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2. Introduction
Heat transfer phenomena play a pivotal role in many scientific and engineering applications. This paper focuses on simulating heat transfer within specified 2D aluminium plate, displayed in Figure 1, using the Thermal Diffusion Equation. This equation encapsulates the relationship of thermal conductivity, density, and specific heat, forming a crucial constituent in the study of heat transfer.
This paper aims to develop a computational program for simulating heat transfer through an aluminium plate, employing explicit finite difference methods using the MATLAB software package. It begins by explaining the Thermal Diffusion Equation and its specific form tailored for a 2D aluminium plate. The computational challenges will be addressed through the explicit finite difference form, tied to the finite difference method. The study aims to answer the complexities of the finite difference method, emphasizing its application to discretize spatial and temporal derivatives in the Thermal Diffusion Equation. Stability criteria will be established using the Fourier number, ensuring the reliability of numerical simulations by adhering to specific ranges to avoid instabilities.
To validate the computational model, analytical solutions for thermal equilibrium conditions will be introduced, accompanied by a comprehensive analysis of the MATLAB code. The paper will define the initial boundary conditions, providing a robust basis for testing the simulation against established benchmarks. 
[image: A diagram of a metal plate

Description automatically generated with medium confidence]A detailed analysis of tolerance and time step parameters will be conducted for code optimization. The Tolerance Analysis explores the relationship between tolerance values and thermal equilibrium time, emphasizing the trade-offs between precision and computational efficiency. The Time Step Analysis will examine the impact of user-defined time steps, highlighting the substantial influence on thermal equilibrium time.
The developed code will be compared between the numerical and analytical solutions to check its accuracy. Model limitations will be considered as well as an exploration into future developments of such models.			



3. The Thermal Diffusion Equation for Heat Transfer
To develop a program capable of simulating heat transfer through the specified aluminium plates, a constitutive equation known as the thermal diffusion equation was needed. According to (tec-science 2020), thermal diffusion involves the conduction of heat over time due to atomic vibrations, occurring unless the atoms are at absolute zero Kelvin.
The heat equation is a powerful tool for understanding and predicting temperature variations in various physical systems. Its applications range from engineering design to climate modelling, reflecting its importance in advancing scientific understanding and technological innovation (Bergman & Lavine, 2019).
The thermal diffusion equation, and similar equations, are commonly derived from "Fourier’s law," which describes thermal conduction and was named after J. Fourier following its discovery in 1822 (Lienhard IV & Lienhard V, 2020).
The specific thermal diffusion equation is show below.

Where:







Since the focus is on a 2D aluminium plate, the Z-axis can be disregarded, simplifying the equation to:

However, MATLAB cannot directly solve differential equations, meaning the equation need to be simplified into a linear form (Radi & Hami, 2018).

4. Explicit Finite Difference Form of the Constitutive Equation
[image: A diagram of a network
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The finite difference method (FDM) is employed to compute the temperature at various locations within an aluminium plate. This approach utilizes the Taylor series and heat energy approximation. It is the preferred technique for solving ordinary differential equations, involving the estimation of the differential operator by substituting derivatives in the equation based on the surrounding context (Kong et al., 2020). Accurate results necessitate consideration of the nodal network and Fourier's number. The nodal network, denoted by 'h' in all four cardinal directions, identifies discrete points where temperature is determined. Figure 2 illustrates the functioning of the nodal network (Peti, 2017). The grid spacing between nodes is denoted by 'h' in equation one, typically following a uniform pattern. Time points are approximated across the domain.

To simplify the differential heat equation using the Taylor series, you can express the solution as a power series expansion. The idea is to represent the temperature function as a sum of its derivatives at a given point. (Radi & Hami, 2018)

Taylor series of function  about point is:

The Taylor series, which relates the value of a function at a specific point x0 ​ and its value at a neighbouring point (x0 + h), is:

Rearrange to get:
 


This is used to make the forward difference approximation to :

This approximation is of order 0(h), which means that the forward difference approximation gets smaller in a linear fashion as h gets smaller. (Radi & Hami, 2018) (Butt, 2010)
If we examine how the function varies as we decrease, we create the backward differences approximation. Using the Taylor series:

Rearrange to get:
 

We can now make the backward difference approximation:

Like the forward difference method, the approximation is of order 0(h), and the error will reduce with h.
If we combine these two approximations, we can construct another method.
Therefore:

Now we can create the central difference approximation.






