


Contents.
Introduction……………………………………………………………………………………………………………….Page 2
Theories of elastic failure.………………………………………………………………….……………………….Page 2-8
	Rankine.…………….……………………………………………………………………….………………….Page 2-4
	Guest- Tresca.……………………………………………………………………………………………..….Page 4-6
	Von Mises.…………………………………………………………………………………………………..….Page 7-8
Component evaluation and analysis method……………………………………………………..……....Page 8-9
Evaluation of paper: Implication on the Von Mises Stresses 2016…………………………..…...Page 9-13
Bibliography………………..………………………………………………………………………………………………Page 14-15
References.……………..………………………………………………………………………………………Page 14
Background reading.…………………………………………………………………………………..……Page 14-15



Introduction.
In this assignment I will be researching the different theories of Elastic failure and the differences between them as well as applications for each. Although there are five main Principal theories: 
· Maximum principal stress (Rankine).
· Maximum shear stress (Guest-Tresca). 
· Shear strain energy per unit volume (Von mises). 
· Maximum principal strain (Saint-vernant).
· Total strain energy per unit volume (Haigh). 
There is also a sixth known as modified shear stress internal friction theory which was developed for brittle materials. As all of the above theories do not consider any difference in strength when the material is subjected to tension or compression. ” the Mohr's modified theory attempts to take into account the additional strength of brittle materials in compression” E.J.Hearn 1997, Mechanics of materials vol1 page 401. This means that in a complex stress system where compression and tension could be present at the same time the material could have different yield point whether under tension or compression.
Although in this report I will be focusing on the first three of the five which is Rankine, Guest-Tresca and Von mises.
For each of the three theories the outline of the theory will be explained and how they were developed. I will then go on to choose a material such as stainless steel and discuss how one of forementioned theories such as Von Mises could be applied when developing a component out of said material. Once this has been completed, a research paper related to this problem will be discussed and summarised.
Theories of elastic failure.
For all the theories and the three which have been chosen to outline and discuss, it is important to understand and realise that these theories were developed to try to determine the failure point of components in three dimensional planes, where the component could be subjected to tension, compression and torsion at once in different planes. Although the theories are more as accurate as others in determining failure points than others. In all cases we are truly estimating the point of failure until the component is tested and subjected to a load condition. until this point we cannot accurately calculate the failure stress but what these theorems allow a developer to do is predict the failure point of the component. “It is important to remember that the theories introduced above are those of elastic failure, i.e. they relate to the "failure" which is assumed to occur under elastic loading conditions at an equivalent stage to that of yielding in a simple tensile test. If it is anticipated that loading conditions are such that the component may fail in service in a way which cannot easily be related to standard simple loading tests (e.g. under fatigue, creep, buckling, impact loading, etc.) then the above "classical" elastic failure theories should not be applied”. E.J.Hearn 1997, Mechanics of materials vol1.  With this consideration it is then mandatory to consider an appropriate safety margin during the component design phase. One advantage of having many different theories allows the developer to do is use more than one theory depending on and the material and conditions in question to validate the estimation. Such as BenoitRevil-BaudardOanaCazacu, Role of the plastic flow of the matrix on yielding and void evolution ofporous solids: Comparison between the theoretical response ofporous solids with Tresca and von Mises matrices, 2013 and Benoit Revil-BaudardOana CazacuNitin Chandola, Effect of the yield stresses in uniaxial tension and pure shear on the size of the plastic zone near a crack, 2017. To name but a few.
We must also realise that the theories were developed to solve scenarios outside of Hooke’s law which states that the link between stress, strain and the yield point only apply when forces are linear. This will change when scenarios occur outside of such, in almost all day to day applications this non-linear stress system would be applicable. “Hooke’s law established that metals have a linear elastic stress- strain range. However, if a ductile metal is subjected to a simple axial loading, it is found that beyond a certain point, stress is no longer proportional to strain, which results in the permanent deformation when the stress is removed.” PB Benham, RJ Crawford & CG Armstrong, mechanics of engineering materials second edition 1987 pg 340. This means that when we start designing complex systems such as rotating elements, vessels and vehicle components etc where stresses are not linear this relationship does not exist in the same ratio.
Although these theories are useful when determining if the component will fail under complex stress loading such as simple loads being applied in a consist manner. But if conditions such as fatigue, creep or cracking are apparent or will become apparent in the components life cycle then these theories cannot be applied. “If it is anticipated that loading conditions are such that the component may fail in service in a way which cannot easily be related to standard simple loading tests (e.g. under fatigue, creep, buckling, impact loading, etc.) then the above "classical" elastic failure theories should not be applied.” E.J.Hearn 1997, Mechanics of materials vol1 page 413. For example, the failure of the RMS Titanic was caused but an impact load of an iceberg impacting into iron hull at low temperature allowing the side of the ship to fail whereas under normal constant condition the ship may have deformed due to the impact. “The frigid waters in which the Titanic struck the iceberg most likely had a big impact on the time it took the Titanic to sink, which was about 2 hours and 40 minutes. The below freezing temperature water made the steel abnormally brittle and less impact resistant and contributed to the size of the hole and the rapid sinking of the ship.” https://www.capitalsteel.net/news/blog/steeltitanic#:~:text=The%20frigid%20waters%20in%20which%20the%20Titanic%20struck,hole%20and%20the%20rapid%20sinking%20of%20the%20ship.
For all of the below theories is will use the mathematical notation that is used in.” E.J.Hearn 1997, Mechanics of materials vol1 the three dimensional stresses:




