at 38% MFB, where the maximum flame speed is produced as this 

intersects with the steepest part of the slope from the MFB trace.  

Pressure rise due to combustion is the measured by pressure minus calculated pressure (Bar) 

in Equation 3; 

∆𝑃𝑃 =  𝑃𝑃1 − 𝑃𝑃2𝜂𝜂1 

Equation 4  

2.3. Mass fraction burned (MFB) 
By calculating the MFB, it will show the percentage of the total mass in cylinder that has been 

burned at each crank angle. The determined SOC and EOC are sensitive towards the 

polytropic index. As the MFB is imperative for later calculations, it is crucial that it is close as 

possible to a representative of the real engine data. A simple MFB is a summation of the 

pressure differences (from Equation 4) from SOC to EOC, as follows; 

𝑀𝑀𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
∑ ∆𝑃𝑃𝑆𝑆𝑆𝑆𝑆𝑆→𝜗𝜗

∑ ∆𝑃𝑃𝑆𝑆𝑆𝑆𝑆𝑆→𝐸𝐸𝐸𝐸𝐸𝐸
 

Equation 5 

From these values a simple two zone model can be calculated. 

2.3.1. Heat release 
By approaching the MFB in a different way to gain a higher accuracy, as the values given are 

used in later calculations.  By assuming that the heat release in 1 degree is proportional to the 

pressure rise the transposition steps are given in Appendix A, (Merket, Schwarz, stiesch, & 

Otto, 2006) resulting in; 

𝑀𝑀𝑀𝑀𝑀𝑀𝑑𝑑𝑑𝑑 =
∑ 𝑉𝑉2 × ∆𝑃𝑃𝑆𝑆𝑆𝑆𝑆𝑆→𝜗𝜗

∑ 𝑉𝑉2 × ∆𝑃𝑃𝑆𝑆𝑆𝑆𝑆𝑆→𝐸𝐸𝐸𝐸𝐸𝐸
 

Equation 6 
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Figure 3 MFB comparison at 6500RPM 
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pressure; where 2% flows back at EOC. (McGrath, 1996) (Merket, Schwarz, stiesch, & Otto, 

2006) 

In reality 100% MFB strictly isn’t true as you have a percentage of crevice volume. As a result 

you get a residual gas fraction from the mass unburned left in the cylinder, this will get taken 

into account with the EGR in the model.  
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2.4. In-cylinder mass calculations  
Producing base data of the mass going into the engine is needed for future calculations, the 

input data used is from Ford’s data sheets. The Airflow (KG/H), RPM and Air/fuel ratio are 

used. As the two cylinders are drawing in air, this needs to be factored in with addition to the 

conversion for KG/Hour to KG/rev. This follows as; 

𝐴𝐴𝐴𝐴𝐴𝐴 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝐾𝐾𝐾𝐾) =  
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

2 × 60 × 𝑅𝑅𝑅𝑅𝑅𝑅
 

Equation 7 

With the addition of the air/fuel ratio (AFR), to provide the fuel mass; 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝐾𝐾𝐾𝐾) =  
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

2 × 60 × 𝑅𝑅𝑅𝑅𝑅𝑅 × 𝐴𝐴𝐴𝐴𝐴𝐴
 

Equation 8 

To gain total mass incoming to the cylinder; 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 (𝐾𝐾𝐾𝐾) = 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 + 𝐴𝐴𝐴𝐴𝐴𝐴 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 

Equation 9 

2.4.1. EGR addition 
By recirculating a measured percentage of the exhaust gas back into the plenum, the intake 

charge is contaminated with post burn mixture. As more mass is in introduced in the cylinder 

from EGR, like CO2, H2O and N2, therefore the space for the molecules to interact (degrees of 

freedom) is lessened due to the denser mixture. This lowers the flame temperature as it 

introduces inert gas between the homogeneous mixture as a result reduces NOx emissions; 

adding too much EGR can result in slow burn rates so this need to be considered. 

New total mass including EGR% is found by; 

𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝐾𝐾𝐾𝐾) = 𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + �(𝑛𝑛𝑇𝑇 × 𝛼𝛼) × �
𝐸𝐸𝐸𝐸𝐸𝐸%

100
� � 

Equation 10 

In the real engine, EGR levels are seen to use up to 33.3% seen in Appendix B, although EGR 

is used throughout the whole map, it is substantially increased load whilst in the typical ‘drive 

cycle’. Using EGR and burning lean to counter NOx emissions and passing the legislation it’s 

possible in a theoretical model and real world by the data found from Ford. (Ford, 2012) 
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2.5. Fuel molecule calculator 
Fuel equivalence ratio is seen to be opposite to lambda, and is usually used when discussing 

fuel-in situations. It is found by;  

𝐹𝐹𝐹𝐹𝐹𝐹 (𝜑𝜑) =  
1

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
 

Equation 11 

By balancing the chemical equation of the mixture in (reactants) to mixture out (products out) 

for each FER, producing an accurate value for each element. Values from 0.8-1.3 was 

calculated in 0.001 steps to ensure accuracy. Giving a global stoichiometric reaction of 

combustion; 

0.9(𝐶𝐶8.26𝐻𝐻15.5) + 12.135(𝑂𝑂2 + 3.76𝑁𝑁2) → 7.847 𝐶𝐶𝐶𝐶2 + 1.2135𝑂𝑂2 + 6.975𝐻𝐻2𝑂𝑂 + 45.6276𝑁𝑁2 

Equation 12 

To find the molecular weight of the reactants, the equation was used with the molecular weight 

of each element and the quantity used; 

𝑀𝑀𝑀𝑀𝑀𝑀.𝑊𝑊𝑊𝑊 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (𝐾𝐾𝐾𝐾) =
(114.62 × 𝜑𝜑) + �𝑎𝑎𝑎𝑎𝑎𝑎 × �32 + (3.76 × 28)��

(𝜑𝜑 + (𝑎𝑎𝑎𝑎𝑎𝑎 × 4.76))
 

Equation 13 

Following the same approach for the products (in Kg); 

𝑀𝑀𝑀𝑀𝑀𝑀.𝑊𝑊𝑊𝑊 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 =
�𝐶𝐶𝐶𝐶2 × �12 + (32)�� + �𝐻𝐻2𝑂𝑂 × �(2) + 16�� + �𝑂𝑂2 × (32)� + �𝑁𝑁2 × (28)�

(𝐶𝐶𝐶𝐶2 + 𝐻𝐻2𝑂𝑂 + 𝑂𝑂2 + 𝑁𝑁2)   

Equation 14 

To gain the gas constant for the reactants or products, by using the universal gas constant 

(J/Kmol.K) and using the appropriate molecular weight thus; 

𝑅𝑅𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢/𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  =
8314

𝑀𝑀𝑀𝑀𝑀𝑀.𝑊𝑊𝑊𝑊 
 

Equation 15 
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Tabulating all this data in a suitable form for ease of lookup function. 

Table 1 Fuel calculator lookup table 

FER (φ) CO2  CO H2O O2 N2 MolWt.Rea MolWt.Pro R.unb R.b 
0.8 6.61 0.00 6.20 2.43 45.63 30.01 28.88 277.02 287.90 
0.85 7.02 0.00 6.59 1.82 45.63 30.08 28.88 276.36 287.88 
0.9 7.43 0.00 6.98 1.21 45.63 30.16 28.88 275.70 287.86 
0.95 7.85 0.00 7.36 0.61 45.63 30.23 28.88 275.04 287.83 

1 8.26 0.00 7.75 0.00 45.63 30.30 28.89 274.39 287.81 
1.05 7.48 1.19 8.13 0.00 45.63 30.37 28.61 273.75 290.56 
1.1 6.68 2.40 8.52 0.00 45.63 30.44 28.34 273.11 293.34 
1.15 5.87 3.62 8.90 0.00 45.63 30.51 28.08 272.47 296.11 
1.2 5.07 4.83 9.29 0.00 45.63 30.58 27.82 271.84 298.86 
1.25 4.27 6.04 9.68 0.00 45.63 30.66 27.57 271.20 301.59 
1.3 3.47 7.26 10.07 0.00 45.63 30.73 27.32 270.58 304.31 

 

 

Figure 4 Calculated combustion products 

The nitrogen stays constant throughout FER. The content of oxygen lessens with the rise of 

FER until stoichiometric. CO starts to rise when there isn’t enough oxygen to support full 

combustion and fuel droplets don’t get a complete burn as, the outer layer of fuel is burnt 

locally, whereas in the centre of the droplet there is still fuel molecules so it doesn’t burn 

globally; thus producing CO. As the reason for CO, the resultant is that CO2 decreases, as the 

hydrogen excess is burnt off to H2O.  

Due to the greater fuel the flame temperature will greaten until stoichiometric where it is 

highest thus, encouraging the O2 dissociation from CO2 and H2O; creating NOx. As the FER 
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greatens so does the CO2 and H2O molecules, further exacerbating the dissociation into NOx, 

until there isn’t enough O2. 

2.6. Average temperature 
To gain the average temperature that is in the cylinder the ideal gas law is used; 

𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝐾𝐾) =  
𝑃𝑃𝑃𝑃
𝑀𝑀𝑀𝑀

=  
𝑃𝑃1 × 𝑉𝑉1

𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡/𝑐𝑐𝑐𝑐𝑐𝑐 × 𝑅𝑅
 

Equation 16 

 

Figure 5 Average in-cylinder temperature  

The dip in the trace is due to the gas constant changing at the SOC from ‘𝑅𝑅𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢’ to ‘𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏’ 

this results in a lower temperature value, due to the lower molecular weight of the products 

from combustion. So the dip in temperatures should be disregarded. It is clear to see where 

the exhaust valve opens from the rapid loss in heat after combustion. This could also be used 

as a basic single zone model.  