The central difference approximation is accurate up to order 0() Consequently, for small values of h, it typically outperforms both the forward and backward approximations (Grasselli & Pelinovsky, 2008) (Butt, 2010). A similar approach can be employed to derive approximations for higher-order derivatives. If we combine the two approximations, therefore:

We can construct the central difference approximation to the 2nd derivative.

The differential thermal diffusion equation is represented in finite-difference form by using:
· central differences to discretize 
· forward differences to discretise 
At the point P

and	

Substituting into the thermal diffusion equation gives



Δt = Time step



Stability Criteria: 
When using numerical solutions for solving differential equations, significant round-off errors may arise (Surana, 2019). To mitigate this, a dimensionless parameter, referred to as the Fourier number, is used. Ensuring the reliability and stability of calculations requires the Fourier number to fall within specific ranges. If the Fourier number exceeds these designated limits, it violates the stability criterion, leading to unreliable results. The stability criteria for the Fourier number are as follows:

As previously illustrated, the Fourier number is determined by the grid spacing size (h) and the time step interval (Δt).

5. Boundary conditions
[image: A graph with a red line

Description automatically generated]The boundary conditions for the code have been defined in the brief, with the plate measuring at 6m by 6m. The East, West and South boundaries are set at 0°C and will not increase. The initial domain temperature is also set at 0°C.
The North boundary condition has a Dirichlet condition implemented, which defines the values that a solution must take along the boundary of the domain. This is illustrated in Figure 3. The linear distribution equations that specify the Dirichlet condition applied to the northern boundary are shown below.





The code will undergo testing using the analytical solution for temperature at thermal equilibrium provided by (Daileda R.C. 2012). This is show below.
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6. Code Details and Explanations
[image: A white screen with green text

Description automatically generated]Figure 4 displays MATLAB command lines 1-11. lines 1-3 are the cleaning commands, designed to clear any active functions in MATLAB, while lines 6-11 define properties related to the aluminium plate, which are stated in the brief.
Figure 4 – Lines 1-11
Figure 5 displays MATLAB command lines 14-29. Line 14 prompts the user to enter a value for the grid spacing (h) in meters. Lines 18-21 starts a while loop that checks if the entered grid spacing is greater than the plate dimensions (W or L) or if it does not evenly divide the plate dimensions. The loop continues to prompt the user for input until a valid grid spacing is entered and shows an error message that will be displayed if the user enters an invalid grid spacing. Lines 25-29 calculates the number of columns and rows (grid points) based on the user-provided grid spacing and creates the matrix with each node equal to zero.

[image: A close-up of text

Description automatically generated]Figure 5 – Lines 14-29
Figure 6 displays command lines 31-42. Lines 32 and 35 prompt the user to enter a value for the time step (Δt) in seconds and calculates the Fourier number (F). Lines 38-42 starts a while loop that checks whether the calculated Fourier number falls within the acceptable range (0 to 0.25). If not, it means that the chosen time step may lead to an unstable numerical simulation. If the Fourier number is outside the acceptable range, a warning message is displayed to the user. The user will then be prompted to enter a smaller time step. 
[image: A white background with black text

Description automatically generated]
Figure 6 – Lines 31-42
[image: A white background with text

Description automatically generated]Figure 7 displays command lines 45-57. Line 44 specifies the North boundary conditions using a For Loop to initialise the heat distribution governed by the Dirichlet condition. Lines 55-57 govern the remaining boundary conditions, which are set to zero.
Figure 7 – Lines 45-57
[image: ]Figure 8 shows Lines 60-62 sets a tolerance allowance, the initial error to allow the simulation to run and, initializes a counter (iterCount) for the number of iterations in the simulation loop. Line 63 creates a new matrix (T2) and copies the initial temperature distribution from the original matrix (T). This is done to allow the simulation loop to look at each node separately without modifying the original matrix during the loop.
Figure 8 – Lines 60-62
 Figure 9 displays lines 67 to 79. The while loop in lines 67-76 5continues until the maximum absolute difference in temperatures between consecutive iterations is sufficiently small, indicating that the system has reached a steady-state solution. And lines 78-79 set a chosen threshold for equilibrium as 0.0001, This can be adjusted based on the desired level of accuracy.
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Figure 9 – Lines 67-79
Figure 10 shows the first part of the code that will display the temperature matrix. Lines 83-90 prepare the matrix by flipping it orientation, adding colour for visualisation, as well as labelling coordinates x and y, adding a title and a colour scale for reference. Lines 93-110 orders the code to display the thermal equilibrium time, in seconds, minutes, hours or days – whichever is applicable.
[image: A screenshot of a computer program
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Figure 10 – Lines 83-110