Rankine 
Maximum principal stress known as Rankine’s theory of elastic failure fundamentally is where the Tensile stress or compression stress in any plane equals the yield stress that is the point of failure   or  with Rankine’s theory there is no consideration for how stresses in the other dimensions will affect the yield point of the principal stress.
This works well for brittle materials as there is little elastic range that can be effective in other planes which will affect the failure point. Whereas in ductile materials it is not as simple, as if forces acting in multiple planes the shear force in one plane can affect the failure point of another. “Whilst the theory can be shown to hold well for brittle materials, there is considerable experimental evidence that the theory should not be applied for ductile materials. For example, even in the case of the pure tension test itself, failure for ductile materials takes place not because of the direct stresses applied but in shear on planes at 45 to the specimen axis.” E.J.Hearn 1997, Mechanics of materials vol1 page 402
When we draw this theory graphically for a 2D system we end up with a square as the force equals the yield point then the specimen fails.
[image: ]
E.J.Hearn 1997, Mechanics of materials vol1
Guest-Tresca
Also Known as the maximum shear theory this theory, is applicable to ductile materials as the failure of such materials is caused by the slippage of crystals within the structure of the material unlike brittle materials. “Yield in ductile materials is usually caused by the slippage of crystal planes along the maximum shear stress surface. Therefore, a given point in the body is considered safe as long as the maximum shear stress at that point is under the yield shear stress sy obtained from a uniaxial tensile test.” https://www.efunda.com/formulae/solid_mechanics/failure_criteria/failure_criteria_ductile.cfm
We can also estimate the breakage of Atoms in a material by dividing the Young’s modulus by 3 this gives us a theoretical estimation of how a material would fail. In practice materials and especially ductile materials can take higher stresses than this calculation and due to the slippage of these atoms and crystals it is reasonable to predict the failure point using shear stress. 
“It is possible to show that the stress required to break the atom bonds is roughly one third of the material’s Young’s modulus [54]. However, ductile materials fail with stress values far smaller than this estimate. For example, aluminium has a theoretical strength of 22GPa, but the stress required for material failure is approximately 100MPa [54]. This inconsistency is justified by the split mechanism of ductile materials. Instead of the rupture of atomic bonds, the material is separated by sliding of atoms as shown in Fig. 2.11.
[image: pict]

https://www.iue.tuwien.ac.at/phd/singulani/disssu8.html#:~:text=Tresca%20Theory.%20Yielding%20is%20considered%20as%20the%20beginning,one%20third%20of%20the%20material%E2%80%99s%20Young%E2%80%99s%20modulus%20%5B54%5D.