2.7. Unburned zone 
Up until SOC the same temperature from Equation 16 is used. After SOC Equation 17 should 

be employed to the temperature of the unburned zone. Where Gamma is variable to each 

previous temperature and the FER used at that RPM. From the adiabatic relation (Merket, 

Schwarz, stiesch, & Otto, 2006); 

𝑇𝑇𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝐾𝐾) =  𝑇𝑇1 �
𝑃𝑃2
𝑃𝑃1
�
𝛾𝛾−1
𝛾𝛾

 

Equation 17 
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Figure 6 Temperature unburned against temperature average 

The temperatures also need to be relative to a real engine where they need to be less than 

1200K to prevent auto ignition of the unburned zone (Merket, Schwarz, stiesch, & Otto, 2006). 

Whilst the model assumes a rapid rise in temperature. Shown in the unburned zone as it gains 

temperature with the flame front until after the peak temperature from the burned zone, it starts 

cooling as the volume of unburned gets smaller whilst the piston motion downwards is 

increasing volume, until the rapid decrease of when the exhaust valve is opened.  

The unburned volume uses MFB which is sensitive to the polytropic index for precision. By 

finding the unburned mass in the zone, using the MFB for the mass left in the cylinder. By 

continuing to use the ideal gas law;  

𝑉𝑉𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑐𝑐𝑐𝑐) = �
(1−𝑀𝑀𝑀𝑀𝑀𝑀) × 𝑀𝑀 × 𝑅𝑅𝑢𝑢𝑢𝑢 × 𝑇𝑇𝑢𝑢𝑢𝑢

𝑃𝑃 � 

Equation 18 

2.8. Burned zone 
As the flame front is propagating, burning the mass of the mixture in the cylinder, the volume 

of which is found by; 

𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑐𝑐𝑐𝑐) = 𝑉𝑉 − 𝑉𝑉𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 

Equation 19 

The temperature of the mixture propagating over the burned volume is gained by; 

𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐾𝐾) =  
𝑃𝑃 × 𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑀𝑀𝑀𝑀𝑀𝑀 × 𝑀𝑀 × 𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
 

Equation 20 
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Figure 7 Two zone temperatures and volumes 

The peak temperature of the burned zone is 2752.2K, 18 degrees ATDC whilst unburned zone 

is 991.2K at 15 degrees ATDC, the delay between the two zones is due to the internal heat 

transfer. Whilst the unburned temperature is peak when the pressure is highest in the cylinder. 

The volume of the unburned zone is the volume of the mixture at the point of SOC (seen at 

37.6cc), whereas the volume of the burned zone continues to increase past this volume as 

the piston moves down increasing overall volume until EOC (seen at 108.1cc). 

The model assumes rapid rise in pressure from SOC, this increases the unburned zone 

temperature by an adiabatic compression; in the burned zone it is similar from adiabatic 

expansion. 

2.9. Burned temperature correction 
When carrying out the calculations for burned temperatures from Equation 20, its shown that 

up to the first 12 degrees of combustion are not realistic; at lower RPM’s this is intensified. 

This is a calculation error from MFB, this could be a result of the determination of SOC. As in 

the equation the denominator has two constants of the mass and gas, so this changes with 

the MFB, whereas the numerator changes with the cylinder pressure and burned volume. As 

the values are so small at SOC, this exacerbates the problem and results in a high temperature 

value, only until the values starts to get larger does it begin to result in realistic temperatures. 

This is shown in Figure 8, where varying RPM’s of the FOX engine, however as the RPM 

increases there is a larger mass at the start hence the lower first few degrees. 
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Whilst the author tried the Rassweiler and Withrow, Isermann and Muller methods, they 

showed slightly varying results but would still result in a discrepancy in the SOC temperature. 

An alternative method was used to change the immediate temperature by means of a trend 

line fitting too the slope of the curve.  

 

Figure 9 Polynomial temperature curve fitting for burned correction 

Using a fourth order polynomial to fit the curve by taking the temperature values until greater 

realism shown as the blue trace (T.Burn), where the green dashes are the full calculated 

y = 0.00014101999333959700x4 - 0.00153381179300993000x3 - 0.97888499558974500000x2

+ 33.36662444947220000000x + 2456.885855666530000000002200
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burned zone temperatures. The polynomial trace is shown to represent the rapid rise in 

temperature and showing rapid flame propagation through the burned zone.  

The polynomial is seen to result in less peak temperature by 6 Kelvin at 6500RPM which is 

negligible and slight variation in later temperatures as the volume is expanding, the values will 

be averaged out as it is the variation is seen to be less than 0.0022%. This method gives a 

greater realism for the models NOx production as the temperatures are critical for accuracy. 

Both methods results will be compared to show the accuracy to the engine data provided.  

2.10. Variable gamma 
The variable gamma is dependent on temperature and FER. As used for the unburned 

temperature calculation, the gamma changes as the temperature does and, the FER will stay 

constant for each RPM. The gamma will change from each degree, and will be used for the 

next temperature calculation as used in Equation 17. 

2.10.1. Molar specific heat of species  
Using the polynomial that was used by Heywood and NASA plotted against temperature; so 

that by using a lookup function can easily be used to find the correct value needed. This would 

be used to find the value of the specific heat at a constant pressure of the products of 

combustion.  

Table 2 Molar specific heat for species, polynomial values. (Heywood, 1988) 

Species Temperature 

(K) 

ai1 ai2 ai3 ai4 ai5 

CO2 1000-5000 4.46E+00 3.10E-03 -1.24E-06 2.27E-10 -1.55E-14 

H2O 1000-5000 2.72E+00 2.95E-03 -8.02E-07 1.02E-10 -4.85E-15 

CO 1000-5000 2.98E+00 1.49E-03 -5.79E-07 1.04E-10 -6.94E-15 

H2 1000-5000 3.10E+00 5.11E-04 5.26E-08 -3.49E-11 3.69E-15 

O2 1000-5000 3.62E+00 7.38E-04 -1.97E-07 3.62E-11 -2.89E-15 

N2 1000-5000 2.90E+00 1.52E-03 -5.72E-07 9.98E-11 -6.52E-15 

 

 Ĉ𝑝𝑝𝑖𝑖 = �𝑎𝑎𝑖𝑖1 + (𝑎𝑎𝑖𝑖2 × 𝑇𝑇) + (𝑎𝑎𝑖𝑖3 × 𝑇𝑇2) + (𝑎𝑎𝑖𝑖4 × 𝑇𝑇3) + (𝑎𝑎𝑖𝑖5 × 𝑇𝑇4)�× 𝑅𝑅𝑅𝑅 

Equation 21 

2.10.2. Molar specific heat of Gasoline 
Using the specific heat for the fuel (vapour phase), and fitting to a polynomial for 

temperature. 
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Table 3 Molar specific heat of Gasoline, polynomial values. (Heywood, 1988) 

Fuel Formula Af1 Af2 Af3 Af4 Af5 

Gasoline C8.26H15.5 -24.078 256.63 -201.68 64.75 0.5808 

 

Where; T = Temperature (Kelvin) 

𝑡𝑡 =
𝑇𝑇

1000
 

Ĉ𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = �𝐴𝐴𝑓𝑓1 + �𝐴𝐴𝑓𝑓2 × 𝑡𝑡� + �𝐴𝐴𝑓𝑓3 × 𝑡𝑡2� + �𝐴𝐴𝑓𝑓4 × 𝑡𝑡3� + �
𝐴𝐴𝑓𝑓5
𝑡𝑡2
�� × 4180 

Equation 22 

Where the result polynomial value is in cal/gmol.K it is multiplied by 4180, to be used in the 

model to J/Kmol.K. The results are tabulated to enable easy lookup. 

2.10.3. Specific heats of mixture 

𝐶𝐶𝑃𝑃 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =  
Ĉ𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 + 12.135 × �Ĉ𝑝𝑝𝑖𝑖𝑂𝑂2 + �3.76 × Ĉ𝑝𝑝𝑖𝑖𝑁𝑁2��

1 + (12.135 × 4.76)
  

Equation 23 

To find the specific heat ratio (𝛾𝛾), the following was used (Ferguson & Kirkpatrick, 2001);  

𝐶𝐶𝑉𝑉  𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =  𝐶𝐶𝑃𝑃 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑅𝑅𝑅𝑅  

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (𝛾𝛾) =
𝑐𝑐𝑝𝑝
𝑐𝑐𝑣𝑣

 

Equation 24 

As the heat increases, gamma increases as it is proportional to heat; due to the increased 

mass and having more molecules and increased density so that the modes of freedom are of 

greater difficulty. As the variable gamma changes with the FER, resulting in a change to the 

equation shown also in Appendix C;  

𝛾𝛾𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =

�
(Ĉ𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 × 𝜑𝜑) + 12.135 × �Ĉ𝑝𝑝𝑖𝑖𝑂𝑂2 + �3.76 × Ĉ𝑝𝑝𝑖𝑖𝑁𝑁2��

𝜑𝜑 + (12.135 × 4.76) �

�
 (Ĉ𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 × 𝜑𝜑) + 12.135 × �Ĉ𝑝𝑝𝑖𝑖𝑂𝑂2 + �3.76 × Ĉ𝑝𝑝𝑖𝑖𝑁𝑁2��

𝜑𝜑 + (12.135 × 4.76) � − 8314

 

Equation 25  
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3. Oxygen content  
The oxygen content is variable to the temperature and pressure. As the pressure increases 

the O2 molecules decrease furthermore, it is seen that the oxygen molecules increase as the 

temperature rises. This is a result of the reaction rate constant of CO2 and H2O, and the 

resultant of a greater disassociation at increased temperatures.  

