     Overview of transformations and projections.

1. We draw our objects as a set of polygons and assume they have their own local or object space.

2. We then transform them into world space.  If all objects were transformed to the origin of world space then they would occupy the same space and interpenetrate each other. Instead we transform all objects to different parts of world space and assume that, for the most part objects should not interpenetrate each other.

3. These transformations could well include a combination of rotations, translations and scalings. The combined transformations are collectively known as the model transformation. In Open GL we use matrices to represent both transformations and vertices. The transformation of vertices is effected by the consecutive multiplication of transformation matrices upon a vertex (note in OpenGL we represent vertices in column major form). For example, assuming we begin with the identity matrix, I, a rotation (R) followed by a translation (T) on a vertex (V) is effected by the matrix multiplication M=((I.R).T).V – Note the last thing to be multiplied is the vertices, the first the Identity matrix.
4. Once we’ve placed all our objects in world space we then move the camera to the desired position. This again is achieved by transforming the camera to a position using an appropriate matrix. This is called the view transformation. Actually we leave the camera (which doesn’t really exist) at the origin and aligned to the x,y and z axes, and move the world in the opposite direction.  In OpenGL both the view and model transformations are concatenated and called simply the modelview transformation. 

5. Now the 3-D world we’ve arranged is projected onto the screen. There are several parts to this process and the detailed actions performed depend on the types of projection used. There are several projections typically used, but two common ones specified by OpenGL are Orthographic and Perspective projection.  Perspective projection is easily identifiable by the way the projection reduces the size of object dimensions in proportion to their distance from the camera and is the common way of representing “real” 3D worlds on a 2D screen or window and we’ll be concerned with this from now on.
6. A perspective transformation matrix is defined based upon the idea of a viewing frustum as shown in the diagram below.
[image: image1.png]frustum

ki)






[image: image2]
We can use this to construct the relationship between the projected object on the View window and the original object occupying 3 D world space as follows.
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Notice that the maximum value for y on the view window is +1 and the minimum is
 -1.  Similarly the range of the x co-ordinates is from -1 to +1.  We use the term “normalised device co-ordinates” for this situation where the range of x and y co-ordinates of the view window are from -1 to +1. 

The above diagram indicates how we can deduce y’ given y. We can deduce x’ in a similar way but we must remember that if our monitor’s window’s aspect ratio, a, is not 1 then we must scale x’ by the aspect ration of the screen, a, where a=width/height.  
We can use similar tri-angles to determine the projected point’s, Pv, co-ords (x’,y’,z’) given Pw’s co-ordinates (x,y,z). This results in:-
x’ = d.x/(-az)
y’ = d.y/(-z)
z’ = -d

Note that we are dividing by the -z co-ordinate, so we will not be able to represent these transformations using a matrix as it is not linear (or affine).  If we multiplied through by -z then we will produce a set of linear equations which we can represent as a matrix but we will need to divide through by -z at the end of all our transformations to get the correct answer. We make use of the homogenous co-ordinate, w here and multiply it by -z too, and since w=1 then w becomes –z..  So no our transformation equations look like
x’ = x.(d/a)

y’ = d.y
z’ = dz

w’ = -z
The perspective transformation matrix representing these equations is now:

     d/a   0  0   0

0 d   0   0

0    0   d   0

0    0  -1   0
Now, after we applied the perspective transformation, we divide through by the value of the homogenous co-ordinate, w.  This is known as the homogenous divide (also the reciprocal divide) and we get back to our original equations which give us our perspective view. Nice.  
So, after the perspective divide we have our world represented in normalized device co-ordinates. Notice our all z co-ordinates are mapped to –d, which is what we expect since we are moving from a 3D world to a 2D representation.  The z co-ordinate is usually kept for depth comparisons and normalized to the range -1 to +1 where these extremes map to the near and far planes of the frustum.  We include this additional mapping in the same perspective transformation matrix by modifying it as follows:

     d/a   0       0                 0

1 d        0                 0

0    0  (n+f)/(n-f)    2nf/(n-f)

