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[bookmark: _Toc220824787]Introduction
Heat transfer by conduction governs the thermal behaviour of solid materials across a wide range of engineering systems. Accurate prediction of temperature distributions is essential in manufacturing, structural integrity assessment, thermal management design, and energy infrastructure. In many real engineering scenarios, analytical solutions to heat transfer problems are not feasible due to geometric complexity, non-uniform boundary conditions, or transient behaviour. Consequently, numerical modelling methods are widely used to approximate solutions to the governing heat diffusion equations.
This study develops, implements, and evaluates a numerical model for transient heat conduction in a two-dimensional aluminium plate using the explicit finite difference method (EFDM). Aluminium is selected because its thermal properties are well characterised and widely documented, making it suitable for numerical validation exercises.
The objectives of this work are to formulate the governing heat diffusion equation for a two-dimensional domain, discretise the equation using finite difference approximations, implement the numerical solution in MATLAB, validate the model against an analytical steady-state solution, and evaluate sensitivity to grid spacing, time step, and convergence tolerance.
A structured modelling methodology is applied. The governing equation is discretised using finite difference techniques, implemented computationally, and validated against a known analytical solution. Sensitivity analysis is then performed to assess model robustness, numerical accuracy, and computational efficiency.







[bookmark: _Toc220824788]Governing Equation
Heat conduction in solids is described by the heat diffusion equation, derived from conservation of energy and Fourier’s law. Fourier’s law states that heat flux is proportional to the negative temperature gradient, describing the natural transfer of heat from higher to lower temperature regions (Lienhard and Lienhard, 2020).
[image: A math equations with numbers

AI-generated content may be incorrect.]For a homogeneous and isotropic material with no internal heat generation, the transient heat equation in three dimensions is given by:

[bookmark: _Toc220824877]Equation 1:Three-dimensional transient heat diffusion equation


where  is temperature, is time, , , and  are spatial coordinates, and  is the thermal diffusivity of the material.
In the present study, heat transfer is modelled within a thin aluminium plate, where temperature gradients in the thickness direction are assumed negligible. Under this assumption, the governing equation reduces to a two-dimensional form:
[image: A black text on a white background
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[bookmark: _Toc220824878]Equation 2: Two-dimensional heat diffusion equation for a thin plate

The thermal diffusivity  is defined as:
[image: A mathematical equation with black text
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[bookmark: _Toc220824879]Equation 3: Definition of thermal diffusivity


whereis the thermal conductivity,  is the density, and cp​ is the specific heat capacity of the material. Thermal diffusivity governs the rate at which temperature disturbances propagate through a solid and therefore plays a central role in transient heat transfer analysis (Bergman and Lavine, 2019).
The heat equation is fundamental to engineering analysis, as it provides a mathematical model for predicting the evolution of temperature in time-dependent systems. Its applications range from thermal stress analysis to process optimisation and energy efficiency assessment. However, due to its partial differential nature, analytical solutions occur only for limited combinations of geometry and boundary conditions, motivating the use of numerical methods such as the finite difference method.



















[bookmark: _Toc220824789]Explicit Finite Difference Formulation 
[bookmark: _Toc220824790]Finite Difference Approximations
Finite difference methods approximate derivatives by replacing them with algebraic expressions derived from Taylor series expansions. For a sufficiently smooth function ), the Taylor series expansion about a point  is given by (Butt, 2010):
[image: A mathematical equation with plus and t
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From this expansion, forward, backwards, and central difference approximations can be derived. The forward difference approximation to the first derivative is first-order accurate. In contrast, the central difference approximation to the second derivative is second-order accurate and therefore preferred for spatial discretisation (Burden et al., 2016). [bookmark: _Toc220824880]Equation 4: Taylor series expansion used for finite difference derivation (Butt, 2010)

The second spatial derivatives are approximated using central differences:
[image: A math equations on a white background
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[bookmark: _Toc220824881]Equation 5: Central difference approximations for second-order spatial derivatives



The temporal derivative is approximated using a forward difference:
[image: A mathematical equation with symbols
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[bookmark: _Toc220824882]Equation 6: Forward difference approximation for the temporal derivative



[bookmark: _Toc220824791]Spatial and Temporal Discretisation
The spatial domain is divided into a uniform grid with spacing  in both the and  directions. Time is discretised into increments of size Δt. Each grid point represents a nodal temperature value updated explicitly at each time step.
[bookmark: _Toc220824792]Explicit Finite Difference Scheme
Substituting the finite difference approximations into the governing equation yields the explicit update scheme:
[image: ]
[bookmark: _Toc220824883]Equation 7: Explicit finite difference update equation



where the Fourier number F is defined as:
[image: A mathematical formula with a number of symbols
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[bookmark: _Toc220824884]Equation 8: Definition of the Fourier number, a dimensionless parameter relating thermal diffusivity, temporal step size, and spatial grid spacing in the explicit finite difference formulation (Bergman and Lavine, 2019).