Figure 11 provides code from lines 113 – 122, that calculates the analytical solution for temperature distribution in a plate using a series expansion. This calculates the analytical solution for the temperature distribution in the plate using a series expansion and store the results in the matrix (T_Ana) This analytical solution will later be used for comparison with the numerical solution obtained through the Finite Difference Method. A rotation is performed to match the orientation of the numerical temperature matrix for proper comparison and visualization.
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Figure 11 – Lines 113-122

Figure 12 illustrates lines 125-141.  These lines of code are used to provide a visual and numerical comparison between the analytical and numerical solutions for the temperature distribution in the plate. The differences are displayed in the console, and the analytical solution is visualized in Figure 2 (in code).

[image: A screenshot of a computer program
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Figure 12 – Lines 125-141





Figure 13 shows lines 144-161. these lines of code are responsible for visualizing the difference between the numerical and analytical solutions in Figure 3 (in code) and defining a function to calculate the analytical temperature distribution based on the series expansion.
Figure 13 – Lines [image: A computer screen shot of a computer code

Description automatically generated]144-161


7. Sensitivity Analysis of the Model

To test the sensitivity of the code, an in-depth analysis is required. Multiple simulations are to be carried out on the three main modifiable parameters. These parameters are:
· Grid Spacing (h)
· Tolerance (Convergence Criteria)
· Time Step (t)

7.1. Grid Spacing Analysis
	Alternative Grid Spacing Analysis Table

	Grid Spacing(h)
	Time Step(s)
	Tolerance
	Thermal Equilibrium Time (s)
	Thermal Equilibrium Time (h)
	Thermal Equilibrium Time (d)

	3
	150
	0.001
	129300
	35.9
	1.50

	2
	150
	0.001
	119400
	33.2
	1.38

	1.5
	150
	0.001
	121499
	33.7
	1.41

	1.2
	150
	0.001
	118050
	32.8
	1.37

	1
	150
	0.001
	121050
	33.6
	1.40

	0.75
	150
	0.001
	119700
	33.3
	1.39

	0.5
	150
	0.001
	119550
	33.2
	1.38

	0.25
	150
	0.001
	119100
	33.1
	1.38

	0.2
	150
	0.001
	119100
	33.1
	1.38


Table 1 - Grid Spacing Analysis
[image: A graph with a line and a line

Description automatically generated]Table 1 shows the difference in thermal equilibrium time respects to the grid size (h). As expected, the time taken to reach thermal equilibrium reduces with the size of h. A smaller grid spacing means that there are more points distributed across the system, allowing for a more accurate representation of temperature variations. With a finer resolution, the simulation captures the spatial changes in temperature more precisely, facilitating a quicker convergence to thermal equilibrium (Butt, 2010), until the time converges at 0.25m and 0.2m. Below is a graphical representation, Figure 14 which shows the data visually. You will notice that time taken does not decrease in a linear fashion but fluctuates as it decreases. According to (Burden et al., 2016) this can be attributed to several sources of error including numerical, discretization, and sensitivity to solution parameters, may contribute to non-linear variations. Additionally, complexities in boundary conditions, time step sensitivity, modelling assumptions, stability criteria and convergence issues can all influence the stability of the simulation. 