The products of combustion are given ‘n’ values. As the values for O2 are of particular interest, 

these are noted as ‘n5’ and used further more in this report. As the Gasoline equation 

becomes; 

𝐶𝐶8.26𝐻𝐻15.5 =  𝑛𝑛1𝐶𝐶𝐶𝐶2 + 𝑛𝑛2𝐻𝐻2𝑂𝑂 + 𝑛𝑛3𝐶𝐶𝐶𝐶 + 𝑛𝑛4𝐻𝐻2 + 𝑛𝑛5𝑂𝑂2 + 𝑛𝑛6𝑁𝑁2 

Equation 26 

3.1. Reaction rate constants 
As temperatures increase in the combustion chamber above 2000K, the thermal agitation of 

the products increases the rate of dissociation back to the original reactant state. “Increasing 

the temperature from 1473K to 2273K increases the rate of this reaction by a factor of 10,000”, 

(P.G. Boulter, 2012). By considering a simple equation for reversibility from combustion; 

𝐴𝐴 + 𝐵𝐵 ⇌ 𝐶𝐶 

Equation 27 

At these higher temperatures a dynamic equilibrium is present with the equivalent rates of 

combustion and dissociation. This means that the reactant and product materials coexist in 

proportions that remain constant. (Goodger, 2000) The constant can be defined as;  

𝐾𝐾𝐶𝐶 =
[𝐶𝐶]

[𝐴𝐴][𝐵𝐵]
 

Equation 28 

Following this for the oxidation of CO2; 

𝐶𝐶𝐶𝐶 + 𝑂𝑂 ⇌ 𝐶𝐶𝐶𝐶2 

𝐾𝐾𝐶𝐶𝐶𝐶2 =
[𝐶𝐶𝐶𝐶2]

[𝐶𝐶𝐶𝐶][𝑂𝑂]
 

Equation 29 

With the same process for H2O; 
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𝐻𝐻2 + 𝑂𝑂 ⇌ 𝐻𝐻2𝑂𝑂 

𝐾𝐾𝐻𝐻2𝑂𝑂 =
[𝐻𝐻2𝑂𝑂]

[𝐻𝐻2][𝑂𝑂]
 

Equation 30 

As the oxygen is proportional; 

[𝑂𝑂] ∝  [𝑂𝑂2]0.5 

Equation 31 

It is logical that the dissociation is of a wider scale with different radicals such as O, H, OH, 

and NOx. Although computational time and complexity in greatly increased, for simplicity the 

first calculation it is kept to only CO, H2 and O2. This allows calculations to continue for 

Equation 29 and, deriving the equations further to give the tabulated results of the constants 

in Appendix D. The resultant equation for CO2; 

𝐾𝐾𝐶𝐶𝐶𝐶2 =  
𝑛𝑛1

𝑛𝑛3(𝑛𝑛5𝑛𝑛𝑇𝑇
.𝑃𝑃)0.5

 

Equation 32 

For H2O; 

𝐾𝐾𝐻𝐻2𝑂𝑂 =  
𝑛𝑛2

𝑛𝑛4(𝑛𝑛5𝑛𝑛𝑇𝑇
.𝑃𝑃)0.5

 

Equation 33 

3.2. Goal seek 
By using the goal seek method in excel to find the correct value on the ‘n5’ values, the 

computing time was less than a second per temperature as the method uses a guess cell. 

Using reaction rate constant of CO2 and H2O. The calculation steps are as follows; an assumed 

value is used to start calculations i.e. 0.001;  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =
𝑛𝑛5

𝑛𝑛𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
 

Equation 34 

By adding pressure and evaluating; 

(𝑃𝑃 ×
𝑛𝑛5

𝑛𝑛𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
)0.5 
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Equation 35 

Multiply by the reaction rate constant of CO2 / H2O to gain the carbon/hydrogen balance; 

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝑛𝑛1
𝑛𝑛3

= 𝐾𝐾𝐶𝐶𝐶𝐶2 × (𝑃𝑃 ×
𝑛𝑛5

𝑛𝑛𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
)0.5 

Equation 36 

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝑛𝑛2
𝑛𝑛4

= 𝐾𝐾𝐻𝐻2𝑂𝑂 × (𝑃𝑃 ×
𝑛𝑛5

𝑛𝑛𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇
)0.5 

Equation 37 

To find CO or H2 in the exhaust; 

𝑛𝑛3 =
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 + 1

 

Equation 38 

𝑛𝑛4 =
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 + 1

 

Equation 39 

To find the CO2 or H2O in the exhaust; 

𝑛𝑛1 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑛𝑛3 

Equation 40 

𝑛𝑛2 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑛𝑛4 

Equation 41 

To find the total O2 (n5) in the exhaust; 

𝑛𝑛5 =
(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 − (2 × 𝑛𝑛1) − 𝑛𝑛2 − 𝑛𝑛3)

2
 

Equation 42 

Then a summation of the ‘n’ values gives the total in the exhaust; ‘n6’ stays constant from the 

mixture that is in cylinder; 

𝑛𝑛𝑇𝑇 =  𝑛𝑛1 + 𝑛𝑛2 + 𝑛𝑛3 + 𝑛𝑛4 + 𝑛𝑛5 + 𝑛𝑛6 

Equation 43 
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To find the correct values for all the ‘n’ values a check column was used; it should represent 

the total molecules in the exhaust dependant on FER; 

𝐶𝐶ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =  
𝑛𝑛5
𝑛𝑛𝑇𝑇

 

Equation 44 

The goal seek method was used in an ERROR column to gain zero, the parameter was that 

the assumed value should be the same; 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 − 𝐶𝐶ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = 0 

∴ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = 𝐶𝐶ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣  

With this understood, the ERROR column would find zero by means of the goal seek function 

and, go under many iteration calculations whilst the linked cells would change the value of 

each ‘n’ value simultaneously. Excel uses a standard iteration count of 100, with a maximum 

change 0.001 from the guess cell. This provided usable results. To ensure further accuracy 

was gained, the maximum iteration count raised can be raised to 32,767 and a maximum 

change of 1x10-10. 

 

Figure 10 A visual representation of the n5 calculation with goal seek 

The calculations shown that the ‘n5’ levels are dependent on pressure. Where oxygen content 

post combustion is greater at lower pressures than at high pressures. At lower pressures the 

NOx productions is greater given the same temperature as the higher pressure as N2 levels 

stay constant due to higher oxygen present. As engine functions main use of the negative 

work done is to compress a volume, as a result increase pressure which is proportional to the 

increase in heat. This meaning that it will never stay at a constant pressure or volume, whereas 

this model will assume at a specified degree this is the case as calculations will be made at 

each degree interval.  
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Figure 11 O2/n5 values shown at 10 bar intervals after combustion at FER 1.00 

The values can be tabulated further at each 5 bar interval, this is seen to have the best medium 

of calculation time versus accuracy rather than 10 bar intervals. These are further tabulated 

and shown in Appendix E. 

 

Figure 12 n5 values at each 5 bar intervals up to peak pressure 

3.3. Bilinear interpolation 
A polynomial was thought to be used as the pressure and temperature is so variable from 

each degree to degree. As an automatic model for calculating the ‘n5’ levels, the two 

polynomials took too much processing time and, would process a slower result. A 6th order 

polynomial wasn’t seen to always follow the graph trace and as a result provide incorrect 

values. This hindered the sensitivity analysis of adjusting the polytropic index and MFB. The 

model needed to use a different method that pinpointed with use of the two variables. So 

bilinear interpolation was used, which used four ‘n5’ sites and interpolated four ways to ensure 

an accurate value.  

Using bilinear interpolation, it uses four directions of linear interpolation to gain the end result 

of ‘n5’ denoted ‘P’ in Equation 45. This method uses the temperature range given by the 
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constants for CO2 and H2O, with 5 BAR intervals. A lookup function can be used with the 

higher and lower values for each X and Y axis.  

𝑃𝑃 =  
(𝑥𝑥2 − 𝑥𝑥)(𝑦𝑦2 − 𝑦𝑦)

(𝑥𝑥2 − 𝑥𝑥1)(𝑦𝑦2 − 𝑦𝑦1)𝑄𝑄11 +
(𝑥𝑥 − 𝑥𝑥1)(𝑦𝑦2 − 𝑦𝑦)

(𝑥𝑥2 − 𝑥𝑥1)(𝑦𝑦2 − 𝑦𝑦1)𝑄𝑄21                            

+
(𝑥𝑥2 − 𝑥𝑥)(𝑦𝑦 − 𝑦𝑦1)

(𝑥𝑥2 − 𝑥𝑥1)(𝑦𝑦2 − 𝑦𝑦1)
𝑄𝑄12 +

(𝑥𝑥 − 𝑥𝑥1)(𝑦𝑦 − 𝑦𝑦1)
(𝑥𝑥2 − 𝑥𝑥1)(𝑦𝑦2 − 𝑦𝑦1)

𝑄𝑄22 

Equation 45 

As a visual aid, where each ‘Q’ value will be used 

from the ‘n5’ table, and the lookup code in Appendix 

F, will follow and calculate the P value, to give a 

precise ‘n5’ value at each pressure and temperature 

target.  

