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1 Abstract
This report applies the mathematical principles of thermodynamics to the behaviour of ideal gases and heat engines. Quantitative problem-solving techniques are used to analyse ideal gas systems, kinetic theory, thermodynamic processes, and entropy changes under defined assumptions. Theoretical analysis is extended to the study of heat engines, particular focus on the ideal Carnot cycle and its implications for maximum efficiency.
The report is structured into three parts. Part A presents a numerical solution to a series of thermodynamic problems, demonstrating the application of established laws and models. Part B discusses the concept of the ideal Carnot heat engine, comparing its theoretical performance with real engines, and examining related systems such as heat pumps and refrigerators. Part C explores the ideal gas model, modifications for real gas behaviour using the Van der Waals equation, and kinetic theory explanations linking temperature, molecular motion, and gas diffusion. 
Throughout the report, idealised models are critically evaluated, and their limitations in real engineering applications highlighted. The analysis demonstrates how thermodynamic theory underpins practical energy systems while emphasising the importance of assumptions and physical constraints.
1.1 Introduction
Thermodynamics is a fundamental discipline within mechanical and energy engineering, governing the relationships between heat, work, and energy in physical systems. Its principles underpin the operation of power plants, internal combustion engines, refrigeration systems, and many other thermal technologies. Central to classical thermodynamics are the concepts of ideal gas behaviour, heat engines and entropy, which provide simplified but effective models for analysing complex engineering systems.
The aim of this report is to apply the mathematical principles of thermodynamics to ideal gases and heat engines through a combination of quantitative problem solving theoretical analysis. The report demonstrates how established laws and models can be used to predict system behaviour while recognising the assumptions and limitations of idealised approaches.
The report is structured into three parts. Part A presents numerical solutions involving ideal gases, kinetic theory, and thermodynamic processes. Part B examines the ideal Carnot heat engine, its cycle, efficiency, and comparison with real engines, heat pumps, and refrigerators. Part C explores ideal and real gas behaviour using kinetic theory and the Van der Waals equation. 
2 Part A – Application of Thermodynamic Principles
Part A applies the fundamental laws of thermodynamics and kinetic theory to a series of quantitative problems involving ideal gases, thermodynamic processes, and heat engines. Standard assumptions of ideal gas behaviour, equilibrium conditions, and reversible processes are employed where appropriate. All calculations are carried out using SI units, and final results are presented with appropriate units and significant figures.
1.) Ideal Gas in a Fixed Volume
The gas is assumed to behave ideally and to be in thermodynamic equilibrium.
i.) Number of moles of gas
Using the ideal gas equation:
pV = nRT
n = pV / RT
n = (1.5 × 10⁶ × 8.0 × 10⁻³) / (8.31 × 400)
n = 3.61 mol

ii.) Number of molecules of gas
N = nNₐ
N = 3.61 × 6.023 × 10²³
N = 2.17 × 10²⁴ molecules

iii.) Mass of one molecule of gas
Mass of one molecule:
m = M / Nₐ
m = (32 × 10⁻³) / (6.023 × 10²³)
m = 5.31 × 10⁻²⁶ kg


2.) Two Connected Bulbs at Different Temperatures
The system is assumed to reach equilibrium with uniform pressure.
Total volume:
Vₜ = Vₐ + Vᵦ = 3.0 × 10⁻³ m³
Total number of moles initially:
n = p₀Vₜ / RT₀
At equilibrium, pressure is given by:
p = nR / (Vₐ/Tₐ + Vᵦ/Tᵦ)
Substituting values:
p = (1.0 × 10⁵ × 3.0 × 10⁻³ / 273) ÷ (2.0 × 10⁻³ / 500 + 1.0 × 10⁻³ / 273)
p = 8.35 × 10⁴ Pa