[bookmark: _Toc220824793]Stability Criterion
[image: A black text with numbers

AI-generated content may be incorrect.]The explicit finite difference method is conditionally stable. Von Neumann stability analysis demonstrates that, for a two-dimensional scheme, stability requires (Courant et al., 1967):

[bookmark: _Toc220824885]Equation 9: Stability condition for the explicit finite difference scheme


This constraint imposes a strong coupling between spatial and temporal discretisation. Violation of the stability condition leads to unbounded growth of numerical errors and renders the solution physically meaningless.

[bookmark: _Toc220824794]Initial Conditions, Boundary Conditions and Analytical Solution
[image: A grey rectangular object with black text

AI-generated content may be incorrect.]The aluminium plate is modelled as a square domain with fixed dimensions. Figure 1 shows the initial temperature throughout the domain is set to 0 °C, representing a uniform initial condition. Dirichlet boundary conditions are applied on all boundaries.[bookmark: _Toc220747221][bookmark: _Toc220824892]Figure 1: Aluminium place initial and boundary condition schematic


Three boundaries are maintained at 0 °C, while the remaining boundary is prescribed a spatially varying temperature distribution. This non-uniform boundary condition introduces a temperature gradient that drives heat diffusion throughout the plate.
The choice of boundary conditions is not arbitrary. These conditions correspond to a known analytical steady-state solution derived using separation of variables (Daileda, 2012). Analytical solutions to two-dimensional heat conduction problems are rare and typically restricted to simple geometries and boundary conditions. By selecting boundary conditions for which an analytical solution exists, direct validation of the numerical model becomes possible.
The analytical solution represents the steady-state temperature field obtained as time approaches infinity. Comparison between the numerical steady-state solution and the analytical result allows quantitative assessment of numerical accuracy and identification of discretisation-related errors.


[bookmark: _Toc220824795]Code Structure and Implementation 
The MATLAB code is structured into clearly defined sections to enhance readability, maintainability, and numerical transparency. Figure 2 displays MATLAB script lines 1-9. Lines 1-4 contain initial commands clean and clear the workspace, whereas lines 5-8 define the physical properties of aluminium, including thermal conductivity, density, and specific heat capacity.
[image: A screenshot of a computer screen
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[bookmark: _Toc220747222][bookmark: _Toc220824893]Figure 2: MATLAB Script Lines 1-9

Figure 3 displays lines 12–24 which handle user input and validation for the plate dimensions. A control flag is used within a while loop to repeatedly prompt for the plate width and length until physically valid values are entered. The conditional check enforces strictly positive dimensions, preventing non-physical geometry and eliminating the risk of downstream numerical errors associated with zero or negative domain sizes.
[image: A screenshot of a computer program
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[bookmark: _Toc220747223][bookmark: _Toc220824894]Figure 3: MATLAB Script Lines 12-24

Lines 25–35, displayed in Figure 4, apply the same validation approach to the spatial grid spacing, h. The script ensures that h is smaller than both plate dimensions and that it divides evenly into the domain in both directions. This guarantees an integer number of grid intervals, ensuring consistent node placement and avoiding fractional boundary nodes in the finite-difference mesh.
[image: A screenshot of a computer program
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[bookmark: _Toc220747224][bookmark: _Toc220824895]Figure 4: MATLAB Script Lines 25-35

Figure 5 displays script lines 36-43.  Lines 36–38 convert the continuous plate dimensions into a discrete computational grid. The number of rows and columns are calculated by dividing the plate dimensions by the grid spacing and adding one to account for boundary nodes at each edge. Additionally, lines 39–43 initialise the temperature field and apply the north boundary condition. The temperature matrix is initialised to zero, after which a user-defined boundary temperature is assigned along the top edge of the plate, excluding corner nodes to avoid conflicting boundary conditions.
[image: A screen shot of a computer
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[bookmark: _Toc220747225][bookmark: _Toc220824896]Figure 5: MATLAB Script Lines 36-43