 

Figure 13 Bilinear interpolation representation 
(Supercomputing, 2017) 

 

4. Extended Zeldovich mechanism (EZM) 
To find the amount of Kmols in the cylinder, as the fuel mass is known and the FER, it can be 

found by alpha as; 

𝛼𝛼 =
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜑𝜑 ∗ ((8.26 ∗ 12) + 15.5)

 

Equation 46 

Total Kmols of mass in the exhaust including EGR is found by; 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = (𝑛𝑛𝑇𝑇 × 𝛼𝛼) × �1 + �
𝐸𝐸𝐸𝐸𝐸𝐸%

100
�� 

Equation 47 

Concentration of O2 molecules (Kmols/m3) are found by; 

[𝑂𝑂2] =
((𝑛𝑛5 × 𝛼𝛼 ) × 𝑀𝑀𝑀𝑀𝑀𝑀)

𝑉𝑉𝑏𝑏
 

Equation 48 
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Concentration of N2 molecules (Kmols/m3) are found by; 

[𝑁𝑁2] =
(45.6276 × 𝛼𝛼 × 𝑀𝑀𝑀𝑀𝑀𝑀)

𝑉𝑉𝑏𝑏
 

Equation 49 

To find the rate of NOx production (Kmols) per second, it is found by; 

𝑑𝑑[𝑁𝑁𝑁𝑁]
𝑑𝑑𝑑𝑑

= 4.7 × 1013. [𝑁𝑁₂]. [𝑂𝑂₂]0.5. exp�
−67837
𝑇𝑇𝑏𝑏

� 

Equation 50 

Converting to per degree, then per volume that has been burned thus, giving the NOx 

concentration in the cylinder for each degree (Kmols/m3/degree); 

𝑑𝑑[𝑁𝑁𝑁𝑁]
𝑑𝑑𝑑𝑑

=
𝑑𝑑[𝑁𝑁𝑁𝑁]
𝑑𝑑𝑑𝑑

×
1

(6 × 𝑅𝑅𝑅𝑅𝑅𝑅) 

𝑁𝑁𝑁𝑁𝑁𝑁𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑⁄ =  
𝑑𝑑[𝑁𝑁𝑁𝑁]
𝑑𝑑𝑑𝑑

× 𝑉𝑉𝑏𝑏 

Equation 51 

To get the total NOx production (PPM) over combustion. It is a summation of the NOx 

production from SOC to EOC thus; 

𝑁𝑁𝑁𝑁𝑁𝑁 𝑃𝑃𝑃𝑃𝑃𝑃 =  �
𝑁𝑁𝑁𝑁𝑁𝑁∑𝑆𝑆𝑆𝑆𝑆𝑆 → 𝐸𝐸𝐸𝐸𝐸𝐸

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒ℎ𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠 𝑖𝑖𝑖𝑖𝑖𝑖 𝐸𝐸𝐸𝐸𝐸𝐸�
 × 106 

Equation 52 

For later calculations, where NOx up to peak temperature is compared;  

𝑁𝑁𝑁𝑁𝑁𝑁 𝑃𝑃𝑃𝑃𝑃𝑃 =  �
𝑁𝑁𝑁𝑁𝑁𝑁∑𝑆𝑆𝑆𝑆𝑆𝑆 → 𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖𝑖𝑖𝑖𝑖 𝐸𝐸𝐸𝐸𝐸𝐸�
 × 106 

Equation 53 

4.1. Super Extended Zeldovich Mechanism (SEZM) 
A variation on the reaction scheme was researched by Ford Motor Company, resulting in the 

‘Super Extended Zeldovich Mechanism’. It consisted of 67 reaction kinetics and 13 chemical 

species (O, O2, OH, H, N2, N, NH, NH2, NH3, HNO, H2O, NO2 and NO). The results were seen 

to predict NOx emissions within 10% of engine data. By using the first three principle reactions 

that primarily control the production of thermal NOx; where ‘Kf’ the forward reaction rates. 
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Table 4 Zeldovich first three thermal NOx reaction rates 

R1      𝑁𝑁2 + 𝑂𝑂 ↔ 𝑁𝑁𝑁𝑁 + 𝑁𝑁 𝑘𝑘𝑓𝑓1 = 1.8𝑥𝑥1014exp[− 38370𝑇𝑇 ]
 

R2 𝑁𝑁 + 𝑂𝑂2  ↔ 𝑁𝑁𝑁𝑁 + 𝑂𝑂 𝑘𝑘𝑓𝑓2 = 1.8𝑥𝑥1010𝑇𝑇exp[− 4680𝑇𝑇 ] 

R3 𝑁𝑁 +  𝑂𝑂𝑂𝑂 ↔ 𝑁𝑁𝑁𝑁 + 𝐻𝐻 𝑘𝑘𝑓𝑓1 = 7.1𝑥𝑥1013exp[− 450𝑇𝑇 ] 

 

As the Zeldovich takes the first reaction as the main reaction, as this is the most common 

element present in combustion. Ford Motor Company found that both SEZM and EZM assume 

a C-H-O radical pool whilst not factoring in reverse reactions with the effects of pressure on 

density. As this isn’t modelled, a modified first reaction is used to introduce the effects of 

pressure. (Miller, Davis, Lavoie, Newman, & Gardner, 1998) 

Table 5 Modified first reaction 

R1M      𝑁𝑁2 + 𝑂𝑂 ↔ 𝑁𝑁𝑁𝑁 + 𝑁𝑁 𝑘𝑘𝑓𝑓𝑓𝑓1𝑀𝑀 = 𝐶𝐶𝑝𝑝 × 1.8𝑥𝑥1014exp[− 38370𝑇𝑇 ]
 

 

Where ‘Cp’ is a co-efficient for pressure and these values are found by empirical means. The 

in-cylinder pressure (BAR) denotes what value should be used for ‘Cp’; 

Table 6 Pressure co-efficient for parametrization 

As the pressure is the parameter that changes the co-efficient 

and whilst the effect it makes is still unclear. The author is 

concerned that the affect is a result from the oxygen constant. 

As the O2 is disassociated to O radicals this is a constant, 

where if the pressure is doubled therefore the reaction rate for 

O2 is doubled, but the O rate is quadrupled. So as the pressure 

gets considerably higher under compression and combustion, 

the reverse reaction back to the left is far greater than that to the right. So meaning the 

probability of NOx production at higher pressures is lower with denser mixtures than that to a 

large volume with low density.  

4.2. Reverse reactions 
The thermal NOx has been shortly described before, as it is the formation of NOx that is a 

result of the flame front and temperatures found within combustion. There are three principle 

reactions, these are contained within TABLE4 as R1, R2 and R3. This giving the extended 

Zeldovich mechanism by (Baulch et al, 1994) also documented further by (Heywood, 1988). 

Cp In-cylinder 
pressure  

1 <15 
0.7 15-20 
0.48 20-25 
0.31 25-30 
0.25 30-35 
0.2 >35 



Combustion Modelling for NOx Production Analysis 

 

23 Kyle Burton - P131698  

Expanding on similar equations similar to Equation 28. Where the equation is fitted towards 

the first principle reaction ‘R1’; where, ‘r’ denotes forward reaction and ‘l’ denotes reverse 

reaction; 

𝑘𝑘1,𝑟𝑟[𝑂𝑂][𝑁𝑁2] =  𝑘𝑘1,𝑙𝑙[𝑁𝑁𝑁𝑁][𝑂𝑂]  

Equation 54 

By changing to give the reaction rate constant; 

𝑘𝑘1,𝑟𝑟

𝑘𝑘1,𝑙𝑙
=

[𝑁𝑁𝑁𝑁][𝑁𝑁]
[𝑂𝑂][𝑁𝑁2]

= 𝐾𝐾𝐶𝐶,1 

Equation 55 

With this known, all three principle reactions can be included to give a NOx formation rate; 

𝑑𝑑[𝑁𝑁𝑁𝑁]
𝑑𝑑𝑑𝑑

= 𝑘𝑘1,𝑟𝑟[𝑂𝑂][𝑁𝑁2] + 𝑘𝑘2,𝑟𝑟[𝑁𝑁][𝑂𝑂2] + 𝑘𝑘3,𝑟𝑟[𝑁𝑁][𝑂𝑂𝑂𝑂] − 𝑘𝑘1,𝑟𝑟[𝑂𝑂𝑂𝑂][𝑁𝑁] − 𝑘𝑘2,𝑟𝑟[𝑁𝑁𝑁𝑁][𝑂𝑂]−𝑘𝑘3,𝑟𝑟[𝑁𝑁𝑁𝑁][𝐻𝐻] 

Equation 56 

The reverse reactions have been ignored from Equation 52, as the radical pool of O, H and C 

have greater reaction speeds, this would result in greater complexity of a model thus greater 

calculation times. So O radical have been used as below to result in the NOx formation rate 

given in Equation 52; 

[𝑂𝑂] = 0.13[𝑂𝑂2]0.5𝑒𝑒𝑒𝑒𝑒𝑒�−
29,468
𝑇𝑇 � 

Equation 57 

As after the peak temperature the piston motion is lowering consequently increasing volume, 

hereby lessening the density and as a result the burned zone temperature is lowering. The 

reason for reverse reactions is that with longer period of higher temperatures (above 2000K) 

there is more time for a reverse reaction, hence lowering NOx values. 

