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1. Introduction

In this study, the explicit Finite Difference Method (FDM) is used to design and analyse a 2D heat diffusion model. The aim of the project is to simulate heat transfer across an aluminium plate using both a numerical and analytical method. The numerical method will be validated against the analytical solution, and an evaluation will be made of how key parameters can impact accuracy and stability. The primary objectives are to discretise the heat equation, define initial and boundary conditions, examine limitations and potential enhancements, and assess how sensitive the model is to time step, grid spacing, and convergence criteria.
An overview of the governing heat equation and associated Taylor series discretisation procedure opens the study. The numerical method will be explained in detail along with snapshots of the Matlab code written to illustrate the comparison between the numerical and analytical methods, this will be followed by a validation of the results and a sensitivity analysis to assess how certain parameters affect the total thermal equilibrium time of the model. The report will conclude by discussing potential limitations with the model and future improvements which can be made.










2. [bookmark: _Toc188810556]The governing equation of the problem
Heat transfer in solid materials is frequently governed by the heat equation, which is a partial differential equation that explains heat conduction over time. It relies on the principles of energy conservation and Fourier's Law of Heat Conduction, which asserts that a material's heat flux is proportionate to its temperature gradient. The heat equation is important in thermal engineering because it enables engineers to forecast how heat will distribute across time and space within a material (Dincer and Erdemir, 2021, pp.115–178). This project utilises the 2D heat equation to describe the temperature distribution across an aluminium plate under certain boundary conditions.

The heat equation for a 2D geometry without an internal heat source is as follows:
 +  . 
Where:
 = Second derivative of temperature with respect to x.
 = Second derivative of temperature with respect to y.
 = First derivative of time with respect to the time.
α=  : Thermal diffusivity (m2/s)
ρ = Density (kg/m3)
k = Thermal conductivity (W/moC) 
c = Specific heat capacity (J/KgoC)






Definition of terms
Thermal conductivity (k) is the measure of how a material conducts heat. A higher “k” value will indicate a faster heat transfer.
Density (ρ) is the mass of the substance per unit volume which determines its heat storage capability.
Specific heat capacity is amount of energy necessary to raise the temperature of one kilogramme of material by one degree Celsius.
Thermal diffusivity (α) indicates how quickly a heat spreads through a material. A larger value for “α” means a faster rate of heat diffusion.

Explanation of the equation
It characterises the movement of any substance that diffuses, or spreads out, as a result of concentration gradients in space. (4 The Heat Equation, n.d.)
The left side of the equation ( + ) represents the spatial distribution (the ways in which temperature changes in both the x and y directions over space).
The right side of the equation,  .  represents the temperature change over time determined by the material's thermal diffusivity.
(Incropera, 2002, pp.100–130)









3. [bookmark: _Toc188810557]Numerical Method Chosen
[bookmark: _Toc188810558]3.1 Taylor Series Expansion
For the first and second derivatives, the Taylor series expansion is utilised for a smooth function f(x) about a point x0 to obtain finite difference approximations.
The function f(x) around x0 is given by the following equation:



Where:
·  = Function value at 
·  = size of step
·  = First derivative
· ): Second Derivative
· “...”: This is for the higher order error terms 

[bookmark: _Toc188810559]3.2 First Derivative Approximations
Re-arranging Taylor’s expansion to make “” the subject:
=  - 
The second part of the equation highlighted yellow (error term) can be negated as long as the “h” value which is used is very small. Thus the “” sign is used to represent almost equal to.
Therefore, the formula for the forward term is:
 


[bookmark: _Toc188810560]3.3 Backward Difference
Re-arranging Taylor’s expansion to make “” the subject:
  +...
As above, “… is negated if the step is small. Therefore:
 
(Chasnov, 2022)

[bookmark: _Toc188810561]3.4 Central Difference 
Using Taylor’s expressions for  and :


Adding these two equations cancels the odd terms and gives the following equation:

Make  the subject:
  + …(
Highlighted yellow error term negated if a small “h” value is used.
 





[bookmark: _Toc188810562]3.5 Central Difference Second Derivative Approximation.
Using Taylor’s expressions for  and :


Adding these two equations cancels the odd terms and gives the following equation:


Rearranging to make  the subject:
  + …

As before, the error term is removed, leaving:

 
(Chasnov, 2022)

[bookmark: _Toc188810563]3.6 Heat equation substitution
To numerically solve the heat equation, we substitute the derivatives in the equation using finite difference approximations:​
 +  . 
Where:
 +  : This will be replaced by the central difference’s method.
: This will be replaced by the forward term
Temporal Derivative using the forward term for 

Where:
·  : The temperature at the next step at point p
·  : The temperature at the point p at the current time step
·  : Size of time step

Spatial Derivatives using central difference for  and 
 
 
Where:
· , , are the temperatures at the grid points east, north, south and west at the current time step.
·  = Grid Spacing







[bookmark: _Toc188810564]3.7 Discretising the spatial domain
The aluminium plate in this report is split into a uniform grid. The grid is made up of distinct points (nodes) in the x and y directions that are spaced apart by “h”. Every grid point denotes a distinct location where the temperature is determined.
Number of points in the X direction =  +1
Number of points in the Y direction =  +1
The “+1” is to make sure the endpoints in the grid are also calculated.
For the grid spacing “h” to accurately record temperature changes across the plate, it must be a sufficient value.