Lines 44-56 of Figure 6 illustrate the maximum allowable time step is derived from the explicit finite-difference stability condition using the thermal diffusivity. A validation loop ensures the selected time step is positive and does not exceed this limit, preventing numerical instability during the transient simulation.
[image: A screenshot of a computer screen
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[bookmark: _Toc220747226][bookmark: _Toc220824897]Figure 6: MATLAB Script Lines 44-56
Initiation of T2 Matric temperatures was established in the following sections of the MATLAB Script. 
To provide a consistent baseline from which interior node temperatures can be updated. Lines 57-58, Figure 7, initialise the temperature matrix for the next time level by copying T1 into T2, ensuring that all boundary conditions applied to T1 are preserved at the start of the transient iteration.
[image: ]
[bookmark: _Toc220747227][bookmark: _Toc220824898]Figure 7: MATLB Script Lines 57-58

Figure 8 displays script lines 59-64. A convergence criterion, cc, is specified as a small tolerance, and the maximum matrix difference maxMD is initialised to a value greater than this tolerance to ensure that the iterative loop executes at least once, as defined in lines 59-61 of Figure 8. Lines 62-64 capture the Fourier number, which is calculated to scale the diffusion term in the update equation, directly linking the time step, spatial resolution, and material thermal diffusivity. A counter variable is also initialised to track the number of time iterations performed.
[image: ]
[bookmark: _Toc220747228][bookmark: _Toc220824899]Figure 8: MATLAB Script Lines 59-61

While the convergence criterion is not met, nested for loops iterate over the interior grid nodes only, excluding boundary nodes to preserve prescribed boundary conditions. At each interior node, the temperature is updated using the two-dimensional explicit finite-difference heat equation, which accounts for heat exchange with the four neighbouring nodes. Lines 65–70, displayed in Figure 9, implement the core transient solution loop.
[image: ]
[bookmark: _Toc220747229][bookmark: _Toc220824900]Figure 9: MATLAB Script Lines 65-70


Lines 71–75, as displayed in Figure 10, assess convergence by calculating the maximum absolute difference between successive temperature fields and, if the specified tolerance is not met, advance the solution by updating the temperature matrix and incrementing the iteration counter. Once convergence is achieved, lines 77–83 present the final temperature distribution and calculate the total simulated time as the product of the time step and the number of iterations, providing a direct measure of the physical duration of the transient simulation.
[image: A screenshot of a computer program
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[bookmark: _Toc220747230][bookmark: _Toc220824901]Figure 10: MATLAB Script Lines 71-83

Lines 84–97, as displayed in Figure 11, implement the analytical solution of the two-dimensional heat conduction problem by evaluating a truncated Fourier series at each grid node. A temperature matrix with dimensions matching the numerical grid is initialised to enable direct comparison. Nested loops map discrete indices to physical coordinates using the grid spacing, after which the analytical temperature is computed by summing odd harmonic terms that satisfy the plate geometry and boundary conditions. The accumulated series is scaled by the prescribed boundary temperature to obtain the closed-form temperature distribution, which serves as a benchmark for validating the numerical finite-difference solution.
[image: A screen shot of a computer

AI-generated content may be incorrect.]
[bookmark: _Toc220747231][bookmark: _Toc220824902]Figure 11: MATLAB Script Lines 84-97



Lines 98-176, as displayed in Figure 12,  post-processes and presents the numerical and analytical solutions to enable direct validation of the finite-difference model. The analytical temperature matrix is first reoriented to match the numerical solution grid, ensuring consistent spatial alignment. The numerical and analytical results are then compared by computing the pointwise difference and associated absolute error metrics, including maximum error, mean error, and root mean square error, providing quantitative measures of model accuracy. The total simulated time required to reach thermal equilibrium is reported in an appropriate time unit for interpretability. Finally, spatial contour plots of the numerical solution, analytical solution, and absolute error distribution are generated using consistent colour scales and axis formatting, allowing clear visual comparison of temperature fields and identification of any localised discrepancies between the two solutions.
[image: A screenshot of a computer program
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[bookmark: _Toc220747232][bookmark: _Toc220824903]Figure 12: MATLAB Script Lines 98-176
[bookmark: _Toc220824796]Validation of the Numerical Model 
Validation of the numerical model was carried out by comparing the equilibrium temperature field with the corresponding analytical steady-state solution for two-dimensional heat conduction in a rectangular aluminium plate. Performing the comparison at thermal equilibrium allows the numerical implementation to be assessed against a closed-form benchmark without the influence of transient effects, providing a clear basis for evaluating accuracy.
For the validation case, a square aluminium plate measuring 1.0 m × 1.0 m was used and discretised using a uniform grid spacing of 0.05 m. This spatial resolution was selected as a practical compromise between numerical accuracy and computational efficiency, particularly given that the analytical solution is evaluated through a truncated Fourier series at every grid node. A boundary temperature of 100°C was imposed along the north boundry of the plate, with all remaining boundaries held at zero, producing a well-defined two-dimensional temperature gradient suitable for comparison. The explicit time step was chosen close to, but below, the theoretical stability limit dictated by the Fourier criterion, while a tolerance of 0.01 was applied to ensure a robust definition of equilibrium. Under these conditions, the simulation reached thermal equilibrium after 1.343 hours of simulated physical time.
[image: A graph of a graph of a graph
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AI-generated content may be incorrect.]The equilibrium temperature distributions from the numerical and analytical solutions are shown in Figures 13 and 14, respectively. The two contour plots display very close agreement, with matching isotherm shapes, consistent symmetry about the vertical centreline, and a similar rate of temperature decay from the heated boundary into the plate interior. This strong visual correspondence indicates that the governing diffusion behaviour is accurately represented by the numerical scheme and that boundary conditions have been implemented consistently in both formulations.[bookmark: _Toc220824904]Figure 13: Numerical Temperature Map
[bookmark: _Toc220824905]Figure 14: Analytical Temperature Map