7.2. Tolerance Analysis
	Alternative Tolerance Analysis Table

	Grid Spacing(h)
	Time Step(s)
	Tolerance
	Thermal Equilibrium Time (s)
	Thermal Equilibrium Time (h)
	Thermal Equilibrium Time (d)

	1
	500
	0.1
	29000
	8.1
	0.34

	1
	500
	0.01
	89500
	24.9
	1.04

	1
	500
	0.001
	155500
	43.2
	1.80

	1
	500
	0.0001
	222000
	61.7
	2.57

	1
	500
	0.00001
	288000
	80.0
	3.33

	1
	500
	0.000001
	354500
	98.5
	4.10


Table 2 – Tolerance Analysis
Table 2 displays the thermal equilibrium time relative to the tolerance set. The data shows the higher the tolerance, the quick it takes to reach equilibrium. This isn’t surprising as stated by (Burden et al., 2016) When the tolerance is reduced, it means that the system is considered in equilibrium only when temperature differences between adjacent points on the plate are very small. Achieving such precise equilibrium conditions may require the system to undergo more iterations prolonging the time needed for the plate to reach and maintain thermal equilibrium (Butt, 2010). Below Figure 15 illustrates the almost linear relationship between tolerance and thermal equilibrium time. Determining the appropriate value for this parameter is highly subjective to the user. A potential enhancement for this program could involve enabling users to define the tolerance value while implementing additional safeguards.




7.3. Time Step Analysis
	Alternative Time Step Analysis Table

	Grid Spacing(h)
	Time Step(s)
	Tolerance
	Thermal Equilibrium Time (s)
	Thermal Equilibrium Time (h)
	Thermal Equilibrium Time (d)

	0.75
	2000
	0.0001
	254000
	70.6
	2.94

	0.75
	1500
	0.0001
	247500
	68.7
	2.86

	0.75
	1000
	0.0001
	238000
	66.1
	2.75

	0.75
	800
	0.0001
	232000
	64.4
	2.69

	0.75
	600
	0.0001
	224400
	62.3
	2.60

	0.75
	400
	0.0001
	213200
	59.2
	2.47

	0.75
	200
	0.0001
	194000
	53.9
	2.25

	0.75
	100
	0.0001
	174200
	48.4
	2.02

	0.75
	50
	0.0001
	154350
	42.9
	1.79

	0.75
	25
	0.0001
	134475
	37.4
	1.56


Table 3 – Time Step Analysis
[image: A graph with a line going up

Description automatically generated]Table 3 shows the thermal equilibrium time relative to the time step input by the user. It is clearly shown that grid spacings have a large impact on the simulation. The time step affects the time taken to reach thermal equilibrium because it determines how frequently the simulation updates and calculates the changes in temperature. A larger time step means that the simulation is advancing in larger increments, potentially skipping over smaller and quicker changes in the system. While this can reduce computational effort, it may lead to an inaccurate representation of the temperature dynamics, causing a delay in reaching thermal equilibrium (Radi & Hami, 2018). On the other hand, a smaller time step allows for a more detailed and accurate simulation, capturing rapid temperature variations more precisely. Figure 16 is a graph illustrating the relationship between the different size time steps and the thermal equilibrium time. 
Following this analysis, we can see that all the above parameters will affect the code in one way or another. Using a smaller time step, grid spacing, and tolerance can increase computational demands and slow down the overall simulation whilst giving the closest approximation to reality.

8. Code Validation
To validate the code a simulation must be run to compare temperature map at thermal equilibrium with the analytical solution. A time step of 25 seconds has been used for accuracy, and a grid spacing of 0.25 meters has been selected as it is as accurate as 0.2m but will use less computing power. Tolerance has been set at 0.0001 which is in the middle of the analysis range.
[image: A blue background with a blue circle