[bookmark: _Toc188810565]3.8 Discretising the temporal domain
There are discrete timesteps of magnitude Δt that make up the time domain:
· The explicit finite difference approach is used to update the temperature at each grid point at each timestep.

Deciding Δt value:
· The Δt value must be a small figure so that it satisfies the stability criterion.
· The stability is dependent on the “” (grid spacing) and  (thermal diffusivity).
(Chapra, 2008)








[bookmark: _Toc188810566]3.9 Deriving the explicit finite difference form of the heat equation
Applying the approximations of finite differences to the 2D heat equation:
 +  . 
The discretised form:
 +  =  . 

Grouping terms for neighbouring grid points:


Further solving:


Introducing Fourier number:

Substitute into equation:


Solve for 


Re-arrange for final equation:

Where:
· : Fourier number
· : Temperature of grid point “p” for the next timestep
· : Temperature of grid point “p” for the current timestep
· : Temperatures of the surrounding grid points at the current timestep
(Upc.edu, 2025)

[bookmark: _Toc188810567]3.10 Stability Criterion
The stability criterion is used to ensure that the explicit finite difference scheme for the 2D heat equation creates accurate results. If this criterion is not satisfied, the numerical solution will become unstable which will lead to large and inaccurate temperature values.
The stability criteria for the explicit finite difference scheme requires:

This guarantees that throughout the simulation, the temperature variations at every grid point won't increase uncontrollably.
Although a smaller grid spacing (h) results in better spatial resolution, it also lowers the maximum permitted Δt and necessitates smaller time steps for stability (Chapra, 2008).










4. [bookmark: _Toc188810568]Initial, boundary conditions and analytical solution
[bookmark: _Toc188810569]4.1 Initial Conditions
At the beginning of the simulation, it is assumed that the temperature distribution over the plate is uniform:

Where:
·  : Is the initial temperature of the plate when t=0oc
· Before heat diffusion starts, the temperature of the entire plate is the same.

[bookmark: _Toc188810570]4.2 Boundary conditions
There are four boundaries on the plate: North, South, East and West
North Boundary: 

The brief states there is a fixed temperature  positioned at the North boundary of the plate.
South Boundary: 

The brief states there is a fixed temperature  positioned at the South boundary of the plate.

East  and West Boundaries 
These boundaries are insulated so there is no heat flow through them:




[bookmark: _Toc188810571]4.3 Analytical Solution
Under these circumstances, the 2D heat equation's analytical solution is provided by the following equation:
)
This equation will be used to validate the numerical solution in the code.
(Chang C.Y., Ma C.C., 2001),















5. [bookmark: _Toc188810572]Codes details and explanations
[image: ][bookmark: _Toc188789122][bookmark: _Toc188790853]Figure 1 - Section of Code (1)



(1) – Cleanup commands are used to clear the command window and workspace to guarantee that the simulation is not hampered by any leftover data or outputs.
[image: ]
[bookmark: _Toc188790854]Figure 2 - Section of code (2)
(2) – Material properties of the plate are defined and the thermal diffusivity (α) is calculated.
(3) – Display and fprintf functions used to display the properties of the plate (to 2d.p) in the command window.[bookmark: _Toc188789124][bookmark: _Toc188790855]Figure 3 - Section of Code (3)



[image: ]
[bookmark: _Toc188790856]Figure 4 - Section of Code (4)
(4) – While loops used to ensure the user only inputs a positive integer for the width and height of the plate. Any wrong inputs will cause an error and the user will be prompted to input again.
[image: ]. [bookmark: _Toc188789126][bookmark: _Toc188790857]Figure 5 - Section of Code (5)





(5)    The command window display for the code written in Figure 4.
[image: ][bookmark: _Toc188789127][bookmark: _Toc188790858]Figure 6 - Section of Code (6)

(6) – The user is prompted to input a grid spacing value (input function). The input must evenly divide into both the width and height of the plate. The grid spacing must also be a positive number. “While”, “if” and “else” commands used to ensure the correct grid spacing is inputted. Fprintf function used to guide the user in the command window.
[image: ][bookmark: _Toc188789128][bookmark: _Toc188790859]Figure 7 - Section of Code (7)

(7) – The command window display for an incorrect grid spacing value and user prompt to correct issue.
[image: ]


[bookmark: _Toc188789129][bookmark: _Toc188790860]Figure 8 - Section of Code (8)


(8) - Initialises the temperature matrix (T1) and calculates the number of rows (NR) and columns (NC) for the grid.