Furthermore, the error distribution shown in Figure 15, represents the difference between the numerical and analytical temperature fields. Errors are small in magnitude across most of the domain and are primarily confined to regions near the upper corners of the plate. This pattern is expected, as these locations are associated with steep temperature gradients and are particularly sensitive to both spatial discretisation and truncation of the analytical Fourier series. Away from these boundary-adjacent regions, the error reduces to near zero, indicating excellent agreement throughout the plate interior.
[image: A screen shot of a graph
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[bookmark: _Toc220824906]Figure 15: Temperature Map Difference
Quantitative validation metrics obtained from the MATLAB command window further support these observations. The maximum absolute error was 0.724, while the mean absolute error was 0.057 and the root mean square error (RMSE) was 0.109 units. When compared against the imposed boundary temperature of 100°C, the maximum error corresponds to approximately 0.72%, confirming that deviations between the numerical and analytical solutions remain small. The low mean error and RMSE values indicate that discrepancies are limited in extent and are not indicative of systematic numerical bias.
Taken together, the close qualitative agreement between temperature fields, the low-magnitude and physically explainable error distribution, and the supporting error distribution matrix (Figure 16) show that the numerical model has been implemented correctly and provides an accurate approximation of the analytical solution at steady state. Minor differences are attributable to known limitations associated with finite-difference discretisation and analytical series truncation rather than shortcomings in the numerical formulation itself. On this basis, the model is considered suitably validated for the simulation of two-dimensional heat conduction within the parameter range examined.


[image: A black and white screen
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[bookmark: _Toc220824907]Figure 16: Error Distribution Matrix














[bookmark: _Toc220824797]Sensitivity Analysis of Numerical Parameters 
Sensitivity analysis is central to evaluating the robustness, reliability, and numerical integrity of a computational heat transfer model. Beyond demonstrating that a numerical scheme produces stable results, sensitivity analysis provides insight into how discretisation choices influence both physical fidelity and computational efficiency. In this study, the sensitivity of the explicit finite difference model is examined with respect to grid spacing, convergence tolerance, and time step, using systematic parameter variation supported by quantitative results.
[bookmark: _Toc220824798]Influence of Grid Spacing
Table 1 presents the variation in thermal equilibrium time as grid spacing is refined, while maintaining a constant time step of 150 s and convergence tolerance of 0.001. This follows the required sensitivity testing approach by isolating the spatial discretisation parameter to evaluate its direct influence on model behaviour
[bookmark: _Toc220824922]Table 1: Grid Spacing Analysis 
	Alternative Grid Spacing Analysis Table

	Grid Spacing (h)
	Time Step (s)
	Tolerance
	Thermal Equilibrium Time (s)
	Thermal Equilibrium Time (h)
	Thermal Equilibrium Time (d)