Description automatically generated with medium confidence]Figures 17 & 18 depicted below show the numerical and analytical temperature distribution. As you can see the visual differences between the two images are almost unnoticeable, implying that the numerical simulation is accurate. [image: A diagram of a temperature map
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Figures 19 & 20 depict the difference between both methods highlighting the accuracy of the of the numerical method compared to the analytical method. Although, as expected these results are not identical due to the errors discussed previously in this report. Figure 20 is displayed in appendix B in a more readable form.
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9. The Limitations of the Model. 
While MATLAB is a straightforward choice for Finite Difference Method (FDM) modelling, it faces limitations, particularly in handling mathematical complexities such as curved boundaries, moving boundaries, or unstructured grids (Smolík et al., 2008). FDM struggles with intricate problems like those found in Formula 1 car geometries or computational fluid dynamics (CFD), lacking capabilities for local grid refinement and adaptive mesh refinement, essential for resolving rapid variations around complex shapes (Sjodin, 2016).
Within the domain of numerical methods, round-off errors are a consequence of finite precision, affecting accuracy during computations. These errors accumulate over successive operations, potentially compromising the overall reliability of the numerical solution (Böttcher et al., 2016). Similarly, truncation errors arise when approximating mathematical processes, particularly in representing infinite series or functions with a finite number of terms. The management of truncation errors is crucial for accurate solutions, although increasing the number of terms may escalate computational demands (Lee & Tsuei, 1992)
Complex geometries present a significant challenge for traditional numerical methods, especially when dealing with irregular shapes or intricate boundaries (Smolík et al., 2008). Conventional approaches such as finite difference or finite element methods may prove inadequate, necessitating the adoption of specialized techniques like adaptive meshing. (Sjodin, 2016). Meanwhile, stability is a critical consideration in numerical methods, particularly when solving differential equations. Unstable methods can lead to unreliable solutions marked by divergence or oscillations, underscoring the importance of ensuring method stability, especially in dynamic or time-dependent simulations. A scheme is considered neutrally stable when errors maintain a constant magnitude throughout the computational process. If errors diminish and eventually dissipate, the numerical scheme is deemed stable. Conversely, if errors exhibit growth over time, the numerical scheme is characterized as unstable. (Isaacson & Keller, 1996)
The coding limitation in modelling thermal equilibrium involves comparing temperature differences against a tolerance factor. This practical approach may oversimplify the physics, especially in dynamic systems (Bailyn, 1994). The method's efficacy depends on the chosen tolerance factor, risking premature convergence or prolonged simulations without true equilibrium. To improve accuracy, a physics-aware modelling approach tailored to the system's characteristics and dynamic adjustments can be considered (Marsland & England, 2017).

10. Model Improvements and Future Developments. 
The Finite Difference Method (FDM) discretizes the domain into nodes, determining results at these specific points. In contrast, the Finite Element Method (FEM) computes results at every point using approximations defined within small triangular or quadrilateral areas across two dimensions. While FDM necessitates four nodes for calculation, FEM requires only three, emerging as a more evolved version of FDM (Cyprien, 2017) (Sjodin, 2016). Both methods convert partial differential equations into sets of algebraic equations, with FDM generally demanding less computational power but providing lower-order approximations, leading to less accurate results compared to FEM. Finite Element Analysis (FEM) places more emphasis on mesh quality. Conversely, Boundary Element Analysis (BEM) considers only the outer boundary, reducing problem dimensionality and accelerating solution times (Egab, 2020). 
The future of finite difference holds promise for solving more complex problems rapidly, with emerging software capable of integrating finite difference seamlessly based on geometry and boundary conditions. This integration aligns with industrial advancements, utilizing geometric scanning and augmented reality to provide real-time insights for complex engineering challenges (Gameros, 2015).

11. Conclusion 
In conclusion, this comprehensive exploration of simulating heat transfer through a 2D aluminium plate using the Thermal Diffusion Equation has provided valuable insights into the intricacies of the explicit finite difference method. The paper successfully achieved its primary aim of developing a computational program, highlighting the finite difference method's application to discretize spatial and temporal derivatives in the Thermal Diffusion Equation.
The establishment of stability criteria, anchored by the Fourier number, contributes to the reliability of numerical simulations. Analytical benchmarks and a careful validation process demonstrated the accuracy of the developed MATLAB code, even in the face of acknowledged limitations associated with complex geometries and potential errors.
Parameter analyses revealed significant trade-offs in the Tolerance Analysis, showcasing the relationship between tolerance values and thermal equilibrium time. The Time Step Analysis underscored the substantial influence of user-defined time steps on thermal equilibrium time, emphasizing the delicate balance between simulation speed and accuracy.
Looking forward the paper suggested future developments, advocating for exploring advanced techniques like Finite Element Method (FEM) or Boundary Element Analysis (BEM) to address the limitations of the Finite Difference Method (FDM). The integration of finite difference with emerging technologies, including geometric scanning and augmented reality, holds promise for real-time solutions to complex engineering challenges.
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13. Appendix
13.1. Appendix A – The Code
clc;        %Command to clear the command window.
clear;      %Command to clear the workspace.
close all;  %Command to close all windows.
 