0    0       -1                0

where n = near plane z, f=far plane z coordinate.
7. The last thing we need to do is convert the normalized screen x and y co-ordinates to window pixels values. This is called the viewport transformation and is relatively straight forward but, remember that the origin of a device’s window is machine dependent. Often (0,0) is at the top left of the window so we will assume this. The idea is just to flip the y axis (negate y) and move the normalized screen co-ordinate origin from the middle of the screen to the top left. All this can be achieved by appropriate negation of the y co-ordinate and offsetting of both the x and y co-ordinates as follows.
y’’ = (-hs/2).y’            (first negate y to flip it)

ys  = (-hs/2).y’ +hs/2   (then offset)

xs = (ws/2).x’ + ws/2   (just offset).

If we want to cover just part of our screen we will need to adjust our equations to offset the region to draw such that it no longer starts at (0,0) but at (xs,ys):

ys  = (-hs/2).y’ +hs/2   +sy

xs = (ws/2).x’ + ws/2   +sx

The following diagram summarizes all this for us.
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8. Picking uses the above transformations in reverse by first producing a ray based on the eye co-ordinates and the point clicked on by the mouse on the window, then we transform this to either world space or an object’s local space and finally test for intersection between the ray and the bounding volume of the object.  This must be repeated for all objects rendered in the frustum.  This means we must engage in some form of object management where the object’s current local to world transform is always saved with other object information such as bounding volume and “collision detected” information.  This means we need to consider scene management and scene graphs!
Before we do this lets outline  a way to develop the ray used for picking.





Side view of frustum







Effect of perspective projection on frustum

To begin with we define our ray by using two points: the point picked on the screen Pnear and a point on the far plane Pfar.  We use our two equations

ys  = (-hs/2).y’ +hs/2   +sy

xs = (ws/2).x’ + ws/2   +sx

 but re-arrange them to find the normalized device co-ordinates (x’,y’), given the screen co-ordinates (xs,ys). The re-arranged equations are:

x’ = 2(xs  - sx)/ws -1  

y’ = -2(ys  - sy)/hs +1 
We need to modify these equations to take into account the aspect ratio, a, of the view frame and also choose z.  The z value for Pnear we can set to any value along the z-axis as long as its not the same as the far z value – lets choose -1 and 1. These equations for Pfar, i.e. (xv,yv,zv), now become:

xv = 2a(xs  - sx)/ws -1  

yv = -2(ys  - sy)/hs +1 

zv = -1
and for Pnear we use the same xv and yv values but set z = +1. 
The parametric formula for the pick ray is then:

   L(t) = Pnear + t(Pfar – Pnear) 


= (1-t)Pnear + tPfar

= Pnear + tv           
From here we can :

i) Transform objects into this view frame and test for intersection between the ray and view frame transformed object; 

ii) OR Transform the ray into world space and test for intersection

iii) OR Transform into object space and test for intersection
Your choice, but if you are using a scene graph or similar then you will already be maintaining each object’s world-to-view transform so you can find the inverse of that transform and then use this inverse transformation (view-to-world) to transform the ray into world co-ordinates: 

Pw = [Mview->world].Pv

Alternatively, if you are maintaining an object’s local to world transform you could find the inverse of this and transform from Pw to local space Pl:
Pl =[Mworld->local].Pw or

Pl = [Mworld->local].[Mview->world].Pv
We will also need to transform our viewing position (Peye) also:

Peyel =[Mworld->local].Peye

To find which object the ray intersects we need to test for intersection between the ray and all objects in our rendered scene.  This of course means we will need to manage our models as indicated earlier, keeping track of all transformations, etc.
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Objects forshortened by factor of  tan(fov) = 1/d


Given angle fov we can deduce d = 1/tan(fov)
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