“This equation can, however, only be seen as a crude estimation, as it predicts an 

excessively high NO concentration. The reason for this is that the – no matter how minimal – 

reverse reactions of equations (1) to (3) slow down actual NO production and can even lead 

to a minor reduction of NO concentrations towards the end of the working cycle” (Merket, 

Schwarz, stiesch, & Otto, 2006) 

 

The NOx predictions are seen to exhibit higher values of NOx production, these reverse 

reactions will need to be considered if the predictions are to be of greater accuracy. In real 
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engine, there would be freezing of the NOx formation if there is rapid temperature loss, but 

also reverse reactions, this is one of the major indicators for accuracy that will need to be 

considered for future work. (Heywood, 1988) 

4.2.1. Arrhenius equation 
For a further understanding of Equation 52, it is explored further and derived.  A reaction 

cannot start if the collision between ‘N2’ molecule and ‘O’ atom doesn’t provide enough 

activation energy, thus to atomise ‘N2’ to start a reaction it needs a certain activation energy. 

To get the molecules/atoms to have a greater energy than that of the activation energy the 

Arrhenius function is used; Where k = rate constant, A = constant/pre-exponential factor, Ea = 

activation energy, R = gas constant, T = temperature (Merket, Schwarz, stiesch, & Otto, 2006); 

𝑘𝑘 = 𝐴𝐴𝐴𝐴�
−𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅.𝑇𝑇� 

Equation 58 

So the higher the temperature, the faster a given chemical reaction will proceed. This 

relationship between the rate a reaction proceeds and its temperature is determined by the 

Arrhenius Equation. At higher temperatures, the probability that two molecules will collide is 

higher. This higher collision rate results in a higher kinetic energy, which has an effect on the 

activation energy of the reaction. The activation energy is the amount of energy required to 

ensure that a reaction happens. The function is detailed greater in Appendix G. (Burton, 2017)  
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5. NOx predictions 
Combustion emissions are oxygen, carbon dioxide, water/steam and nitrogen as detailed in 

Section 2.5. Where an incomplete combustion is present the added emissions are nitric 

oxides, carbon monoxide and unburnt hydrocarbons. All of these emissions are monitored for 

engine efficiency, as under the EU regulations NOx, CO, HC and CO2 are monitored closely. 

As hydrocarbons and CO are mainly a result of FER greater than 1 (lambda < 1). The NOx 

emissions are seen to be harmful to human health.  

 

Figure 14 Engine out emissions shown over lambda (Merket, Schwarz, stiesch, & Otto, 2006) 

In particular NOx has a greater chance of production in locally lean areas, and in a rich mixture 

where high temperatures are present with sufficient oxygen conversely due to the extended 

periods of high temperatures, the NOx may have a reverse reaction back to nitrogen and 

oxygen. From the two zone model, and the use of bilinear interpolation of the oxygen content 

and the EZM, producing a NOx prediction shown in Figure 15. 

 

Figure 15 NOx prediction SOC to EOC 
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Using the EZM from SOC to EOC at each rpm and shown against Ford’s engine data in Figure 

15, the first thing seen is that the spike at 3500RPM and smaller spike 2500RPM; This is an 

error in the data that is to be explored further. The EZM is seen to over predict at higher RPM. 

At lower RPMs it is under predicting by 34% at 2000RPM, and 120% at 3000RPM. When over 

predicting at 2500, 4000 and above RPM, it is more than 55%. These results aren’t ideal for 

tackling in cylinder NOx nor as an ideal model for NOx prediction.  

 

Figure 16 NOx prediction SOC to Peak temperature 

This method is seen to under predict NOx up to 83%. As the engine is rich at FER of 1.087, 

1.11 at 5000RPM and 6000RPM respectively, the under prediction is 35% and 24%; at 

6500RPM the under prediction is 20.5%. This is a result of the rich mixture meaning a greater 

chance of a complete burn. As the engine is direction injection only some of the fuel is 

completely mixed homogeneously at all RPM’s and especially at lower FER and RPM, this 

creates lean patches locally and globally thus increasing NOx. If the engine is running richer 

the local mixture has a greater chance to be homogeneous and burn stoichiometric. The 

mixing is intensified by the increasing RPM of the engine as the piston speed is higher causing 

more turbulence in the combustion chamber but on the other hand the time for mixture 

formation is too short to secure a sufficient mixture quality resulting in more NOx. (Miller, 

Davis, Lavoie, Newman, & Gardner, 1998)  

A different method was taken to find the NOx prediction, from SOC up to peak burned 

temperature and the NOx results shown against Ford’s measured data in Figure 15. As there 

is always a chance of NOx freeze discussed in Section 4.2. So the values above are the 

minimum predicted and may increase after “freeze” NOx formation takes place.  
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Upon further investigation for the 3500RPM anomaly, the engine data was examined. It was 

found there is a discrepancy in the recorded data shown in Figure 17. The data shows that all 

RPM are within 1 revolution of the target speed whereas at 3500RPM at full load, it is shown 

as 3251RPM, as reduction of 249RPM. 

 

Figure 17 Ford engine data, showing error at 3500RPM at full load 

The author thought this may just be a sole case, but through further analysis the reduction 

was validated at the crank position sensor on the engine which is used for the spark timing 

shown in Figure 18. 

 

Figure 18 Crank position sensor on engine showing error at 3500RPM 

With this information now known, the NOx predictions are adjusted accordingly. Shown below 

is one high prediction of 165% at 2500RPM and 4000RPM onwards is over predicting. The 

prediction of NOx up to peak temperature is generally showing a closer prediction; this is 

especially seen at 4000RPM onwards where the engine data and prediction, have very similar 

trends. 
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Figure 19 3500RPM fixed NOx prediction with prediction up to peak temperature 

Where the under prediction at 3000 with FER is 1.075, it could be assumed where max torque 

is, there is more fuel to assist the engine produce and maintain peak torque by ensuring a 

greater change of homogeneous burn from the rich mixture resulting in lower NOx. This is now 

shown at 3500RPM where the NOx predictions are close to that of the data provided where 

the prediction is 2286PPM and the Ford data measured 1979PPM, thus the model predicting 

within 16%. 

As the EZM can be seen as a crude estimation and predict high NOx, as stated in section 5.2. 

It is within a useable accuracy, where some variables have been taken into account at the 

stage of the values for Figure 19.  

5.1. R1M predictions 
Using the ‘R1M’ equation shown in Table 5 and Ford’s pressure coefficient values. The results 

determine that the equation used isn’t ideal for this engine as from SOC to EOC they are 

excessively over predicting at all RPMs, more so than EZM. This continues to the calculations 

used up to peak temperature. Where at 2500RPM it is over predicting up to 899% more than 

that of the EZM, and 787% more up to peak temperature.  
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Figure 20 NOx values using R1M equation 

As R1M equation uses a different empirical constant that is over three times larger and a 

smaller number on top of the exponent, which would give much larger values from this 

mathematic function. One of the main considerations is that the engine it was modelled on 

was port injection, this usually results in greater mixing time thus, on a real engine would mean 

less locally lean patches. Especially at lower rpm where piston speed is less and greater 

change of a completely global homogeneous burned mixture. 

An interesting result for testing, but further workings will continue to gain greater accuracy for 

the direct injection. With this information, the pressure coefficient should be used and modified 

on the previous calculations for NOx for greater accuracy. 

5.2. Pressure co-efficient 
Using the values from Table 6 and Equation 52, where greater accuracy was achieved towards 

the engine data. At 2000RPM and 3000RPM, the prediction is within 85% and 91% 

respectively. Most of the other RPM sites are seen to be within 70% of the engine data 

supplied. The prediction of NOx up to peak temperature isn’t seen to be greatly accurate with 

most RPMs showing a great under prediction at this calculation step. The values are seen to 

be more than 63-95% under predicting up to peak temperature.  
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Figure 21 NOx values using given Co-efficient values from Table 6 

With the pressure coefficient values being used, these are from various engine rigs that Ford 

have used and have data on to support these coefficient values. As discussed previously 

about the differences in engine geometry and the different types of injection. It would be ideal 

to gain custom values suitable for the FOX engine.  

5.2.1. Custom pressure Co-efficient  
Using different values for ‘Cp’ at each 5 Bar pressure until 35 bar, it was found to not have 

enough variable for the engine specification therefore the pressure was raised up to 110 Bar 

from 15 bar, in 10 Bar increments from 20 Bar. From various testing on the model, the values 

seen below are found to be the best medium without increasing other RPM values. The reason 

for the use of the greater values in Table 6, that are more than 1, is that the GDI engine isn’t 

at completely homogeneous at lower RPM and engine pressure thus as a result a greater co-

efficient is needed. 