% Aluminium Plate Properties
W = 6;                        % Length of the plate in meters
L = 6;                        % Width of the plate in meters
k = 143;                      % Thermal conductivity in W/(m*C)
rho = 2800;                   % Density in kg/m^3
cp = 795;                     % Specific heat in J/(kg*C)
a = k / (rho * cp);           % Thermal diffusivity. 'a' represents alpha


h = input('Enter grid spacing (h) in meters: ');    % Asks the user to input the grid spacing.


%%% Grid Spacing Conformity %%%
while h >= 6 || h <= 0 || rem(6,h) ~=0                                                  % Checks the code to ensure 'h' isn't greater than 6
    disp ('Please Enter a Valid Number for h')                                          % Checks if value provided divides the plate evenly
    h = input('Invalid grid spacing. Choose a value that divides the plate evenly: ');  % If the any of the above is broken, the user will be asked to re-enter the grid spacing.
end                                                                                     % Ends while loop


% Calculate the number of grid points
NC = L / h + 1;                % Calculate the number of nodes required per column using the width and grid spacing.
NR = W / h + 1;                % Calculate the number of nodes required per row using the length and grid spacing.

% Initialize temperature grid
T = zeros(NR, NC);             % Creates a matrix with each node equalling 0

%Input a Time Step Value%
dT = input('Enter positive time (∆t) in seconds: ');    % Prompts user to input the time step.

%Calculate Fourier Number%
F = (a*dT)/h^2;                                         %'F' represents the Fourier number in its retrospective equation.

%Validate the time step
 while dT<=0 || F >=0.25                                % Ensure the time step fulfils the stability criterion.
    disp ("The time step provided will not provide a stable calculation")
    dT = input ('enter a smaller time step: ');         %If it doesn't the user will be asked to re-enter the time step until its compatible.
    F = (a*dT)/h^2;
 end

% Set Initial Temperature Distribution
for c = 1:NR
    x = (c-1)*h; 
    if x <= 4 
        T(1,c) = 12.5 * x;
    else
        T(1,c) = -25*x + 150;       % The linear distribution equations that specify the Dirichlet condition applied to the northern boundary 
    end
end

%East, West and South Bondary conditions
T(:, 1) = 0;                        % Left Boundary
T(:, end) = 0;                      % Right Boundary
T(end, :) = 0;                      % Bottom Boundary

% FDM Preperation
tol=0.001;                          %Sets the tolerance allowance.
Er=tol+1;                           %Sets the initial error to allow the FDM to run.
iterCount = 0;                      %Set the iteration count of the while loop to zero. This will be counted further in the code.
T2 = T;                             %Creates a new matrix for the new data to be stored from the original matrix 'T'.


%Achieving Thermal Equilibrium through Matrices%
while true                                  %This allows the while loop to start
   
    iterCount = iterCount + 1;              %Counts the number of iterations the while loop goes through before reaching thermal equilibrium.
    T=T2;                                   %This defines matrix 'T' with the data from 'T2' to allow the while loop to look at each node.
    for r = 2:NC-1
        for c = 2:NR-1
            %Finite Difference Equation
            T2(r,c) = F*(T(r+1,c)+T(r-1,c)+T(r,c+1)+T(r,c-1)-(4-1/F)*T(r,c));
        end
    end
    %Thermal Equilibrium Check%
    if max(max(abs(T2-T)))<=0.0001          %checks whether the maximum absolute difference between the temperature matrices T2 and T is less than or equal to 0.001
        break;
    end
    
    %Temperature Distribution (Figure 1)%
    figure(1)
    contourf(flipud(T))             % flips the matrix for correct orientation
    colormap("jet")                 % Using 'jet' colormap for temperature visualization
    colorbar                        % Adding colour bar for scale reference
    xlabel('x coordinates')         % Label X Coordinate
    ylabel('y coordinates')         % Label Y Coordinate
    title(['Numerical Temperature Distribution at t = ', num2str(iterCount), ' seconds']);
    pause (0.01)
end
%Time Taken to Reach Equilibrium%
eq = iterCount*dT;
if eq<60

    fprintf('Time taken to reach Thermal Equilibrium in %g seconds\n',eq)           %Displays time in seconds, if applicable  
   
else if eq>=60 && eq<60^2

    fprintf('Time taken to reach Thermal Equilibrium in %g minutes\n',eq/60)        %Displays time in minutes, if applicable

        else if eq>=60^2 && eq<24*60^2

    fprintf('Time taken to reach Thermal Equilibrium in %g hours\n',eq/60^2)        %Displays time in hours, if applicable

    else
    fprintf('Time taken to reach Thermal Equilibrium in %g days\n',eq/(24*60^2))    %Displays time in day, if applicable
        end
    end
end