	4
	150
	0.001
	345340.8
	95.928
	3.997

	3
	150
	0.001
	374112
	103.92
	4.33

	2
	150
	0.001
	373766.4
	103.824
	4.326

	1.5
	150
	0.001
	373680
	103.8
	4.325

	1.2
	150
	0.001
	373507.2
	103.752
	4.323

	1
	150
	0.001
	373507.2
	103.752
	4.323

	0.75
	150
	0.001
	373334.4
	103.704
	4.321

	0.6
	150
	0.001
	373334.4
	103.704
	4.321

	0.5
	150
	0.001
	373334.4
	103.704
	4.321

	0.4
	150
	0.001
	373334.4
	103.704
	4.321

	0.3
	150
	0.001
	373334.4
	103.704
	4.321

	0.25
	150
	0.001
	373334.4
	103.704
	4.321

	0.2
	150
	0.001
	373334.4
	103.704
	4.321



The results show that grid spacing has a clear influence on the predicted time required to reach thermal equilibrium. At coarse resolution (h=4 m), equilibrium is predicted at approximately 345,341s (95.9 hours, 3.99 days). When the grid is refined to h=3m and h=2m, the equilibrium time increases significantly to approximately 374,112s and 373,766s respectively. This indicates that coarse grids under-represent spatial temperature gradients, resulting in an artificially fast heat diffusion prediction.
Figure 17 shows that as the grid spacing is reduced further, the results begin to stabilise. From approximately h=1.5m down to h=0.2 m, the thermal equilibrium time converges towards approximately 373,334s (103.7 hours, 4.32 days). The variation across this range is minimal, demonstrating that the numerical solution has reached spatial convergence. This behaviour is consistent with finite difference theory, where truncation error reduces as grid spacing decreases, improving solution accuracy (Burden et al., 2016).
[image: Graph of a graph with a dotted line
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[bookmark: _Toc220824908]Figure 17: Grid Spacing Graph
The results also show small fluctuations in equilibrium time at intermediate grid spacings. This is not considered numerical instability but is more likely linked to the interaction between spatial discretisation and the fixed time step. When spatial resolution changes while the time step remains constant, the effective diffusion behaviour across iterations can shift slightly. Similar parameter sensitivity interactions are reported in numerical modelling literature (Isaacson and Keller, 1996).
From a practical modelling perspective, reducing grid spacing significantly increases computational demand due to the increase in node count. However, the results demonstrate that reducing grid spacing below approximately 1 m provides negligible improvement in predicted equilibrium time. Therefore, selecting a grid spacing in the region of 0.75–1 m represents an effective balance between numerical accuracy and computational efficiency.
[bookmark: _Toc220824799]Influence of Convergence Tolerance
Table 2 shows the variation in thermal equilibrium time when the convergence tolerance is modified while maintaining a constant grid spacing of 1 m and time step of 500 s. This approach allows the direct influence of the convergence criterion on model behaviour to be evaluated independently of spatial and temporal discretisation effects, consistent with the required sensitivity analysis methodology.
[bookmark: _Toc220824923]Table 2: Tolerance Analysis
	Alternative Tolerance Analysis Table

	Grid Spacing (h)
	Time Step (s)
	Tolerance
	Thermal Equilibrium Time (s)
	Thermal Equilibrium Time (h)
	Thermal Equilibrium Time (d)

	1
	500
	0.1
	55501.2
	15.417
	0.642375

	1
	500
	0.01
	248486.4
	69.024
	2.876

	1
	500
	0.001
	510537.6
	141.816
	5.909

	1
	500
	0.0001
	773020.8
	214.728
	8.947

	1
	500
	0.00001
	1035504
	287.64
	11.985

	1
	500
	0.000001
	1297987.2
	360.552
	15.023



The results demonstrate a strong relationship between tolerance magnitude and predicted thermal equilibrium time. At a relatively loose tolerance of 0.1, thermal equilibrium is reached at approximately 55,501s. As the tolerance is reduced to 0.01 and 0.001, equilibrium time increases significantly to approximately 248,486s and 510,538s respectively. When the tolerance is tightened further to 0.0001 and below, equilibrium time increases rapidly, reaching approximately 1,297,987s at a tolerance of 0.000001. This trend is clearly reflected in Figure 18, which shows a near-linear increase in equilibrium time as tolerance becomes more restrictive on a logarithmic scale.



[image: A graph with a line
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[bookmark: _Toc220824909]Figure 18:Tolerance Graph
This behaviour is expected from an iterative numerical convergence perspective. The convergence tolerance defines the allowable difference between successive temperature fields used to determine when steady state has been achieved. As the tolerance is reduced, the solver must continue iterating until progressively smaller temperature changes occur between time steps, significantly increasing total simulation duration (Butt, 2010).
It is important to recognise that convergence tolerance is a numerical parameter rather than a direct physical property. A smaller tolerance does not necessarily represent a more physically accurate thermal equilibrium condition. Instead, it represents increased numerical strictness. As described in numerical analysis literature, excessively small tolerances can result in diminishing practical accuracy improvements due to truncation error and floating-point precision limits (Isaacson and Keller, 1996).
The results highlight a key modelling limitation within the current numerical approach. Thermal equilibrium is defined based on numerical convergence of temperature fields rather than thermodynamic equilibrium conditions. While this method is suitable for controlled linear conduction problems, it may become less reliable for systems involving non-linear material properties, internal heat generation, or complex boundary conditions.
From a computational efficiency perspective, the results demonstrate that tightening tolerance below approximately 0.001 results in substantial increases in computational cost with limited practical benefit. Therefore, selecting a tolerance in the region of 0.001 represents a reasonable balance between numerical accuracy and simulation efficiency.
[bookmark: _Toc220824800]Influence of Time Step
Table 3 presents the variation in thermal equilibrium time when the time step is modified while maintaining a constant grid spacing of 0.75 m and convergence tolerance of 0.0001. This allows the direct influence of temporal discretisation on model behaviour to be evaluated independently of spatial resolution and convergence criteria, in accordance with the required sensitivity analysis methodology.
[bookmark: _Toc220824924]Table 3: Time Step Analysis
	Alternative Time Step Analysis Table