Table 7 Custom Cp Values. Pressure left and co-efficient right 

<15 1.3 
15.01-20 1.3 
20.01-30 1.3 
30.01-40 1.28 
40.01-50 1.12 
50.01-60 0.98 
60.01-70 0.65 
70.01-80 0.5 
80.01-90 0.45 
90.01-100 0.31 
100.01-110 0.3 
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Figure 22 Custom pressure co-efficient for Zeldovich mechanism 

At 3500RPM it has been found the 86.5 Bar is the highest peak pressure out of all the RPM’s, 

hence the need for higher temperature range in Table 7. This is representative of the max 

torque that is produced. Whilst the prediction at 2000, 3000 and 3500RPM is still low. At the 

higher pressures the reverse reactions have a greater chance to return to their former element, 

as pressure is proportional the heat then the longer the element is subject to sustained 

temperatures, the greater probability it will return back to the left. So in a real engine these 

higher predictions may be lower as the Ford data suggests.  

The overall accuracy is better than Figure 19, 20, 21 by using this method. At 4000RPM it 

predicts with 3% which is ideal whereas above 5000RPM the accuracy is within 34%, but the 

trend of NOx production is close to that of the Ford data. A more viable option for modelling is 

NOx prediction from SOC to EOC. Whereas for the prediction up to peak temperature (shown 

on the lower trace) the correlation is more than 52% than the engine data thus having no 

advantage other than in Figure 20. 

5.2.2. Burn temperature corrected NOx 
Applying the polynomial burn temperatures to the Zeldovich mechanism used before in Figure 

23. The temperatures have made a visual improvement. At 2500RPM the NOx is seen to be 

lower by 45% from the previous prediction; the prediction is vastly improved showing it is 47% 

more than the measured engine data. It is still apparent that it is under predicting at lower 

RPM and over predicting with a corrected burn temperature. At higher RPMs the correction 
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has made on a majority of the points, others give negligible differences. At 4000RPM the 

reduction is 2%, 3500RPM a reduction by 4.4%, 5000 giving a considerable reduction of 15% 

and the higher RPMS showing greater than 3% reduction. 

 

Figure 23 NOx prediction using EZM with old calculation vs polynomial calculation corrected burn 
temperatures 

At peak temperature the predictions are now less than the real engine data and previous 

calculations; as NOx can still be created after peak temperature as discussed before. At 

2500RPM the spike is eradicated, but also showing a closer trend to that of the engine data; 

this is due to the polynomial advancing the peak temperature by 10 degrees. As the trend 

follows that of the engine data, it would be easy to multiply the values but there would be no 

obvious reasoning why it they would need to be up to twice the values at the mid-high RPM 

unless from the data variable valve timing would occur, in which exhaust . In the model, fuel 

nitrogen hasn’t been taken into account where as in a real engine, although a small 

percentage, it would account for some slight over 544prediction. Also GDI engines create 
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amass of NOx so up to peak temperature isn’t a complete representation of the real engine. 

(P.G. Boulter, 2012) 

 

Figure 24 NOx prediction with corrected burn temperatures up to peak temperatures 

At 1500RPM, there are limited values that are over 2000K in the burned zone. One of the 

limitations of the model is that it only models above 2000K due to the CO2/H2O reaction rate 

constants. “According to the Zeldovich equations, NO is generated to the limit of available 

oxygen (about 200,000 ppm) in air at temperatures above 1600K”. (EPA, 1999) One of the 

improvements for the model is that it needs to take reactions above 1600K, thus shown in 

Figure 24, at lower RPM, with a lower temperature it under predicts. In the model, fuel 

nitrogen hasn’t been taken into account where as in a real engine, although a small 

percentage it would account for some slight under prediction. 
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Figure 25 NOx prediction with custom coefficient with polynomial T.burned from SOC 

As a final calculation towards increasing accuracy for NOx predictions. Where Cp1 is the 

closer trace from the polynomial burn temperatures, and Cp2 is adjusted to increase 

accuracy. The values from Table 7 have been adjusted further to give Table 8. It difficult to 

adjust the values for each RPM as the lower pressures also alter values for the higher RPM, 

as this is seen the increase in accuracy the most.  

Table 8 Modified co-efficient values used for the NOx production 

<15 1.3 
15.01-20 1.3 
20.01-30 1.3 
30.01-40 1.28 
40.01-50 1.21 
50.01-60 0.95 
60.01-70 0.6 
70.01-80 0.5 
80.01-90 0.46 

90.01-100 0.35 
100.01-110 0.3 

 

At 2500RPM the NOx has predicted from within 21% above to 12% below. At 3500RPM the 

predicted is closer by 2%. At 4000RPM the accuracy of the prediction is within 1% of the 

engine data.  Whilst at higher RPM it is now increase accuracy of 12% at 5000RPM, 7% at 

5500RPM and 6000RPM and 3% at 6500RPM. It is still clear that the EZM under predicted at 

low rpm and over predicts at high rpm but it can be smoothed out with the co-efficient. Where 

the 3000-3500RPM values need to be inspected further. For values refer to Appendix H for 

NOx Prediction 
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5.3. Model validation 
The previous equations and method were used on 1.5L turbo charged engine from Ford to 

validation the models results.  

 

Figure 26 Ford 1.5L NOx predictions with Cp – from SOC to EOC 

Unfortunately as seen, the model doesn’t follow any trend towards this engine even with the 

modified Cp values, although it shows some closer correlation at the higher rpm. With this in 

mind the Ford PPM data was retrieved from the data sheet supplied. Although the author is 

concerned that the 1.0L engine is seen to have a close link with values calculated on the other 

hand the values calculated are seen to be opposite to that of the 1.5L engine hence the 

suspicion and isn’t discussed at great lengths. Although the model is predicts within 55% at 

the highest rpm but at the lower RPM predictions are more than 72% (although nitric oxides 

are highest at leaner mixtures).  
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Figure 27 Burn temperatures vs NOx production 6500RPM 

Above shown is the burn temperature against the NOx production. Where the peak 

temperature is the line is solid afterwards it is dashed. It is seen that up to peak temperature 

the greatest amount of NOx id produces as is evident from the slope of the trace. After peak 

temperature the NOx still increases until it starts to drop 3-4CA after, where sustained 

temperatures will be present. This is where more NOx could be formed although it thought at 

least 60% of the fuel is burnt at this point so combustion will cool with the addition of the 

piston motion of expansion towards BDC. 

The slope downwards is most important as if the slope is extreme and thermal runaway is 

present or if the exhaust valve opens early, this would cause NOx to freeze in their current 

state regardless of the equilibrium state thus greatly increasing engine out NOx levels; this 

isn’t ideal for emission purposes so exhaust valve is best to open as late as possible. “The 

equilibrium approach usually give higher concentrations of NOx but does not have the 

phenomenon called freezing, if the temperature is high and then rapidly drops.” (Schwerdt, 

2006) 

The slowing of the slope of NOx, could be the result of the high RPM with less heat rejection 

enabled through the walls due to the higher piston speed resulting in higher friction.   

Overall it is seen the use of the EZM combined with pressure co-efficient, it can give an insight 

into the production of NOx, albeit there are complexities in the simple model, the values are 

thought provoking for NOx formation.  
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6. Sensitivity analysis 
The two zone model largely depends on the polytropic index from finding the values from 

Equation 2. This parameter can vary dependant on where it is taken on the trend of 

compression or expansion stroke. By changing this parameter, it will affect the resultant values 

for the rest of the model, from determining the SOC/EOC, burn temperatures and NOx 

production. As the polytropic index is mostly seen at 1.3 (±0.05) as mentioned by Heywood. 

These extremes were exercised on the model.  

Table 9 Polytropic indices 

 
1500 2000 2500 3000 3500 4000 4500 5000 5500 6000 6500 

Ncomp 1.305 1.335 1.327 1.330 1.328 1.341 1.340 1.322 1.329 1.332 1.338 

Nexp 1.275 1.257 1.247 1.248 1.260 1.263 1.239 1.255 1.256 1.265 1.264 
 

As SOC is usually after TDC, this polytropic will be looked. 2000RPM will be taken in particular 

interest, as this has greater importance towards the NEDC cycle. To determine the SOC the 

polytropic index is a factor. By varying it, the SOC can be seen to change up to 1 degree from 

the values above. One way of correlating the model to the data is the MFB at 50%. The 

supplied data shows it at approximately 29CA. The original model data correlates to this; the 

value ‘1.35’ presents at a degree later.  

 

Figure 28 Varying polytropic indices for MFB 

As the MFB is important to later calculations, it is shown above, where the calculation line is 

the value used in the original model in; hence the ‘1.25’ trend follows closely. After 50% burned 
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the change in values becomes greater as the piston is travelling down and showing a greater 

decrease in burn rate. From the polytropic relation in Equation 3, as the larger the value of the 

polytropic index the smaller the number as a result of the mathematical function of square 

root. This lower number gives a bigger difference when using Equation 4, resulting in a larger 

end product for MFB. Overall the larger the polytropic index the slower the burn rate.  

 

Figure 29 Varying polytropic indices for burned temperatures 

At the start of the data trace, the spike in the initial starting temperature is as discussed in 

Section 2.9, but the higher polytropic index this follows the same development of larger MFB 

values. As at the start of ‘1.35’ it begins lower as expected in a real engine, this is evident at 

the first few degrees of combustion the larger the number as a result of the larger MFB; 

resulting in higher temperatures throughout combustion.  