% Calcutlation of the Analytical Solution %
n = 200;            %Number of Terms (200 for Accuracy)
T_ana = zeros(NC, NR);
for r = 1:NC
    for c = 1:NR
        x = (r - 1)* h;
        y = (c - 1)* h;
        T_ana(r, c) = calculate_analytical_temperature(x, y, n);
    end
end
T_ana = rot90(T_ana);               %Rotate matrix orientation 90 degrees%

% Display Analytical Solution 
disp('Analytical Temperature Distribution at Thermal Equilibrium:');
disp(T_ana);

% Analytical and Numerical Solution Comparison
difference = T2 - T_ana;            % Compute the difference between solutions
disp('Difference Between Numerical and Analytical solutions:');
disp(difference);

% (Figure 2) Visualization of the analytical solution 
figure(2)
contourf(flip(T_ana))  
colormap(jet)
colorbar                    
clim([0 6]);                
xlabel('x Coordinate');      
ylabel('y Coordinate');      
title('Analytical Temperature Distribution');

% (Figure 3) Visualization of the difference
figure(3)
contourf(flip(difference))                
colormap(jet)                              
colorbar                                  
clim([-0.005 2]);                          
xlabel('x Coordinate Length (m)');
ylabel('y Coordinate Length (m)');
title('Difference Between Numerical and Analytical Solutions');

% Calculation for Analytical Temperature Distribution%
function T_analytical = calculate_analytical_temperature(x, y, num_terms)
    T_analytical = 0;
    for n = 1:num_terms
        term = (sin(2*n*pi/3) / (n^2 * sinh(n*pi))) * sin(n*pi*x/6) * sinh(n*pi*y/6);
        T_analytical = T_analytical + term;
    end
    T_analytical = (450/pi^2) * T_analytical;           %analytical solution for temperature at thermal equilibrium 
end
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cles %Command to clear the command window.
clear; %Command to clear the workspace.
close all; ¥Command to close all windows.

% Aluminium Plate Properties

W= % Length of the plate in meters
L=-6 % Width of the plate in meters

K = 1a3; % Thermal conductivity in u/(m*C)
rho = 2800; % Density in kg/m3

p = 795; % Specific heat in /(kg*C)

k / (rho * cp); % Thermal diffusivity. 'a’ represents alpha




image6.png
14
15
16
17
18
19
20
21
2
23
2
25
2
27
28
29

input('Enter grid spacing (h) in meters:

'); % Asks the user to input the grid spacing.

%% Grid Spacing Conformity %%
while h >= 6 || h <=0 || ren(6,h) ~=0 % Checks the code to ensure 'h' isn't greater than 6
disp (*Please Enter a Valid Number for h') % Checks if value provided divides the plate evenly

end

h = input('Invalid grid spacing. Choose a value that divides the plate pvenly

% If the any of the above is broken, the user will be asked to re-enter the grid spacing.
% Ends while loop

% Calculate the number of grid points

ne
R

% Initialize temperature grid

T

L/he
W/h+ 1

zeros(NR, NC);

% Calculate the number of nodes required per| column using the width and grid spacing.
% Calculate the number of nodes required per| row using the length and grid spacing.

% Creates a matrix with each node equalling P
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%Input a Time Step Value%

dT = input(’Enter positive time (At) in seconds:

%Calculate Fourier Number%
(a%dT)/h"2;

F

%Validate the time step

while dT

InF

.25

% Prompts user to input the time step.

%'F' represents the Fourier number in its retrospective equation.

% Ensure the time step fulfils the stability criterion.

disp ("The time step provided will not provide a stable calculation”)

ar
F
end

input (‘enter a smaller time step

(a%dT)/h"2;

s

XIf it doesn't the user will be asked to re-enter the time step until its compatible.
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% Set Initial Temperature Distribution

for ©

if x

L
(c-1)*h;

4

(16

else

T(1,e)

end
end

12.5 % x5

-25%x + 1505

%The linear distribution equations that| specify the Dirichlet condition applied to the northern boundary

%east, West and South Bondary conditions
o5

G, D
end)
T(end,

% Left Boundary
% Right Boundary
% Bottom Boundary
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% FDM Preperation
tol-0.001;

Er=tol+l;
iterCount

T2

T

%Sets the tolerance allowance.
%Sets the initial error to allow the FDM to run.