[image: ](9) – This sets fixed temperatures for both North and South boundaries of the plate, with the matrix's initialised values.[bookmark: _Toc188789130][bookmark: _Toc188790861]Figure 9 - Section of Code (9)

[image: ][bookmark: _Toc188789131][bookmark: _Toc188790862]Figure 10 - Section of Code (10)

(10) – Input function from Figure 9 outputs to the command window.
[image: ]








[bookmark: _Toc188789132][bookmark: _Toc188790863]Figure 11 - Section of Code (11)

(11) - This section uses the grid spacing and thermal diffusivity to determine the maximum stable time step (dt max). A valid time step (dt) that satisfies the stability criteria (dt≤dt max) is entered by the user. Additionally, it calculates and verifies the stability of the Fourier number (Fo) (Fo<0.25).



[image: ]






[bookmark: _Toc188789133][bookmark: _Toc188790864]Figure 12 - Section of Code (12)


(12) - The EFDM approach is used in this section to iteratively solve the heat equation until the error E converges below a threshold (CC). The temperature of internal nodes is updated based on the values of their neighbours, while Neumann boundary conditions guarantee that there is no heat flux at the right (C=NC) and the left (C=1) edges as it mirrors the adjacent interior nodes.

[image: ]
[bookmark: _Toc188790865]Figure 13 - Section of Code (13)
(13) - Shows the temperature distribution as the simulation progresses.






[image: ]







[bookmark: _Toc188790866]Figure 14 - Section of Code (14)



(14) – Analytical solution used to calculate the temperature at each node along the plate using the same initial and boundary conditions.
[image: ]






[bookmark: _Toc188790867]Figure 15 - Section of Code (15)



(15) – “Disp” function used in Figure 14 outputs the Numerical and Analytical solution to the command window.

[image: ]










[bookmark: _Toc188790868]Figure 16 - Section of Code (16)



(16) – “Validation” shows the temperature distribution as the simulation progresses. “Output results” is the key outputs such as the equilibrium time, maximum error and comparison metrics.[bookmark: _Toc188790869]Figure 17 - Section of Code (17)



[image: ]
(17) – Code from Figure 16 outputs this in the command window, showing the total time for equilibrium, the error matrix of both solutions and the maximum absolute error between both methods.
(Driscoll, 2009)
6. [bookmark: _Toc188810573]Validation of the code
In order to output the temperature maps, some user inputs were entered when the code was run, these were:
· Length of the plate: 10m
· Width of the plate: 10m
· Grid Spacing: 2m
· Fixed temperature: 500C
· Time step: 3600s[bookmark: _Toc188790871]Figure 19 - Numerical and Analytical Temperature Maps


[bookmark: _Toc188790870]Figure 18 - Matrices for Numerical and Analytical Solutions



Numerical Solution
The explicit Finite Difference Method iteratively solves the heat equation by using neighboring data at discrete grid locations. The numerical solution develops over time until thermal equilibrium is achieved, at which point temperature variations between iterations are insignificant (E < CC) (Yogesh Jaluria, 2017, pp.50–60).



Analytical Solution
The same boundary and beginning circumstances are taken into consideration while utilising the separation of variables for the 2D heat equation to get the analytical solution. It offers a precise, continuous depiction of the temperature range (Ardourel and Jebeile, 2018).

[bookmark: _Toc188810574]6.1 Comparison of Results
Figure 20 below shows the error matrix for the numerical and analytical solutions and the temperature map outputted.



[bookmark: _Toc188790872]Figure 20 - Error matrices and map

[bookmark: _Toc188790873]Figure 20 - Error matrices and map

The error map above illustrates the differences between the analytical method and the numerical (FDM) method at each grid point. Near the boundaries, there are higher errors (0.1074), this is likely due to the discretization approximations and Neumann boundary conditions in the numerical method. Whereas, in the centre nodes, the error is smaller (0.0664) which indicates a better compatibility between the two methods (Cadence CFD, n.d.)
The error map shows a pattern which suggests the discrepancies between the two models are not random. The grid spacing and the time step can contribute to these discrepancies (truncation errors). The error map however stabilizes, suggesting that the numerical method has reached steady state equilibrium which is close to the analytical solution. Overall, the two methods closely agree, which shows that the FDM method can effectively model heat diffusion (Dixon, 2019, pp.105–109).
7. [bookmark: _Toc188810575]Analysis of the code results.
A sensitivity analysis was conducted using a 12x12m plate. Various variables were changed in order to see how the final thermal equilibrium time was impacted.
[bookmark: _Toc188810576][image: ]7.1 Grid Spacing[bookmark: _Toc188790874]Figure 21 - Grid Spacing against Thermal Equilibrium time