As the tropic index is higher the burned temperature is higher this is proportional to the 

pressure rise. So as a result from the difference in pressures of Equation 4, the result of a 

higher pressure added from combustion is the greater temperature of the burned zone.  
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Figure 30 NOx predictions using EZM for varying polytropic indices 

As a result of the higher burned temperatures from the higher polytropic index, the NOx PPM 

is greatly increased. The ‘1.25’ trace is seen to be closest, whereas ‘1.3’ is predicting twice 

than that of ‘1.25’ and ‘1.35’ is three times more than that of ‘1.25’, thus showing no close 

correlation with the larger polytropic indices. At ‘1.25’ the trace is close to that of the calculated 

data, as it is within 2% of that value of the polytropic index. If a simplified model was created 

it would be safe to assume the value of 1.25 for a polytropic index for expansion.  
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7. Conclusion 
The final model gives a relatively accurate results based on the data provided. With 

mathematical models a small error can make a large difference in the end result or several 

calculations due to rounding errors which is a common problem in programming; this is seen 

in the MFB calculations resulting to the end NOx result. As experimented with the sensitivity 

analysis on how assumed values can make a difference to predictions to make a suitable 

empirical value but with the data this can be calculated. As the model is zero-dimensional 

where it has no real account for any geometric features only that of volume, the NOx 

formation may change; this is would be further work into Computational Fluid Dynamics for 

accurate results. (Andersson, Johansson, Hultqvist, & Noehre, 2006) 

The chemistry behind NOx formation is still being researched and new formulas being used 

based on engine to engine; this seems to be the case where a model is fine-tuned towards a 

specified criteria. Seen with the Zeldovich mechanism this is well known method based on 

empirical formulas but the reverse reaction are deemed irrelevant as the values are small. 

With the regulations on the NEDC becoming stricter every 1% of accuracy is needed, so it 

will need to be included in greater detail for further precision.  

The assumptions that are covered are well known to be relevant through extensive testing of 

difference sources, such as the in cylinder gases are assumed to be ideal, the 

compression/expansion strokes are assumed to be adiabatic, the mixture is 100% 

homogeneously mixed in-cylinder thus no locally lean patches, MFB assumes 100% burn 

and a rapid rise in temperature throughout the combustion chamber. These are assumptions 

have provided fairly accurate data for research uses; as the model can easily be changed to 

suit different variables or engine parameters. From the last NOx prediction the overall 

accuracy is within 78% at the anomaly RPM and within 33% when following the engine data 

trend.  

Although some of the analysis can result in many variables within reasons without being able 

to freeze the engine as that specific degree to find out what is happening in cylinder at that 

time frame. As the NOx is such a difficult subject and is at the top of research and 

development for most engine manufacturers it is well documented although there is not one 

sole fix. The simple combustion model with some complex elements to provide an 

approximation of a real engine under observation, gives fairly accurate results.  
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9. Appendix 

9.1. Appendix A – Mass fraction burn dQ 
During constant volume burning from P2n to P2. 

1st law of thermodynamics  

𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑 + 𝑃𝑃.𝑑𝑑𝑑𝑑 

But, 𝑑𝑑𝑑𝑑 = 0 

∴ 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑 = 𝑚𝑚.𝐶𝐶𝐶𝐶.𝑑𝑑𝑑𝑑 

From P2n -> P2, 

𝑑𝑑𝑑𝑑 =  𝑚𝑚.𝐶𝐶𝐶𝐶.𝑑𝑑𝑑𝑑 

Ideal gas law 

𝑃𝑃𝑃𝑃 =  𝑀𝑀𝑀𝑀𝑀𝑀 

𝑑𝑑(𝑃𝑃𝑃𝑃) = 𝑑𝑑(𝑀𝑀𝑀𝑀𝑀𝑀) = 𝑚𝑚.𝑅𝑅.𝑑𝑑𝑑𝑑 

From P2n to P2, volume stays at V2 

 ∴ 𝑑𝑑(𝑃𝑃𝑃𝑃)  =  𝑉𝑉2.𝑑𝑑𝑑𝑑 =  𝑚𝑚.𝑅𝑅.𝑑𝑑𝑑𝑑 

Therefore heat released in 1 degree, 

𝑑𝑑𝑑𝑑 =  𝑑𝑑𝑑𝑑 =  𝑚𝑚.𝐶𝐶𝐶𝐶.𝑑𝑑𝑑𝑑 =  𝑚𝑚.𝑅𝑅.𝑑𝑑𝑑𝑑 =  𝑉𝑉2.𝑑𝑑𝑑𝑑  

∴ 𝑑𝑑𝑑𝑑 =  𝐶𝐶𝐶𝐶.𝑉𝑉2.𝑑𝑑𝑑𝑑.𝑅𝑅 

Therefore, heat released in 1 degree is proportional to pressure rise; 

∑ 𝑑𝑑𝑑𝑑𝑆𝑆𝑆𝑆𝑆𝑆→𝜗𝜗

∑ 𝑑𝑑𝑑𝑑𝑆𝑆𝑆𝑆𝑆𝑆→𝐸𝐸𝐸𝐸𝐸𝐸
=  

∑ 𝐶𝐶𝑣𝑣.𝑉𝑉2.∆𝑃𝑃
𝑅𝑅𝑆𝑆𝑆𝑆𝑆𝑆→𝜗𝜗

∑ 𝐶𝐶𝑣𝑣.𝑉𝑉2.∆𝑃𝑃
𝑅𝑅𝑆𝑆𝑆𝑆𝑆𝑆→𝐸𝐸𝐸𝐸𝐸𝐸

 

Assuming Cv doesn’t change, this produces MFB with greater precision; 

∑ 𝑉𝑉2 × ∆𝑃𝑃𝑆𝑆𝑆𝑆𝑆𝑆→𝜗𝜗

∑ 𝑉𝑉2 × ∆𝑃𝑃𝑆𝑆𝑆𝑆𝑆𝑆→𝐸𝐸𝐸𝐸𝐸𝐸
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𝐶𝐶𝐶𝐶 =  𝐶𝐶𝐶𝐶 +  𝑅𝑅 

𝛾𝛾 =
𝐶𝐶𝑝𝑝
𝐶𝐶𝑣𝑣

 =  
𝐶𝐶𝑣𝑣
𝐶𝐶𝑣𝑣

+ 
𝑅𝑅
𝐶𝐶𝑣𝑣

 

∴ 𝛾𝛾 =  1 +
𝑅𝑅
𝐶𝐶𝑣𝑣

 

𝑅𝑅
𝐶𝐶𝑣𝑣

=  𝛾𝛾 – 1 

∴ 𝑑𝑑𝑑𝑑𝑑𝑑 =  
𝑉𝑉2.𝑑𝑑𝑑𝑑
𝛾𝛾 − 1

 

9.2. Appendix B – Real world Ford EGR usage 

 

Figure 31 Ford 1 Litre EcoBoost engines added EGR percentages (Ford, 2012) 

Ford Motor Company’s 1 litre Fox engine exhibits up to 33.3% EGR at 2% engine load with 

high EGR usage whist being in the NEDC. Low levels of EGR are added whilst on full load. 

At the higher RPM EGR is used to cool down the combustion chamber due to the high heat 

produced from friction and lesser time for thermal runaway thus making the fuel is a more 

effective cooling agent. (Ford, 2012) 
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9.3. Appendix C – Specific heat ratio 

 

Figure 32 Gamma changing with temperature for Gasoline with varying FER 

Showing the richer the mixture more lower the gamma, as more molecules thus more 

molecular weight so would require more energy to heat.  

9.4. Appendix D – Reaction rate constants.  
Continuing to get the constants for each degree Kelvin, the reaction rate table from used 

from Goodger, M. Fitting a polynomial to increase the accuracy of the model. Above 2800K 

the polynomial is slightly off, but as combustion temperatures hardly exceed 2800K it is 

ignored. 

 

Figure 33 Reaction rate constant traces for CO2 and H2O. (Goodger, 2000) 

1.2

1.22

1.24

1.26

1.28

1.3

1.32

1.34

1.36

500 800 1100 1400 1700 2000

Ga
m

m
a

Temperature (K)

0.9 0.95 1 1.05 1.1 1.15 1.2

-500

0

500

1000

1500

2000

2500

3000

3500

4000

2000 2200 2400 2600 2800 3000

Re
ac

tio
n 

ra
te

 c
on

st
an

t

Temperature (K)

kCO2

kH2O

Poly. (kCO2)

Poly. (kH2O)



Combustion Modelling for NOx Production Analysis 

 

45 Kyle Burton - P131698  

Where polynomial with ‘x’ being the temperature needed, for CO2; 

𝑦𝑦 =  0.0000000000000782061135743534𝑥𝑥6− 0.00000000118958594479025𝑥𝑥5 

+ 0.00000753257874077333𝑥𝑥4− 0.02542276484849073 

+  48.2507167698753𝑥𝑥2 −  48846.5459630743𝑥𝑥 +  20616109.6854172 

Equation 59 

Polynomial for H2O; 

𝑦𝑦 =  0.000000000000023036782841985300𝑥𝑥6 − 0.000000000349295715333898𝑥𝑥5 

+  0.00000220407421375471𝑥𝑥4 −  0.007410379256664850000000000000𝑥𝑥3 

+  14.0049945950029𝑥𝑥2 −  14111.418168666𝑥𝑥 +  5924578.95644595 

Equation 60 
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9.5. Appendix E – Oxygen (N5) content after combustion



Combustion Modelling for NOx Production Analysis 

 

47 Kyle Burton - P131698  



Combustion Modelling for NOx Production Analysis 

 

48 Kyle Burton - P131698  

 
Figure 34 O2/N5 content at varying FER, Pressures and temperatures for gasoline C8.26H15.5 

 

9.6. Appendix F – Bilinear interpolation coding 
Used on Excel with the above tables in Appendix E to find the correct values for O2. By using 
the many functions of Excel, it results in accurate values.  

