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I. Taylor Series

1. Definition:
In certain cases a function  can be rewritten in terms of an infinite sum of other functions such as:



which can be written in a more compact form using the summation notation 
 (
Taylor series expansion of 
about 
point
  
 
)



The above Taylor series is called the Maclaurin series when  = 0.

2. Examples:
a. Find the Maclaurin series for  written in its most compact form.

· Answer:







Therefore,


  
Hence,



this is the Maclaurin series expansion for the function 
b. Find the Taylor series for   written in its most compact form.

· Answer:









Therefore,


  


Hence,



Which is equivalent to,



this is the Taylor series expansion for the function 


Note:
Example of function that does not have a primitive is .  Maclaurin series,


II. Numerical Differentiation
This section looks at ways to numerically approximate the first and second derivative of a function.

1. Forward, Backward and Central Difference:
The Taylor series relates the value of a function at a point x0 to the value of the function at a nearby point (x0 + h), that is



We can rearrange the above to get



and this can be used to make the forward difference approximation to  thus



Obviously this is only an approximation, albeit one that is more accurate as h gets smaller (indeed in the limit as h → 0 this is exact).

How precisely does the accuracy depend on h?
Let  denote the error incurred using this forward difference approximation, then




So this approximation is of order . This means that as h gets smaller the error of the forward difference approximation also gets smaller, in a linear fashion. Can we do better than this? Well we could examine how the function varies as we decrease, that is create the backward differences approximation. Using the Taylor series we can write



Rearranging yields



 
and so we can construct the following backward difference approximation




Again this is an approximation that is more accurate as h gets smaller, but can we quantify how the error depends on h? Inspection of the equations yields





This approximation is again of order . As h gets smaller the error gets smaller in a linear fashion, and so we have not improved on our forward difference approximation. However we can combine these two approximations to get an improved one. By taking equation (5) from equation (1) we see that






Therefore



and we can therefore construct the central difference approximation




The error of this approximation is given by 




The central difference approximation is thus accurate to order  and so, for small values of h, will in general be better than both the forward and backward approximations.

2. Second Order Derivatives:
A similar procedure can be followed to derive approximations to higher order derivatives. If we add equation (1) and equation (5) we get







Therefore




So we can construct the central difference approximation to the 2nd derivative




The error is of order  and is given by
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