[bookmark: _Toc188790875]Figure 21 - Grid Spacing against Thermal Equilibrium time

The findings of the grid spacing sensitivity analysis show a pattern: A shorter thermal equilibrium period is typically associated with a smaller grid spacing. This is to be expected since a smaller grid spacing improves spatial resolution, which makes it possible for the finite difference model to better capture temperature gradients and approximate the analytical solution, leading to a faster convergence and equilibrium time (Patankar, 1980, pp.41–50). 
The dips at 1.2m and 2m are more likely to be the result of rounding errors in the finite difference technique or numerical artefacts. Although the grid spacing divides into the plate dimensions, these artefacts may occur because of the way nearby nodes interact at particular grid resolutions, which can cause anomalies in the convergence rate (Driscoll and Braun, n.d.)




[image: ]7.2 Time Step[bookmark: _Toc188790876]Figure 22 - Time Step against Thermal Equilibrium time

[bookmark: _Toc188790877]Figure 22 - Time Step against Thermal Equilibrium time

Figure 22 shows how when the time step is increased the thermal equilbirum time also increases due to increased truncation errors in the taylors series approximation. Around 1000-2000 seconds the thermal equilibrium time stabilises, showing the limitations of the numerical method. At this point, the model achieves a balance between accuracy and computing efficiency, limited by its coarse temporal resolution, thus additional increases in time step size have no effect (Abreu et al., 2018).


[bookmark: _Toc188810578]7.3 Tolerance

[bookmark: _Toc188790878]Figure 23 - Tolerance against Thermal equilibrium time

[bookmark: _Toc188790879]Figure 23 - Tolerance against Thermal equilibrium time

Figure 23 shows how changing the tolerance affects the time it takes to reach thermal equilibrium. The smaller the tolerance, the longer it takes to reach equilibrium. The temperature map would not be outputted until (E < CC). As the solution must be more precise before convergence is reached, a smaller tolerance results in more iterations (despite the time step being fixed). As a result, it takes longer to attain equilibrium because each iteration needs to match the stricter convergence criterion with a more sophisticated strategy (Tu, Guan Heng Yeoh and Chaoqun Liu, 2013, pp.177–217).

8. [bookmark: _Toc188810579]Limitations of the Model
[bookmark: _Toc188810580]8.1 Numerical Method
Butt (2009, pp.10–20) explains that one source of error in the numerical method is the truncation error. This is because the numerical method uses mathematical techniques which give approximations rather than exact numbers. Germund Dahlquist and Åke Björck (2003, pp.22–25) further explain that the truncation happens when an infinite series is stopped after a finitie number of terms, this can cause a loss of accuracy as the result may deviate from the exact solution. Roundoff error is an issue within the numerical method. This is when numbers are estimated because of computer memory or precision constraints, which during repetitive updates such as the thermal plate, if each grid point is rounded then the accuracy of the result will decrease. A finer mesh size can be used (grid spacing) which will help with truncation issues, however this may result in roundoff errors since there are more arithmetic operations (Sadiku, 2018, p.91)
Numerical methods such as the FDM method are suitable for rectangular geometries such as the aluminum plate in this brief as it relies on structured grids. If complex shapes are used, it can be difficult to align grid points with the geometry, leading to inaccuracies (Sjodin, 2016)
Stability is the state in which numerical mistakes (such as truncation or round-off errors) do not increase uncontrollably throughout the simulation. Stability in FDM is mainly controlled by the Fourier number (Fo). Non-physical oscillations or divergence may result from the solution becoming unstable if the time step or grid spacing deviates from the stability requirements (such as the Courant-Friedrichs-Lewy (CFL) condition). Selecting the right grid spacings and time steps is necessary to guarantee stability (Chapra, 2008).

[bookmark: _Toc188810581]8.2 Coding Method
There is one limitation with the coding method, and this is the “CC” convergence value or the tolerance. The choice of tolerance that is used can have a drastic effect on the time it takes to reach thermal equilibrium. Setting “CC” too high could cause the model to declare equilibrium too soon, producing incorrect results and possibly ignoring finer temperature variations. Conversely, if the “CC” value is too small, this may lengthen the calculation time needlessly because the model keeps iterating to get small changes that might not be important in practice (Kwon and Hyochoong Bang, 2000)