9.6.1. Q12 - Bottom left 
=LOOKUP(IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$20,$AD$20,

IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,IF(R358<$

AD$24,$AD$24,IF(R358<$AD$25,$AD$25)))))))),$AD$18:$AD$25,IF(C358<$AF$17,$AE$1

8:$AE$25,IF(C358<$AG$17,$AF$18:$AF$25,IF(C358<$AH$17,$AG$18:$AG$25,IF(C358<

$AI$17,$AH$18:$AH$25,IF(C358<$AJ$17,$AI$18:$AI$25,IF(C358<$AK$17,$AJ$18:$AJ$2

5,IF(C358<$AL$17,$AK$18:$AK$25,IF(C358<$AM$17,$AL$18:$AL$25,IF(C358<$AN$17,$

AM$18:$AM$25,IF(C358<$AO$17,$AN$18:$AN$25,IF(C358<$AP$17,$AO$18:$AO$25,IF(
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C358<$AQ$17,$AP$18:$AP$25,IF(C358<$AR$17,$AQ$18:$AQ$25,IF(C358<$AS$17,$AR

$18:$AR$25,IF(C358<$AT$17,$AS$18:$AS$25,IF(C358<$AU$17,$AT$18:$AT$25,IF(C358

<$AV$17,$AU$18:$AU$25,IF(C358>$AV$17,$AV$18:$AV$25))))))))))))))))))) 

9.6.2. Q11 – Top left 
=LOOKUP(C358,$AE$17:$AV$17,IF(R358<$AD$19,$AE$18:$AV$18,IF(R358<$AD$20,$A

E$19:$AV$19,IF(R358<$AD$21,$AE$20:$AV$20,IF(R358<$AD$22,$AE$21:$AV$21,IF(R3

58<$AD$23,$AE$22:$AV$22,IF(R358<$AD$24,$AE$23:$AV$23,IF(R358<$AD$25,$AE$24:

$AV$24,IF(R358>$AD$25,$AE$25:$AV$25))))))))) 

9.6.3. Q21 – Top right  
=LOOKUP(C358+5,$AE$17:$AV$17,IF(R358<$AD$19,$AE$18:$AV$18,IF(R358<$AD$20,$

AE$19:$AV$19,IF(R358<$AD$21,$AE$20:$AV$20,IF(R358<$AD$22,$AE$21:$AV$21,IF(R

358<$AD$23,$AE$22:$AV$22,IF(R358<$AD$24,$AE$23:$AV$23,IF(R358<$AD$25,$AE$2

4:$AV$24,IF(R358>$AD$25,$AE$25:$AV$25))))))))) 

9.6.4. Q22 – Bottom right 
=LOOKUP(IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$20,$AD$20,

IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,IF(R358<$

AD$24,$AD$24,IF(R358<$AD$25,$AD$25)))))))),$AD$18:$AD$25,IF(C358+5<$AF$17,$AE

$18:$AE$25,IF(C358+5<$AG$17,$AF$18:$AF$25,IF(C358+5<$AH$17,$AG$18:$AG$25,IF(

C358+5<$AI$17,$AH$18:$AH$25,IF(C358+5<$AJ$17,$AI$18:$AI$25,IF(C358+5<$AK$17,$

AJ$18:$AJ$25,IF(C358+5<$AL$17,$AK$18:$AK$25,IF(C358+5<$AM$17,$AL$18:$AL$25,I

F(C358+5<$AN$17,$AM$18:$AM$25,IF(C358+5<$AO$17,$AN$18:$AN$25,IF(C358+5<$A

P$17,$AO$18:$AO$25,IF(C358+5<$AQ$17,$AP$18:$AP$25,IF(C358+5<$AR$17,$AQ$18:

$AQ$25,IF(C358+5<$AS$17,$AR$18:$AR$25,IF(C358+5<$AT$17,$AS$18:$AS$25,IF(C35

8+5<$AU$17,$AT$18:$AT$25,IF(C358+5<$AV$17,$AU$18:$AU$25,IF(C358+5>$AV$17,$

AV$18:$AV$25))))))))))))))))))) 

9.6.5. P - Final value 
=((((((CEILING(C358,5))-C358)*((R358-

(LOOKUP(R358,AD$18:AD$25)))/(((CEILING(C358,5))-

(FLOOR(C358,5)))*((((IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$

20,$AD$20,IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23

,IF(R358<$AD$24,$AD$24,IF(R358<$AD$25,$AD$25)))))))))-

((LOOKUP(R358,AD$18:AD$25)))))))))))*V358)+(((((((((((((((CEILING(C358,5)))-

C358))*(IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$20,$AD$20,IF(

R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,IF(R358<$AD

$24,$AD$24,IF(R358<$AD$25,$AD$25))))))-R358))))/(((CEILING(C358,5))-
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(FLOOR(C358,5)))*(IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$20

,$AD$20,IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,IF

(R358<$AD$24,$AD$24,IF(R358<$AD$25,$AD$25)))))))-

((LOOKUP(R358,AD$18:AD$25))))))))))*W358))))))+((((C358-

(FLOOR(C358,5)))*(((IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$2

0,$AD$20,IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,I

F(R358<$AD$24,$AD$24,IF(R358<$AD$25,$AD$25))))))))))-R358))/(((CEILING(C358,5))-

(FLOOR(C358,5)))*((IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$2

0,$AD$20,IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,I

F(R358<$AD$24,$AD$24,IF(R358<$AD$25,$AD$25)))))))))-

((((LOOKUP(R358,AD$18:AD$25))))))))*X358)+((((C358-(FLOOR(C358,5))))*((R358-

(LOOKUP(R358,AD$18:AD$25))))/(((CEILING(C358,5))-

(FLOOR(C358,5)))*((IF(R358<$AD$18,$AD$18,IF(R358<$AD$19,$AD$19,IF(R358<$AD$2

0,$AD$20,IF(R358<$AD$21,$AD$21,IF(R358<$AD$22,$AD$22,IF(R358<$AD$23,$AD$23,I

F(R358<$AD$24,$AD$24,IF(R358<$AD$25,$AD$25))))))))-

((LOOKUP(R358,AD$18:AD$25)))))))*Y358) 

9.7. Appendix G – Arrhenius function cont. 
Originally derived from the function; where, k = rate constant, A = constant/pre-exponential 

factor, Ea = activation energy, R = gas constant, T = temperature 

k = A. e�
−𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅.𝑇𝑇� 

(Beavon, 2016) 

The function tells you the proportion with enough energy to start a reaction with the given 

molecules/atoms.  
𝑑𝑑[𝑁𝑁𝑁𝑁]
𝑑𝑑𝑑𝑑

∝ [𝑁𝑁₂]. [𝑂𝑂₂]0.5. e�
−𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅.𝑇𝑇� 

∴ ∝ = [𝑁𝑁₂]. [𝑂𝑂₂]0.5. e�
−𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅.𝑇𝑇� 

Where ‘4.7x1013’ is an empirical constant found through research and engine development, 

to complete the Arrhenius function; 

∴ ∝ = 4.7 × 1013. [𝑁𝑁₂]. [𝑂𝑂₂]0.5. e�
−67837

𝑇𝑇 � 

(Merket, Schwarz, stiesch, & Otto, 2006) 

By finding the activation energy of N2, the equation is simplified in the Zeldovich model 

equation above.  
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𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅

=  67837 ∴  𝐸𝐸𝑎𝑎 = 563 𝑀𝑀𝑀𝑀/𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 

This is the activation energy needed to start a reaction. The ‘N2’ is hard to split up due to the 

bond so it has a high activation energy. 

Temperature (K) Probability (exp(-67837/T)) 

2000 1.85944E-15 

2100 9.35062E-15 

2200 4.06003E-14 

2300 1.55156E-13 

2400 5.30256E-13 

2500 1.6425E-12 

2600 4.66397E-12 

2700 1.22583E-11 

2800 3.00698E-11 

2900 6.93352E-11 

3000 1.51213E-10 

The probability of a reaction to make NOx is approximately 10000 times more likely at 3000K 

than at 2000K. In reality below 1800K there is not enough probability that enough 

molecule/atoms have the necessary energy to equal the activation energy to start a reaction, 

hence NOx production isn’t seen below this temperature.  

9.8. Appendix H – NOx prediction Values 

 

Figure 35 NOx predictions for SOC to EOC 

 

Figure 36 NOx SOC to peak temperature 
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Figure 37 Polynomial burned temperature correction, for NOx prediction SOC to EOC 

 

Figure 38 Polynomial burned temperature correction, for NOx prediction SOC to peak temperature 

9.9. Appendix I – Excel worksheet 

 

Figure 39 Excel worksheet for base data and fuel calculator 
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Figure 40 Variable Gamma calculations with polynomial 

 

Figure 41 Calculation sheet for 6500RPM 
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Figure 42 Two zone calculation sheet 

 

Figure 43 Bilinear interpolation calculations with different methods of NOx predictions and custom Cp table at top left. 
Far left is the polynomial temperature correction 
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