%Set the iteration count of the while loop to zero. This will be counted further in the code.
%Creates a new matrix for the new data to be stored from the original matrix 'T'
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%Achieving Thermal Equilibrium through Matrices®

while true

iterCount = iterCount + 1;

for ¢ = 2:MR-1
XFinite Difference Equation

%This allows the while loop to start

%Counts the number of iterations the while loop goes through before reaching thermal equilibrium.
%This defines matrix 'T' with the data from 'T2' to allow the while loop to look at each node.

T2(r,) = FH(T(rL, 0)4T(r-1,0)4T(r, c+1)+T(r,c-1)-(4-1/F)T(r, )5

end

end

XThermal Equilibrium Check’

if max(max(abs (T2-T)))<=0.0001
break;

Xchecks whether the maximum absplute difference betueen the temperature matrices T2 and T is less than or

equal to 0.001
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ATemperature Distribution (Figure 1)%

83 Figure(1)
54 contourf (flipud(T)) % flips the matrix for correct orientation

£ colormap("jet”) % Using 'jet' colormap for temperature yisualization

86 colorbar % adding colorbar for scale reference

87 xlabel('x coordinates') % Label X Coordinate

88 ylabel('y coordinates’) % Label ¥ Coordinate

89 ‘title(['Numerical Temperature Distribution at t = ', num2str(iterCount), ' seconds']);

% pause (0.01)

B end

% %Time Taken to Reach Equilibrium%

93 eq = iterCount*dT;

94 i eqe6e

ES

% Fprintf('Time taken to reach Thermal Equilibrium in ¥g seconds\n,eq) %Displayes time in seconds, if applicable
o7

B clse if eq>-60 8% eq<60°2

£

100 Fprintf('Tine taken to reach Thermal Equilibrium in %g minutes\n',eq/60) %Displayes time in minutes, if applicable
101

102 else if eq>=60%2 88 €q<24760%2

103

104 Fprintf('Tine taken to reach Thermal Equilibrium in %g hours\n',eq/60~2) %Displayes time in hours, if applicable
105

106 else

107 Fprintf('Time taken to reach Thermal Equilibrium in ¥g days\n',eq/(24%602))  %Displayes time in day, if applicable

108 end

109 end

110 end
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% Calcutlation of the Analytical Solution %
Humber of Terms (200 for Accuracy)

n = 200;

T_ana
for

for ¢

end

end
T_ana

zeros(NC, NR);

T_ana(r, <)

roton(T_ana);

(c -1 h;

calculate_analytical_temperature(x, y, n);

%Rotate matrix orientation 90 degrees¥
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% Display Analytical Selution

disp(Analytical Temperature Distribution at Thermal Equilibrium:’);

disp(T_ana);

% Analytical and Numerical Solution Comparison
difference = T2 - T_ana;
disp(Difference Betueen Numerical and Analytical solution:
disp(difference);

% (Figure 2) Visualization of the analytical solution
Figure(2)

contourf (flip(T_ana))

colormap(jet)

colorbar

clin([e 501);

xlabel('x Coordinate’);

ylabel('y Coordinate’);

title('Analytical Temperature Distribution');

% Compute the difference between

)3

solutipns
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% (Figure 3) Visualization of the difference

Figure(3)

contourf (flip(difference))

colormap(jet)

colorbar

clin([-0.005 2]);

xlabel('x Coordinate Length (m)');

ylabel('y Coordinate Length (m)');

title("Difference Between Numerical and Analytical Solutions');

% Calculation for Analytical Temperature Distribution%

Function T_analytical = calculate_analytical_temperature(x, y, num_terms)
T_analytical = 0;
for n = l:num_terms

term = (sin(2*n*pi/3) / (n"2 * sinh(n*pi))) * sin(n*pi*x/6) * sinh(n*pi®y/6);

T_analytical
end

T_analytical + term;

T_analytical = (456/pi~2) * T_analytical; Hanalytical solution for temperature at thermal

end

equilibrium
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Figure 20 - Temperature Difference at Each Node
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