9. [bookmark: _Toc188810582]Suggested improvments to the model and future developments
Other coding techniques and numerical approaches can be taken into consideration in order to overcome the shortcomings of the current model. By permitting bigger time steps without the Fourier number limits, switching from the explicit Finite Difference Method (FDM) to the Alternating Direction Implicit (ADI) or fully implicit FDM would address stability concerns for large-scale plates. These techniques increase computational efficiency for large tasks, despite being more difficult to code (Celikten and Nesligul, n.d.)
Sjodin (2016) explains that numerical methods like the Finite Element Method (FEM), Finite Volume Method (FVM), or Boundary Element Method (BEM) are better than FDM at handling complex geometries because they will manage curved geometries and non-rectangular domains, whereas FDM is typically defined on a regular grid, and this knowledge can be utilised to create extremely effective solutions.
Thermal equilibrium can be modelled using two techniques: residual analysis and tracking changes in total energy. When energy variations or residuals become close to zero, both strategies guarantee equilibrium, providing a more physically based approach than conventional convergence criteria. These methods reduce reliance on arbitrary tolerance values, producing more reliable and repeatable results (Patankar, 1980b, pp.150–170)
For more realistic applications, future research might concentrate on expanding the model to replicate 3D heat conduction. The model would be more adaptable if it included phase shifts, such as melting, or material qualities that vary with temperature. Efficiency could potentially be increased by automatically adjusting the time step or grid size using machine learning.









[bookmark: _Toc188810583]Conclusion
The goal of this research, which was to use the explicit Finite Difference Method (FDM) to create a 2D heat diffusion model, was accomplished. The results showed good agreement with an analytical solution when the governing heat equation was discretised. Through a sensitivity analysis, the goals of examining the effects of grid spacing, time step, and convergence tolerance were achieved, bringing to light the trade-offs between computational efficiency and accuracy.
Potential enhancements, such as the use of implicit methods and sophisticated numerical techniques like FEM or FVM, were suggested in order to address the shortcomings of the explicit FDM, which included instability and trouble with complex geometries. The model's performance demonstrates that it works well for simpler geometries, but it also highlights the need for improvement in order to handle more complicated situations. Overall, the study shows the FDM approach's advantages and potential improvements for heat diffusion modelling.
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[bookmark: _Toc188810585]Appendices	
[bookmark: _Toc188810586]Matlab Code
% Environment cleanup commands
clc
clear

%Defining Plate Properties (Stated in the brief)
c = 795;          % Specific heat (J/kg°C)
k = 143;          % Conductivity (W/m°C)
rho = 2.8 * 10^3; % Density (kg/m³)

%Calculate Thermal Diffusivity (alpha).
alpha = k / (rho * c); % Thermal diffusivity in m²/s

% Display properties of the plate.
disp('Aluminum Plate Properties & its Thermal Diffusivity:');

%Print the results of the propeties and thermal diffusivity.
fprintf('Specific heat (c): %.2f J/kg°C\n', c);
fprintf('Conductivity (k): %.2f W/m.°C\n', k);
fprintf('Density (rho): %.2f kg/m^3\n', rho);
fprintf('Thermal diffusivity (alpha): %.2e m²/s\n\n', alpha);

% Ask the user to choose the width and height of the plate.

% Ensure inputted width is a positive integer.
Xdim = input('Enter the width of the plate (m): ');
while Xdim <= 0 || mod(Xdim, 1) ~= 0
    fprintf('Error! The width must be a positive integer. Please re-input a positive value.\n');
    Xdim = input('Enter the width of the plate (m): ');
end

% Ensure inputted height is a positive integer.
Ydim = input('Enter the height of the plate (m): ');
while Ydim <= 0 || mod(Ydim, 1) ~= 0
    fprintf('Error: The height must be a positive integer. Please re-input a positive value.\n');
    Ydim = input('Enter the height of the plate (m): ');
end

% Input a grid spacing value.
valid_h = false; % Initialize validation flag for h
while ~valid_h
    h = input('Please choose your grid spacing (m): ');
% Check if the grid spacing evenly divides into both the width and height of the plate.
    if mod(Xdim, h) == 0 && mod(Ydim, h) == 0 && h > 0 
        valid_h = true; % Input is valid
        fprintf('Grid spacing is accepted.\n');
        else
             if Xdim <= 0 || mod(Ydim, 1) ~= 0 || h < 0
        end
       fprintf('Error! Please ensure that the inputted number is positive and the Grid spacing evenly divides both Xdim (%.2f) and Ydim (%.2f).\n', Xdim, Ydim);
       fprintf('Please enter a new value for the grid spacing.\n');
   end
end

% Calculate number of rows and columns
NR = Xdim / h +1; % NR = Number of rows
NC = Ydim / h +1; % NC = Number of columns
T1 = zeros(NR,NC);