	Grid Spacing (h)
	Time Step (s)
	Tolerance
	Thermal Equilibrium Time (s)
	Thermal Equilibrium Time (h)
	Thermal Equilibrium Time (d)

	0.75
	2000
	0.0001
	926035.2
	257.232
	10.718

	0.75
	1500
	0.0001
	893980.8
	248.328
	10.347

	0.75
	1000
	0.0001
	850003.2
	236.112
	9.838

	0.75
	800
	0.0001
	824774.4
	229.104
	9.546

	0.75
	600
	0.0001
	792633.6
	220.176
	9.174

	0.75
	400
	0.0001
	746841.6
	207.456
	8.644

	0.75
	200
	0.0001
	668217.6
	185.616
	7.734

	0.75
	100
	0.0001
	589420.8
	163.728
	6.822

	0.75
	50
	0.0001
	510537.6
	141.816
	5.909

	0.75
	25
	0.0001
	431568
	119.88
	4.995



The results show a clear relationship between time step size and predicted thermal equilibrium time. At larger time steps, the model predicts significantly longer equilibrium times. For example, at a time step of 2000s, equilibrium is reached at approximately 926,035s. As the time step is progressively reduced, the equilibrium time decreases steadily, reaching approximately 431,568s at a time step of 25s. This trend is clearly visible in Figure 19, which shows a gradual increase in equilibrium time as time step increases.

[image: A graph with a dotted line
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[bookmark: _Toc220824910]Figure 19:Time Step Graph
This behaviour reflects the role of time step size in resolving transient thermal behaviour. Smaller time steps allow the numerical scheme to capture temperature changes between iterations more accurately, improving representation of diffusion behaviour and reducing numerical diffusion effects. This also improves stability margin relative to the Fourier stability criterion, which links time step size, grid spacing, and thermal diffusivity (Radi and Hami, 2018).
Conversely, larger time steps reduce the total number of iterations required for convergence, improving computational efficiency but increasing susceptibility to numerical error propagation. As time step size approaches the upper stability limit, the numerical scheme may remain stable but produce reduced temporal accuracy due to under-resolution of transient behaviour. This explains why larger time steps produce longer predicted equilibrium times despite requiring fewer computational iterations.
The results demonstrate that numerical stability alone is not a sufficient measure of solution quality. A time step may satisfy the stability criterion while still producing reduced physical accuracy if transient heat transfer behaviour is not adequately captured. Therefore, time step selection must consider both stability requirements and temporal accuracy.
From a modelling efficiency perspective, the results indicate diminishing accuracy benefits at very small time steps relative to computational cost. Selecting a time step that satisfies stability requirements while providing sufficient transient resolution represents the most effective modelling strategy.
[bookmark: _Toc220824801]Limitations of the Numerical Model
While the explicit finite difference model performs well for the aluminium plate conduction problem, there are several limitations linked to both the numerical method and the way the code has been implemented. These are consistent with what would normally be expected from an explicit finite difference approach and are supported by the trends seen in the sensitivity analysis.
From a numerical method perspective, truncation error is unavoidable because finite difference equations are derived by removing higher-order terms from Taylor series expansions. Although truncation error reduces as grid spacing becomes smaller, the grid sensitivity results showed that refining the grid beyond approximately h ≈ 1 m produced very little improvement in predicted equilibrium time. This suggests that round-off error, caused by finite precision computer arithmetic and accumulated over many iterations, begins to influence the solution more strongly (Burden and Faires, 2011).
Stability restrictions are another key limitation. The need to keep the Fourier number below a critical value creates a strong link between grid spacing and time step size. This was reflected in the time step sensitivity study, where smaller grid spacing required smaller time steps to maintain stability. As widely discussed in numerical heat transfer literature, this can significantly increase computational time when high spatial resolution or long simulation periods are required (Incropera et al., 2007).
The finite difference method is also less suitable for complex geometries because it relies on structured grids. Irregular shapes may require coordinate transformations or stepped grid approximations, which can introduce additional numerical error and increase modelling complexity (Smith, 1985).
From a modelling perspective, thermal equilibrium is currently defined using a numerical tolerance rather than a physical steady-state condition. The sensitivity results showed that predicted equilibrium time changes significantly depending on the selected tolerance. This confirms that the model is identifying numerical convergence rather than true thermodynamic equilibrium, and excessively small tolerances can increase computational effort without improving physical accuracy (Chapra and Canale, 2015).
Overall, these limitations do not invalidate the model but instead define where it can be used reliably. The approach is well suited to linear conduction problems with simple geometry and well-defined boundary conditions, but more complex systems would require alternative numerical methods or further model refinement.