This theory also works for brittle materials and is why the Rankine theory is not a commonly used theory in component development. Due to the fact that in Tresca`s theory is if only one of the principle stresses have a value and the others are Zero then we produce the same criterion as Rankine concludes in his theory.
“Tresca: , Rankine: 
Letting  denote the uniaxial tensile failure stress, then failure for any complex triaxial stress state is predicted to occur when se equals s0. The Rankine model can also be applied for compression stress states to limit the minimum principal stress to the material compression strength. Limiting both the maximum and minimum principal stresses to the tensile and compression strength of the material requires two independent Rankine failure equations, however. Equation 2.6 limits maximum principal stress to the material tensile strength.” R.L. Huddleston, Two-Parameter Failure Model Improves Time Independent and Time Dependent Failure Predictions 2003 page4
So, what the above is describing is that if in Tresca:  the same as Rankine. This shows the limitations of the Rankine theory, because as soon as a second stress is added, which would be present in a ductile material during a simple tensile test Tresca considers this and therefore the different a shape is apparent when we plot it graphical than Rankine’s simple square.
What Tresca`s theory allows the developer to do is use the three-dimensional shear stresses which are in ductile failure making this a more useful criterion to us and matches very closely to the next theory of discussion the Von Mises. 
Shown on the next graphical illustrations when shear stress is considered. When tension and compression are acting on the piece the yield point reduces which will give drastic differences when overlayed with the Rankine criterion. This again proves why the Rankine criterion is not suitable for ductile materials.
[image: ]
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https://www.abbottaerospace.com/aa-sb-001/3-introduction/3-4-stress-analysis/3-4-3-failure-criteria/





Von mises
Unlike the other theories the principle of the Von mises criterion is based upon the change in volume of the of the component or distortion when subject to combined forces. This is based upon the fact that a component will contain a value of strain energy which is dependent upon the volume of the component or element in an Finite Element model. “Huber in 1904 proposed that the total elastic energy stored in an element of material could be considered as consisting of energy stored due to the change in volume and energy stored due to change in shape i.e distortion or shear. It was proposed that the latter contribution of stored energy could provide a viable criterion of complex yield conditions” PB Benham, RJ Crawford & CG Armstrong, mechanics of engineering materials second edition 1987 pg 341-2
The Von Mises stress value can be related back to the principal stresses and when the mean average stress of the component is equal to the materials yield point in a simple tensile test then the component is predicted to fail.  As shown in the below from PB Benham, RJ Crawford & CG Armstrong, mechanics of engineering materials second edition 1987 pg 341-2