% Temperature matrix T1
Tnorth = input('Enter the fixed temperature for the North boundary of the plate (°C): ');
Tsouth = -Tnorth; % South boundary
T1(1, :) = Tnorth;  % North boundary
T1(end, :) = Tsouth; % South boundary


% Define the maximum time step (dt_max) based on the stability condition
dt_max = h^2 / (4 * alpha)-1; % Formula to calculate maximum permissible time step (s)

% Display the maximum time step
fprintf('Maximum time step (dt_max) is %.4e (s).\n', dt_max);

% Ask the user to choose a time step and validate it
valid_dt = false;
while ~valid_dt
    dt = input('Please choose a time step which does not exceed the maximum time step above (s): ');
    
    % Check if the inputted time step is within the calculated maximum time step
    if dt > 0 && dt <= dt_max
        valid_dt = true; % Input is valid.
        fprintf('Time step is valid.\n');
    else
        fprintf('Error! Time step (dt = %.4e) is too large! Please enter a value less than %.4e.\n', dt, dt_max);
    end
end

% Calculate the Fourier number
Fo = (alpha * dt) / h^2;

% Display the Fourier number
fprintf('Fourier number (Fo) is %.6f.\n', Fo);

% Check if the Fourier number is less than 0.25
if Fo < 0.25
    fprintf('The Fourier number is valid for stability.\n\n');
else
    fprintf('Warning! The Fourier number is %.4f, which is larger than the recommended maximum of 0.25.\n\n', Fo);
end

% Initialise temperature matrix T2 (Numerical Solution)
T2 = T1; % Copy of T1 for the next time step
CC = 0.01; % Convergence threshold

E = CC + 1; % Initial error value
Count = 0; % Counter
while E > CC
    T1 = T2;
    for R = 2:NR-1
        for C = 2:NC-1
% Explicit finite difference equation for internal nodes (excluding left and right boundary).
T2(R, C) = Fo * (T1(R-1, C) + T1(R+1, C) + T1(R, C-1) + T1(R, C-1)) + (1 - 4 * Fo) * T1(R, C);
        end
    end

 % Neumann boundary condition for the right boundary (C = NC)
    for R = 2:NR-1
        T2(R, NC) = Fo * (T1(R-1, NC) + T1(R+1, NC) + 2 * T1(R, NC-1)) + (1 - 4 * Fo) * T1(R, NC);
    end


 % Neumann boundary condition for the left boundary (C = 1)
    for R = 2:NR-1
        T2(R, 1) = Fo * (T1(R-1, 1) + T1(R+1, 1) + 2 * T1(R, 2)) + (1 - 4 * Fo) * T1(R, 1);
    end

% Calculate error
E = max(abs(T2 - T1), [], 'all'); % maximum error
Count = Count + 1; % iterations needed to reach equilibrium

% Live temperature map
figure(1);
contourf(flipud(T2));
title('Numerical Solution: Aluminium Plate Heat Distribution');
colormap('jet');
colorbar;
xlabel('X-axis'); ylabel('Y-axis');
pause(0.01);
end

% Analytical solution
TAs = zeros(NR, NC);
for Row = 1:NR
    for Col = 1:NC
        x = h * (Col - 1); % Local x position
        y = h * (Row - 1); % Local y position
        S = 0; 
        for K = 1:100
            S = S + (1 / (100 * K * pi)^2) * (1 - (-1)^K) * ...
                sin(K * pi * y / Ydim) / sinh(K * pi * Xdim / Ydim) * ...
                (cosh(K * pi * x / Ydim) - cosh(K * pi * (x - Xdim) / Ydim));
        end
        TAs(Row, Col) = Tsouth + (2 * Tnorth / Ydim) * y + S;
    end
end

disp('The Numerical solution is:');
disp(T2);
disp('The Analytical solution is:');
disp(flip(TAs));

% Validation
figure(2);
contourf(TAs);
title('Analytical solution: Aluminium Plate Heat Distribution');
colormap('jet');
colorbar;
xlabel('X-axis'); ylabel('Y-axis');

% Output results
EQ = Count * dt; % Time to achieve equilibrium
fprintf('Total time taken to achieve equilibrium is %.2f (s).\n', EQ);
fprintf('This equates to %.2f hours.\n\n', EQ / 3600);

% Calculate the absolute error
ErrorMatrix = abs(flip(TAs) - T2);
figure(3);
contourf(ErrorMatrix);
title('Error Between Numerical and Analytical Solutions');
colormap('jet');
colorbar;
clim([0 max(ErrorMatrix,[],'all')]);
xlabel('X-axis'); ylabel('Y-axis');

disp('Error matrix:');
disp(ErrorMatrix);

% Results
fprintf('Comparison Results:\n');
fprintf('Maximum absolute error: %.4f °C\n', max(ErrorMatrix, [], 'all'));
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% Display properties of the plate.
disp(*Aluminun Plate Properties & its Thermal Diffusivity:');

