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ONE APPLICATION OF THE DERIVATIVE: CURVE SKETCHING
I. DEFINITIONS

1. Relative extrema

A relative maximum or relative minimum of a continuous function occur at a point where the graph has a “peak” or a “valley” (point where the graph is higher or lower than all nearby points). For example, the function  f  in the following figure has “peaks” at C and E and “valleys” at D and F.

Relative maxima (“peaks”) and relative minima (“valleys”) are called, in general, relative extrema.
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Figure 1: Continuous function  f  on an interval [a,b]
2. Increasing and decreasing functions
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Strictly Increasing:
A function f is strictly increasing on an interval I if:
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for x1 and x2 belonging to interval I.
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Strictly decreasing:
Likewise, f is strictly decreasing on interval I if:
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for x1 and x2 belonging to interval I.
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Figure 2: Function increasing
Figure 3: Function decreasing

II. THE FIRST DERIVATIVE TEST FOR RELATIVE EXTREMA
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Fundamental Theorem:
Let  f  be a function differentiable on an interval I.

The function  f  is strictly increasing on interval  I  if:
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And  f  is strictly decreasing on interval I if
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To find the relative extrema of a function  f , one has to find all critical values: values of x for which 
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 is zero or undefined, and according to the previous fundamental theorem we have:
1. If the derivative is positive to the left of a critical value and negative to its right, the graph changes from increasing to decreasing and the critical point must be a relative maximum as shown in the following figure:
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2. If the derivative is negative to the left of a critical value and positive to its right, the graph changes from decreasing to increasing and the critical point must be a relative minimum as shown in the following figure:
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3. If the sign of the derivative is the same on both side of the critical value, then it is neither a relative maximum nor a relative minimum but an inflection point, as shown in the following figure:
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III. CONCAVITY AND THE SECOND DERIVATIVE TEST
Knowing where a given graph is rising and falling gives only a partial picture of the graph. We also need to know how it is rising and falling. This implies a characteristic of graphs called concavity allowing us to distinguish how a function increases (rises) or decreases (falls). The sign of the second derivative will tell us if a portion of graph is cupped upward (i.e. concave up) or cupped downward (i.e. concave down).


Concavity:
The graph of a function  f  is concave upward on any interval I where:


[image: image14.wmf](

)

0

>

¢

¢

x

f


And it is concave downward where:
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Examples:
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IV. GRAPHING STRATEGY FOR A FUNCTION  f  ON INTERVAL  I = [a,b]
	Step
	Procedure

	Find derivatives and critical values
	Calculate the first and second derivatives; and find the first and second order critical values i.e. solve
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	Apply first derivative test
	Use the first derivative test to find the relative maxima and minima of the function  f

	Apply second derivative test
	Use the second derivative test to know how the function  f increases and/or decreases between the relative extrema 

	Plot points
	1. If c is a relative extrema, plot critical point 
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2. Solve 
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 is a solution, plot point 
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3. Plot points 
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 on the edges of interval I

	Sketch the curve
	Draw a smooth curve through the plotted points
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