[bookmark: _Toc220824802]Suggested Improvements and Future Developments
Future development of the model should focus on improving stability, efficiency, and its ability to represent more realistic engineering conditions. One of the most effective improvements would be moving from the explicit finite difference scheme to an implicit or alternating direction implicit (ADI) approach. Implicit methods are generally unconditionally stable, which allows much larger time steps to be used without breaching stability limits. Although this requires solving linear equation systems at each step, it can improve overall efficiency for larger simulations (Peaceman and Rachford, 1955; Smith, 1985).
For problems involving more complex geometries, methods such as the finite element method (FEM) or finite volume method (FVM) would offer clear advantages. FEM allows flexible mesh generation and local refinement, improving accuracy in areas with steep temperature gradients (Zienkiewicz, Taylor and Zhu, 2013). FVM ensures strict energy conservation within control volumes, which is particularly useful for coupled heat transfer and fluid flow problems (Versteeg and Malalasekera, 2007).
The way thermal equilibrium is defined could also be strengthened by using more physically meaningful measures, such as energy balance or residual error monitoring, rather than relying only on numerical tolerance values (Chapra and Canale, 2015). Adaptive mesh refinement could further improve efficiency by concentrating resolution only where needed (Moin, 2010). Finally, validating the model against real experimental or operational data would improve confidence in its practical engineering application.












[bookmark: _Toc220824803]Conclusion
The findings from this study show that the explicit finite difference method can be used effectively to model transient two-dimensional heat conduction in a solid plate, provided that suitable spatial and temporal discretisation parameters are selected. The numerical formulation, supported by the MATLAB implementation and validation process, demonstrated that the model can generate stable and physically realistic temperature predictions within the defined simulation conditions.
When compared with the analytical steady-state solution, the numerical results showed very close agreement both visually and through quantitative error metrics. The low error values indicate that the fundamental physics of heat conduction have been captured well within the numerical framework. Small differences near boundary regions were expected and are consistent with known finite difference truncation effects and limitations associated with analytical series truncation, rather than weaknesses in the numerical approach itself.
The sensitivity analysis reinforced the importance of careful parameter selection. Grid refinement improved accuracy only up to a practical point, after which computational cost increased without meaningful gains. The convergence tolerance study highlighted the difference between numerical convergence and true physical steady state, while time step analysis confirmed the strong relationship between stability, temporal resolution, and overall solution quality.
In conclusion, despite known limitations of explicit schemes, the model produces reliable results within its intended application and provides a strong platform for progression towards more advanced numerical methods.
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[bookmark: _Toc220824806]Appendix A- The Code 
clc;                % Command to clear the command window
clear;              % Command to clear the workspace
close all;          % Command to close all windows
format ShortG
% Aluminium Plate Properties
k = 143;            % Thermal Conductivity in W/(m*c)
d = 2800;           % Density in kg/m^3
sh = 795;           % Specific Heat in J/(kg*c)
alpha = k/(d*sh);   % Thermal Diffusivity in [m^2/s] where 'a' repersents alpha
% Plate Dimensions
% Define Plate Dimensions
good = 0;
while good ==0
    Xdim = input ('X dimensions (m): ') ;      % Width
    Ydim = input ('Y dimension (m): ') ;       % Length
    
    % Check that h fits
    if Xdim>0 && Ydim>0
        good = 1;
       