%Print the results of the propeties and thermal diffusivity.
Fprintf('specific heat (c): %.2f 3/kg°C\n’, €);
fprintf('Conductivity (k): %.2f W/m.°C\n’, k)3
fprintf('Density (rho): %.2f kg/m*3\n', rho);
fprintf('Thernal diffusivity (alpha): ¥.2e m*/s\n\n’, alpha);
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Aluninum Plate Properties & its Thermal Diffusivity:
Specific heat (c): 795.00 J/kg°C

Conductivity (k): 143.00 W/m.°C

Density (rho): 2800.00 kg/m'3

Thermal diffusivity (alphal

6.42e-05 m</s
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% Display properties of the plate.
disp(*Aluminun Plate Properties & its Thermal Diffusivity:');

%Print the results of the propeties and thermal diffusivity.
Fprintf('specific heat (c): %.2f 3/kg°C\n’, €);
fprintf('Conductivity (k): %.2f W/m.°C\n’, k)3
fprintf('Density (rho): %.2f kg/m*3\n', rho);
fprintf('Thernal diffusivity (alpha): ¥.2e m*/s\n\n’, alpha);
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Specific heat (c): 795.00 J/kg°C

Conductivity (k): 143.00 W/m.°C

Density (rho): 2800.00 kg/m'3

Thermal diffusivity (alphal

6.42e-05 m</s
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% Ensure inputted width is a positive integer.
Xdim = input(‘Enter the width of the plate (m): ');
while Xdim <= 0 || mod(Xdim, 1) ~= 0

fprintf(*Error! The width must be a positive integer. Please re-input 3 positive value.\n');

xdim

nput('Enter the width of the plate (m):

s

end

% Ensure inputted height is a positive integer.
Ydim = input(‘Enter the height of the plate (m
while Ydim <= 0 || mod(Ydim, 1) ~= 0

fprintf('Error: The height must be a positive integer.

vdim

nput('Enter the height of the plate (m): ');
end

Please re-input a positive value.\n');
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Specific heat (c): 795.00 J/kg°C
Conductivity (k): 143.00 W/m.°C

Density (rho): 2800.00 kg/m'3

Thermal diffusivity (alpha): 6.42e-05 m*/s

Enter the widch of the plate (m): 10
Enter the height of the plate (m): -10
Error: The height must be a positive integer. Please re-input a positive value.
fi Enter the height of the plate (m):
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% Input o grid spacing value.
valid_h = false; % Initialize validation flag for h
while ~valid_h
h = input(*Please choose your grid spacing (m): ');
% Check if the grid spacing evenly divides into both the width and height of the plate.
i mod(Xdim, h) == 0 8& mod(Ydim, h) == @ & h > 0
valid_h = true; % Input is valid
fprintf(*Grid spacing is accepted.\n');
else
if Xdin <= @ || mod(vdim, 1) ~=0 || h <@

end
fprintf(‘Error! Please ensure that the inputted number is positive and the Grid spacing evenly divides both Xdim (%.2f) and Ydim (%.2F).\n’, Xdim, Vdim);
fprintf('Plesse enter 3 new value for the grid spacing.\n');
end
end
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Density (rho! 2800.00 kg/m*3

Enter the widch of the plate (m): 10
Enter the height of the plate (m): 10
Please choose your grid spacing (m)
Erzor!

2

Please ensure that the inputted number is positive and the Grid spacing evenly divides both Xdim (10.00) and Ydim (10.00).
Please enter a new value for the grid spacing.

f& Please choose your grid spacing (m)
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% Calculate number of rows and columns
NR = Xdim / h +1; % NR
NC = Ydim / h +1; % NC
TL = zeros(NR,NC);

Number of rous

Number of columns
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% Temperature matrix T1
Tnorth = input('Enter the fixed temperature for the North boundary of the plate (°C):
Tsouth = -Tnorth; % South boundary.

TI(1, :) = Tnorth; % North boundary

Ti(end, Tsouth; % South boundary
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Aluninum Plate Properties & its Thermal Diffusivity:
Specific heat (c): 795.00 J/kg°C
Conductivity (k): 143.00 W/m.°C

Density (rho): 2800.00 kg/m'3
Thermal diffusivity (alpha): 6.42e-05 m*/s

Enter the width of the plate (m: 10
Enter the heigt of the plate (m: 10
Flease cnoose your grid spacing (m)
Grid spacing is accepred.

i Enter the fixed cemperature for the Norch boundary of the plate (°C

2
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% Define the maximum time step (dt_max) based on the stability condition
dt_max = h"2 / (4 * alpha)-1; ¥ Formula to calculate maximum permissible time step (s)