3.) Gas Molecules in a Cubical Box
i.) Time between collisions on opposite faces
Distance between opposite faces = 1 m
Time between collisions:
t = 2L / v
t = 2 / 500
t = 4.0 × 10⁻³ s

ii.) Change in momentum of a single molecule
Change in momentum:
Δp = 2mv
Δp = 2 × 5.0 × 10⁻²⁶ × 500
Δp = 5.0 × 10⁻²³ kg m s⁻¹

iii.) Total force on one face of the cube
Number of molecules colliding on one face:
N / 3 = 3.0 × 10²⁴
Force:
F = (N Δp) / t
F = (3.0 × 10²⁴ × 5.0 × 10⁻²³) / (4.0 × 10⁻³)
F = 3.75 × 10⁴ N

iv.) Pressure on one face of the cube
Area of face = 1 m²
p = F / A
p = 3.75 × 10⁴ Pa

4.) Isothermal Compression and Adiabatic Expansion
Isothermal compression
p₁V₁ = p₂V₂
p₂ = 3p₁ = 6.0 × 10⁶ Pa

Adiabatic expansion back to original volume
p₂V₂^γ = p₃V₁^γ
p₃ = p₂ (V₂ / V₁)^γ
p₃ = 6.0 × 10⁶ × (1/3)^1.3
p₃ = 1.44 × 10⁶ Pa

5.) Change in Internal Energy
Using the first law of thermodynamics:
ΔU = Q − W
ΔU = 800 − 375
ΔU = 425 J

6.) Carnot Engine with Equal Efficiencies
Efficiency of a Carnot engine:
η = 1 − (T_C / T_H)
Case (a):
η = 1 − (500 / 1000) = 0.5
Case (b):
0.5 = 1 − (300 / T)
T = 600 K

7.) Maximum Carnot Efficiency
Efficiency:
η = ((Q_H − Q_C) / Q_H)x100
η = ((10,000 − 2,000) / 10,000)x100
η = 80%

8.) Change in Entropy of Water
For reversible heating:
ΔS = mc ln(T₂ / T₁)
ΔS = 10 × 4.20 × 10³ × ln(573 / 373)
ΔS = 1.82 × 10⁴ J K⁻¹


3 Part B – The Ideal Carnot Heat Engine & Related Thermal Devices
The Concept of the Ideal Carnot Heat Engine
The Carnot heat engine represents the theoretical thermodynamic system that operates between two thermal reservoirs at constant temperatures, a high temperature source TH  and a low temperature sink TC. It defines the maximum possible efficiency that any heat engine can achieve when operating between these two temperatures, regardless of the working substance used. The Carnot engine is based on the assumption of reversible processes, meaning that no entropy is generated within the system and the engine operates without friction, heat losses, or other irreversibility’s.
The Carnot cycle consists of four distinct reversible processes, forming a closed loop on both pressure volume (P-V) and temperature entropy (T-S) diagrams. These processes allow the engine to convert thermal energy into mechanical work with the highest theoretical efficiency.TH
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Figure 1 – Ideal Carnot Heat Engine Diagram
Figure 1 illustrates the schematic operation of an ideal Carnot heat engine, showing heat transfer from a hot reservoir at Temperature TH, heat rejection to a cold reservoir at TC, and the net work output.
3.1 Description of the Carnot Cycle
The four stages of the Carnot cycle are:
1. Isothermal expansion at TH
The working gas expands isothermally while in thermal contact with the hot reservoir. Heat QH is absorbed, and work is done by the gas. Since the temperature remains constant, the internal energy of the gas does not change, and all absorbed heat is converted into work.
2. Adiabatic expansion
The gas is thermally insulated and continues to expand. No heat is exchanged with the surroundings, and the temperature of the gas falls from TH to TC. The work done during this process results in a decrease in internal energy.
3. Isothermal compression at TC
The gas is placed in contact with the cold reservoir and compressed isothermally. Heat QC is rejected to the sink, while work is done on the gas. Again, the temperature remains constant, so the heat rejected equals the work input during this stage.
4. Adiabatic compression
The gas is compressed without heat exchange, raising its temperature from TC back to TH, returning the system to its original state and completing the cycle.
A schematic representation of the Carnot cycle on a P-V diagram shows two isotherms connected by two adiabatic curved, while the T-S diagram forms a rectangle, illustrating constant temperature and constant entropy processes[image: Diagram of a diagram of a heat exchanger
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Figure 2 – Carnot Cycle on a P-V diagram showing 2 isothermal & 2 adiabatic processes.
Figure 2 illustrates the Carnot cycle on a pressure-volume (P-V) diagram. The cycle consists of four reversible processes: isothermal expansion from state 1 to 2 at the hot reservoir temperature , adiabatic expansion from 2 to 3 during which the temperature falls to , and adiabatic compressions from 4 back to 1, restoring the system to its initial state. The enclosed area represents the net work output of the cycle. The use of reversible isothermal and adiabatic processes ensures that the Carnot cycle achieves the maximum possible efficiency for any heat engine operating between the two temperature limits.
The diagram emphasises that Carnot efficiency depends only on the reservoir temperatures and not on the working substance, consistent with the expression η = 1 − (T_C / T_H)
3.2 Efficiency of the Carnot Heat Engine
The thermal efficiency η of a heat engine is defined as the ratio of the net work output W to the heat absorbed from the hot reservoir QH:

For a Carnot engine, the net work output is equal to the difference between the heat absorbed and the heat rejected: 
W = QH – QC
Using the properties of reversible cycles, the efficiency of a Carnot engine can be expressed purely in terms of the reservoir temperatures:

This equation shows that Carnot efficiency depends only on the absolute temperatures of the heat source and sink, and not on the working substance. It also implies that 100% efficiency is impossible unless the sink temperature is absolute zero, which is unattainable in practice.
3.3 Comparison with Real Heat Engines
While the Carnot engine provides an upper limit for efficiency, real heat engines always operate at efficiencies lower than the Carnot value. This is due to several unavoidable irreversibility, including losses, and non-quasi-static processes. Additionally, real engines cannot operate through perfectly reversible adiabatic and isothermal processes.
Despite these limitations, the Carnot cycle is of great practical importance because it establishes a benchmark against which real engines can be evaluated. Engineers use the Carnot efficiency to asses how closely a real engine approaches the theoretical maximum and to identify areas where performance losses occur.
3.4 Heat Pumps & Refrigerators
Heat pumps and refrigerators operate on thermodynamic cycles that are essentially the reverse of a heat engine cycle. Instead of producing work from heat, they use work input to transfer heat from a low temperature reservoir to a high temperature reservoir.
The performance of these devices is measured using the Coefficient of Performance (COP) rather than efficiency. For a refrigerator, the COP is defined as:

For a heat pump, the COP is:

Although it may appear counterintuitive that a device can deliver more heat energy than the work supplied, this does not violate the fire law of thermodynamics, as the additional energy comes from the environment. The second law of thermodynamics explains why work input is necessary to transfer heat against a temperature gradient. 
3.5 Apparent Contradictions & Thermodynamic Consistency
At first glance, the operation of heat pumps and refrigerators may seem to contradict the concept of efficiency limits. However, these apparent contradictions are resolved by recognising the different objectives of the devices. Heat engines aim to convert heat into work, while heat pumps and refrigerators aim to move heat between reservoirs.
The Carnot cycle provides an idealised reference for all these systems, demonstrating that while energy is conserved, the direction and usefulness of energy transfer are constrained by entropy and the second law of thermodynamics. 

4 Ideal Gas Theory, Real Gas Behaviour & Kinetic Theory
An ideal gas is a theoretical model used to describe the behaviour of gases under conditions where intermolecular forces and molecular volumes can be neglected. The model assumes that gas molecules are point particles in constant random motion, that collisions between molecules and the container walls are perfectly elastic, and that no intermolecular forces act except during collisions. 
The behaviour of an ideal gas is described by the ideal gas equation of state:
pV = nRT
Where p is the pressure, V is the volume, n is the number of moles, R is the universal gas constant (Reynold’s Number), & T is the absolute temperature. This equation combines Boyle’s Law, Charles’ Law, and Avogadro’s Law into a single relationship and provides accurate predictions for many gases at low pressures and high temperatures.
Despite its simplicity, the ideal gas model is widely used in engineering analysis because it allows complex thermodynamic systems to be analysed using relatively simple mathematics.
4.1 Real Gas Behaviour and the Van der Waals Equation
In real gases, particularly at high pressures and low temperatures, the assumptions of the ideal gas model break down. Two main factors cause deviation from ideal behaviour:
1. Finite molecular volume¸ which reduces the volume available for molecular motion.
2. Intermolecular attractive forces, which reduce the force with which molecules collide with the container walls, lowering the measured pressure.
To account for these effects, the Van der Waals equation modifies the ideal gas equation:

The constant a corrects for intermolecular attractions by increasing the effective pressure, while the constant b accounts for the finite volume occupied by gas molecules by reducing the available volume. The values of a and b are specific to each gas and are determined experimentally.
The Van der Waals equation provides a more accurate description of real gas behaviour and helps explain phenomena such as gas liquification, which cannot be predicated using the ideal gas law.
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Figure 3 – Ideal vs Real Gas Behaviour Comparison 
Figure 3 compares the pressure-volume behaviour of an ideal gas and a real gas at constant temperature. At low pressures, both gases exhibit similar behaviour, indication negligible intermolecular forces. As pressures increases, attractive forces cause the real gas pressure to fall below ideal predictions, while at very small volumes repulsive forces dominate due to finite molecular size. These deviations illustrate the limitations of the ideal gas law and justify the use of real gas models such as the Van der Waals equation.
4.2 Kinetic Theory & The Temperature-Energy Relationship
The kinetic theory of gases provides a molecular interpretation of thermodynamic properties by modelling gas molecules as particles in random motion. According to kinetic theory, gas pressure arises from collisions between molecules and the walls of the container.
For an ideal gas, the average translational kinetic energy of a molecule is given by:

Where k  is the Boltzmann constant and T is the absolute temperature. This relationship demonstrates that the absolute temperature of a gas is directly proportional to the average kinetic energy of its molecules.
This result is significant because it provides a physical meaning for temperature, linking a macroscopic property to microscopic molecular motion. It also explains why temperature must be measures on an absolute scale, as zero corresponds to zero molecular kinetic energy.
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Figure 4 – Maxwell-Boltzmann distribution
Figure 4 illustrates the Maxwell-Boltzmann distribution of molecular speeds in a gas at different temperatures. As temperatures increases, the distribution broadens and shifts to higher speeds, indication an increase in the average molecular kinetic energy. This behaviour reflects the direct proportionality between temperature and mean kinetic energy and explains why gas molecules move faster at higher temperatures, consistent with kinetic energy.
4.3 Root Mean Square Speed & Gas Density
The root mean square (RMS) of gas molecules is a useful measure of the average molecular speed and is given by:

Where M is the molar mass of that gas. This equation shows that, at a given temperature, lighter gas molecules move faster than heavier ones.
At constant pressure, the density ρ of an ideal gas is given is given by:

Rearranging for molar mas and substituting into the RMS speed equation shows that:

This demonstrates that at constant pressure, the RMS speed of gas molecules is inversely proportional to the square root of the gas density.
4.4 Graham’s Law of Diffusion
The inverse relationship between molecular speed and molar mass loads directly to Graham’s law of diffusion, which states that the rate of diffusion of a gas is inversely proportional to the square root of its molar mass:

This law explains why lighter gases diffuse more rapidly than heavier gases and provides a practical method for separating gas mixtures. A notable application is the enrichment of uranium isotopes, where the slight mass difference between  &  is exploited using gaseous diffusion techniques.

4.5 Limitations of the Ideal Gas & Kinetic Models
While the ideal gas law and kinetic theory provide powerful tools for understanding has behaviour, their limitations must be acknowledged. At high pressures, intermolecular volume becomes significant, and at low temperatures, intermolecular attractions dominate, leading to deviations from ideal behaviour. Additionally, kinetic theory neglects rotational and vibrational energy modes, which become important for polyatomic gases. 
Despite these limitations, the ideal gas model remains essential in engineering analysis due to its simplicity, predictive capability under many conditions, and usefulness as a reference point for more advanced real-gas models.
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