“where  is the Von Mises equivalent stress. The basis of Von Mises yield criterion is when , the yield stress in simple tension, the material is deemed to have yielded.”
“Von Mises found that, even though none of the principal stresses exceeds the material yield stress, yielding is still possible because of the combination of the stresses. The Von Mises criteria is a formula for combining the three principal stresses into an equivalent stress, and the equivalent stress is then compared to the yield stress of the material to judge the failure condition of the material. “ Qiang Bai, Yong Bai, in Subsea Pipeline Design, Analysis, and Installation, 2014
As the above formula represents a curve due to the quadratic nature of the equation the representation of the Von Mises criterion is represented by an ellipse. This in turn also compares to the Tresca criterion which is a Hexagon and fits inside the Von Mises representation giving the Tresca model a more reserved estimate of the yield point of a component.
[image: ]
E.J.Hearn 1997, Mechanics of materials vol1
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https://www.engineersedge.com/material_science/von_mises.htm 
[bookmark: _Hlk57054852]Component evaluation and analysis method.
If we take a mild carbon steel pipe bend which makes up the bulk of a process piping system in a Petro chemical plant as well as most other production applications, this is a component that needs to be designed well to withstand the subjected forces applied to the component. Such as internal pressures from process fluid being transferred through the component.
First of all, as this component is a made from a ductile material i.e. mild steel there are elastic failure criterion that will not suit the evaluation of this component such as Rankine’s theory as the component is ductile so the shear stress in other planes to take into account. “Whilst the theory can be shown to hold fairly well for brittle materials, there is considerable experimental evidence that the theory should not be applied for ductile materials.” E.J.Hearn 1997, Mechanics of materials vol1 page 402
It is also noted that a ductile material can withstand much higher hydrostatic pressures than that is shown in a simple direct stress tensile test again proving that Rankine’s theory is not valid for this purpose.
Since a pipe bend has a cross sectional profile of an oval and there is a difference in thicknesses between the inside radius and the outside radius of the pipe due to the bend being drawn to form the bend “The cross-section of a pipe bend is assumed to become a perfect ellipse after bending as shown in figure. 1. The wall thickness at the outside of the bend decreases and that at the inside increases.” Sumesh Sa , AR. Veerappanb , S Shanmugamc Structural Deformations on Critical Cracked Pressurised Pipe Bends : Implication on the Von Mises Stresses 2016. Which means different strain energy per element of bend in a FEA. The thickness differences are caused by the outer radius being under tension and extruding and the internal radius being under compression. 
There is a clear need to use a theory that is based on and considers the three-dimensional planes of the bend such as the Guest- Tresca criterion. Or a volumetric consideration of the failure due to the defences in volume on the radii such as the Von Mises criterion. This would give results that would be a close representation of the failure point if carrying out and Finite Element Analysis of the component. Although both Tresa and Von Mises are considered appropriate and comparable for such an evaluation with the Tresca model being more reserved. 
[image: ]
Sumesh Sa , AR. Veerappanb , S Shanmugamc Structural Deformations on Critical Cracked Pressurised Pipe Bends : Implication on the Von Mises Stresses 2016
Evaluation of paper: Sumesh Sa , AR. Veerappanb , S Shanmugamc Structural Deformations on Critical Cracked Pressurised Pipe Bends : Implication on the Von Mises Stresses 2016
The above paper is an article into how cracks in varying pipe bend angles and radii, made from stainless steel can be propagated through the pipe bend when subjected to an internal pressure, and to understand if the failure is dependent on the ovality and/or Thinning of the bend in cross-section. This will determine if ovality or Thinning has a bigger effect on the integrity of the pipe. e.g. wall lose due to age or range of ovality during production of the bend.
Pipe bends are formed using various methods such as “ram-type bending, roll bending, compression bending, or rotary draw bending.” www.thefabricator.com/thefabricator/article/tubepipefabrication/tube-and-pipe-basics-how-to-achieve-the-perfect-bend . The most common form is draw bending which consists of a radius block and counter dies which are pressed together to form the pipe bend and the radius required.
[image: ]
https://www.globalspec.com/learnmore/manufacturing_process_equipment/machine_tool_components_accessories/tube_bending_tooling
Due to this process a cross-sectional profile is formed which is described as oval or elliptical in nature, with a thinner wall at the outer radius (extrados) and a thicker wall at the inner wall (intrados). This is caused by the compression of the material on the inner radius and the tensile stretch on the outer radius to form the bend. This process has a ratio between diameter and radius. ASME B16.9 which is a piping standard allows sufficient pipe wall thickness in the standard straight pipe to allow to the wall thinning when bending is required.
When the bend is formed usually a method axial cracks start to appear which is caused by the forming and stretch of the extrados. “The cracks appear on the external arc of the tensile region during pipe bending as the strain and stress of this place are higher than that of the other place.” Shant, J.R., Pandey, B.K., Goyal, R.K. et al. Failure Analysis of Cracks Formed at Extrados of Bend Pipe of API 5L X65M Grade, 2013. From these cracks which are present in cold formed bends. This paper sets out the investigation into the relationship between ovality, radius, diameter and constant pressure effect the crack depth and crown width as well as the Von mises stress of the intradros and the extrados depending on different scenarios using the Von mises stress in an Finite Element Analysis. 
The Reason why the Von mises stress is used for this research is that with the complex nature of the question with forces in different directions, wall thicknesses and shape a Von mises FEA can evaluate using the strain energy per unit volume and applying it to the varying regions of the bend. From this paper we can also see that the writer has used a very fine mesh with the number of elements at 14400 to get accurate results for the small crack depth. But to make this an easier solution and to understand the crack depth propagation better the writer decided to change the axial crack into a circumferential crack which due to the ability to understand the hoop stress under the constant pressure. “The study considers only throughwall circumferential crack due to its excessive detrimental effect on the collapse moment of elbows when compared to surface and axial cracks. The crack is assumed to be situated in the centre of the elbow at the extrados. The circumferential throughwall crack is denoted by its relative crack length, θ/π. Relative crack lengths proportional to threshold crack angles have been examined.” Sumesh Sa , AR. Veerappanb , S Shanmugamc Structural Deformations on Critical Cracked Pressurised Pipe Bends : Implication on the Von Mises Stresses 2016
In the following steps are the stages and results of the research carried out in the paper.
1. A set of 45 degree bends with radius of 3 and one with 2 and a thickness of 5mm at a pressure of 0.2MPa with a yield stress of 200MPa
[image: ]
In this example we can see that the change in ovality effect the von mises stress at the Extrados of the bend a quantifiable amount but the stress at the intrados and the crack tip grow proportional with ovality. With the crack tip reaching the Yield stress at 20% ovality.
2. In the next example we see a set of 60 degree at 0.2MPa again with a radius of 3 and 2 a thickness of 10mm and yield stress of 200MPa
[image: ]
Above we can see that with a 60-degree angle and with both extrados and intrados the Von mises stress quickly meet to have the same stress in the intrados and the crack tip. This is due to the increased angle of the bend. We can also see that with the increased radius ratio that the stresses are higher in the extrados of the bend as well as the intrados and crack tip stresses reaching that of the extrados this means that the pipe would yield at this point.