% Display the maximum time step
Fprintf(‘Maxinum time step (dt_max) is ¥.4e (s).\n', dt_max);

% Ask the user to choose a tine step and validate it
valid dt - false;
shile ~valid dt

dt - input(*Please choose a time step which does not exceed the maximum tine step above (s): ‘)il

% Check if the inputted time step is within the calculated maximum time step
if dt > 0 8& dt <= dt_max
valid_dt = true; ¥ Input is valid.
fprintf(‘Tine step is valid.\n');
else
fprintf(‘Error! Time step (dt = ¥.4e) is too large! Please enter a balue less than %.4e.\n’, dt, dt_max);
end
end

% Calculate the Fourier number
Fo = (alpha * dt) / h°2;

% Display the Fourier number
fprintf('Fourier number (Fo) is %.6f.\n', Fo);

% Check if the Fourier number is less than 0.25
if Fo < 0.25

fprintf(‘The Fourier number is valid for stability.\n\n');
else

fprintf(‘Uarning! The Fourier number is ¥.4f, which is larger than the recommended maximum of ©.25.\n\n’, Fo);
end
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% Initialise temperature matrix T2 (Numerical Solution)
T2 = T1; % Copy of T1 for the next time step
€C = 0.01; % Convergence threshold

E = CC+1; % Initial error value
Count = @; % Counter
while E > CC
1= T2
for R = 2:NR-1
For C = 2:NC-1
% Explicit finite difference equation for internal nodes (excluding left and right boundary).
T2(R, ©) = Fo * (TL(R-1, ©) + TL(R#1, C) + TL(R, C-1) + TL(R, C-1)) + (1 - 4 * Fo) * TL(R, O);
end

end

% Neumann boundary condition for the right boundary (C = NC)
for R = 2:NR-1
T2(R, NC) = Fo * (TL(R-1, NC) + TL(R#1, NC) + 2 * TL(R, NC-1)) + (1 - 4 * Fo) * TL(R, NC);
end

% Neumann boundary condition for the left boundary (C = 1)
for R = 2:NR-1
T2(R, 1) = Fo * (TL(R-1, 1) + TL(R+1, 1) + 2 * TL(R, 2)) + (1 - 4 * Fo) * TL(R, 1);
end
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% Calculate error
E = max(abs(T2 - T1), [], ‘all’); % maximum error
Count = Count + 1; % iterations needed to reach equilibrium

% Live temperature map

Figure(1);

contourf (flipud(T2));

title("Numerical Solution: Aluminium Plate Heat Distribution');
colormap('jet’);

colorbar;|

xlabel('X-axis'); ylabel('Y-axis');

pause(@.01);

end
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% Analytical solution
Tas = zeros(NR, NC);
for Row = 1R
for Col = L:NC
x=h* (Col - 1); % Local x position

y=h = (Row - 1); % Local y position
s=0;
For K = 1:100

S=S 4 (1/ (100 % K% pi)a2) * (1 - (-1)M) * ...
sin(K * pi *y / Ydim) / sinh(K * pi * Xdim / vdim) * .
(cosh(K * pi * x / Ydim) - cosh(K * pi * (x - Xdim) / Vdim));

end
TAs(Rou, Col) = Tsouth + (2 * Tnorth / vdim) * y + S;
end
end

disp('The Numerical solution is:');
disp(T2);

disp('The Analytical solution is:
disp(flip(TAs));
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% validation
Figure(2);]

contourf (TAs) 5

title(*Analytical solution: Aluninium Plate Heat Distribution');
colormap(*jet");

colorbar;

label("X-axis'); ylabel("V-axis');

% output results
EQ = Count * dt; % Time to achieve equilibrium

fprintf('Total time taken to achieve equilibrium is .2f (s).\n',
fprintf('This equates to %.2f hours.\n\n', EQ / 3600);

% Calculate the absolute error
Errortlatrix = abs(flip(TAs) - T2);

Figure(3);

contourf (Erroriiatrix) ;

title("Error Betucen Numerical and Analytical Solutions');
colormap('jet’);

colorbar;

clin([@ max(Errortlatrix,[], a11)]);

xlabel('X-axis'); ylabel('Y-axis');

disp(Error matrix:');
disp(Errorliatrix);

% Results
fprintf('Conparison Results:\n');
Fprintf(‘Maxinum sbsolute error: %.4F °C\n’, max(ErrorMatrix, [1,

£Q);

ally);
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The Analyvical sclution is:
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% Environment cleanup commands
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%Defining Plate Properties (Stated in the brief)
= 795; % Specific heat (3/kg°C)

k= 143; % Conductivity (W/m°C)

rho = 2.8 * 10°3; ¥ Density (kg/m?)

Calculate Thermal Diffusivity (alpha).
alpha = k / (rho * c); % Thermal diffusivity in m?/s