    else
        disp('dimensions must be positive. Re-enter');
    end
end
good = 0;
while ~good
    h = input('grid spacing h (m): ');
    if h >= Xdim || h >= Ydim
        disp('h must be smaller than both Xdim and Ydim. Re-enter')
    elseif mod(Xdim,h) ~= 0 || mod(Ydim,h) ~= 0
        disp('h does not fit the plate dimensions. Re-enter')
    else
        good = true;
    end
end
% Number of rows and columns
NR = Ydim / h + 1;      % Number of rows
NC = Xdim / h + 1;      % Number of columns
% Matrix of temperatures T
T1 = zeros (NR, NC);    % Initialisation
T0 = input('Enter the North Boundary Temperature: ');
T1(1,2:NC-1 ) = T0; %North Boundary Condition
T1;
% User input for Time Step dt
dt_max = h^2 / (4 * alpha);     % Maximum allowable time step
valid = false ;
while   ~ valid
    dt = input ('Enter Time Step dt: ') ;         % Enter Time Step
    if dt <= 0
        disp   ('Error: dt must be positive. Re-enter');
    elseif dt > dt_max
        fprintf (' Error: dt exceeds stability limit. Maximum dt = %0.2f seconds \n ',dt_max)
    else
        valid = true;          % Acceptable dt
    end
end
% Matrix of temperatures T2 (initialisation)
T2 = T1;    % Copy T1 so all boundary values are the same
% Convergence criterion
cc = 0.0001;
maxMD = cc+1;
% Explicit Finite Difference Equation
F0=(alpha*dt)/h^2;
counter=0;
while maxMD > cc
    for i=2:NR-1
        for j=2:NC-1
            T2(i,j) = T1(i,j) + F0 * (T1(i+1,j) + T1(i-1,j) + T1(i,j+1) + T1(i,j-1) - 4*T1(i,j) );
        end
    end
    % Convergence Measure
    maxMD = max(max(abs(T2 - T1)));
    % move to next time level
    T1 = T2;         % Update for next iteration
    counter=counter+1;
end
T2;
disp(' ')   % blank line
fprintf('----------------------------------------\n');
disp(' ')   % blank line
disp('Final Temperature Distribution Matrix (T2):') ;
disp(T2)
total_time=dt*counter;
% Analytical Solution
TA = zeros(NR, NC);   % Analytical temperature matrix
for i=1:NR
    for j=1:NC
        x=(j-1)*h;
        y=(i-1)*h;
        S=0;
        for n= 0:1:10000
            ks=2*n+1;
            S = S + ( (1/ks) * sin(ks*pi*x/Xdim) * ( exp(ks*pi*(y-Ydim)/Xdim)-exp(-ks*pi*(y+Ydim)/Xdim) ) / ( 1-exp(-2*ks*pi*Ydim/Xdim) ) );
        end
        TA(i,j) = (4*T0/pi)*S;
    end
end
%% Results Display
% Compare Numerical (T2) and Analytical (TA)
 
% Flip analytical solution so it matches numerical orientation
TA_plot = flipud(TA);
fprintf('----------------------------------------\n') ;
disp(' ')   % blank line
disp('Final Analytical Temperature Matrix (TA):')
disp (TA)
 
% Difference between solutions
Diff    = T2 - TA_plot;
AbsDiff = abs(Diff);
fprintf('----------------------------------------\n') ;
disp(' ')   % blank line
disp('Error values between solutions (T2-TA):')
disp(Diff)
 
% Error values
max_err  = max(AbsDiff(:));
mean_err = mean(AbsDiff(:));
rmse_err = sqrt(mean(Diff(:).^2));
% Print results
total_time=dt*counter;
if total_time<60
    fprintf('The time duration to reach thermal equilibrium is %0.3f seconds. \n', total_time)
elseif total_time<60^2
    fprintf('The time duration to reach thermal equilibrium is %0.3f minutes. \n', total_time/60)
elseif total_time<60^2*24
    fprintf('The time duration to reach thermal equilibrium is %0.3f hours. \n', total_time/60^2)
else
    fprintf('The time duration to reach thermal equilibrium is %0.3f days. \n', total_time/(60^2*24))
end
fprintf('\n--- VALIDATION RESULTS ---\n');
fprintf('Max error  = %g\n', max_err);
fprintf('Mean error = %g\n', mean_err);
fprintf('RMSE       = %g\n', rmse_err);
 
% Coordinates for plotting
x = 0:h:Xdim;
y = 0:h:Ydim;
[X, Y] = meshgrid(x, y);
 
% Contour levels
levelsT = linspace(min(T2(:)), max(T2(:)), 20);
levelsE = linspace(0, max_err, 20);
 
% Numerical solution
subplot(1,3,1)
contourf(X, Y, T2, levelsT)
colormap (jet)
colorbar
axis equal tight
set(gca,'YDir','reverse')
title('Numerical (T2)')
xlabel('x (m)')
ylabel('y (m)')
 
% Analytical solution
subplot(1,3,2)
contourf(X, Y, TA_plot, levelsT)
colormap (jet)
colorbar
axis equal tight
set(gca,'YDir','reverse')
title('Analytical (TA)')
xlabel('x (m)')
ylabel('y (m)')
 
% Error plot
subplot(1,3,3)
contourf(X, Y, AbsDiff, levelsE)
colormap (jet)
colorbar
axis equal tight
set(gca,'YDir','reverse')
title('Error (T2 - TA)')
xlabel('x (m)')
ylabel('y (m)')
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