3. The study also looked at the effect of yield strength on the propagation of the crack but as we see below the trend is the same but more pronounce due to the increased yield point of 300MPa
[image: ]

4. In the last section of the report the effect of thinning is evaluated this is a very important part as we can see if age of pipe which causes thinning through corrosion and erosion has a higher or lower effect on the integrity of the pipe than a manufacturing defect which is ovality. This can help inspector determine a life span whilst carring out periodic inspections.
[image: ]
From the graphs above we can see that thinning on the pipe has little effect compared to the ovality of the pipe von mises stress. The Primary reason for this is that the pipe, if designed to a piping standard then there is excess pipe wall thickness to compensate for a bend and erosion/ corrosion. As the bends specimens in question are 45 and 60 degrees compared to a 90 degree this thinning will not have as much of an effect compared to ovality due to not as much material in the extrados is used in the drawing of the bend.




Conclusion of research paper.
[bookmark: _Hlk57219736]From this paper the reader can derive that the integrity of a pipe bend such as a gas pipeline which is under a constant load, it is important to consider the ovality of the bend whilst inspecting the integrity of a pipe over time compared to thinning of the pipe. Pipe thinning is acceptable to a certain thickness above minimum thickness if the thinning effect is uniform across the cross-sectional area of the pipe. If thinning occurs at the extrados or the intrados, then the ovality effect could increase from the original installation of the pipe bend.
We can also determine that the ovality of the pipe increases the Von mises stress on the crack tip and the intrados of the bend this is this may be due to the difference in hoop stress due to the ovality and cross section profile of the pipe. “Although all three geometrical irregularities contribute to the variation of stress in pipe bends it can be seen by comparing Figs. 7 and l0 that the overall stress distribution is most greatly influenced by the ovality of the pipe cross-section. Because of this, care must be exercised when calculating the dimensions of a pipe required for producing a safe bend,” A. Austin, J. H. Swannell, Stresses in a pipe bend of oval cross-section and varying wall thickness loaded by internal pressure, 1978.
[bookmark: _Hlk56601027]Von mises method again was a superior chose for this evaluation due to the variation of pipe profile which has internal, external, tensile and compressive forces axial and circumferential “, an elbow is often subjected to combined internal pressure and bending moment in actual service condition. Internal pressure affects the load carrying” J. Chattopadhyay∗, B.K. Dutta, K.K. Vaze, Development of new correlations for improved integrity assessment of pipes and pipe bends,2013. cracking of the pipe and the fact the pipe is made from a ductile material. This could be combined with the tresca method but due to the scenario a volumetric study would be more beneficial and the fact that forces are acting in many directions cause many varying effects of the failure point of the bend.
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Fig. 15.5. Maximum principal stress failure envelope (locus).
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Figure 3.4.3-2: Regions of 2D Principal Stress Field
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Fig. 2. Variation in Von Mises stresses with ovality for 45 degree throughwall circumferential crack pipe bend at (a) bend ratio 3 (b) bend ratio 2.
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Fig. 4. Variation in Von Mises stresses with ovality for 45 degree throughwall circumferential crack pipe bend at (a)bend ratio 3 (b)bend ratio 2.
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Fig. 6. Variation in Von Mises stresses with thinning for cracked pipe bend with bend ratio 3 for (a) 45 degree (b) 60 degree crack.




