Tuned Circuit Analysis
Resonant Frequency
The resonant frequency of a tuned circuit, be it series or parallel, can be calculated using equation 1, where  is the resonant frequency in Hertz, L is the inductance in Henrys, and C is the capacitance in Farads.
	
	(1)


At resonance, the frequency of the supply is in synchronisation with the rate at which energy can be transferred between the capacitor and inductor in the circuit.

Series resonant circuit
[image: ]
[bookmark: _Ref69463550]Figure 1 Series tuned circuit
As this is a series circuit, we need to keep in mind that the current flowing in the circuit will be common to all the components and will vary with frequency.  As the current varies with frequency, so do the reactances of the capacitor and inductor, this means that the voltage drops across each of these components will also change with frequency.  So in order to analyse this circuit, it is often best to consider it in terms of component voltage drop.
In order to analyse a series tuned circuit as shown in Figure 1, we need to be able to calculate its impedance. The simplest way to do this ironically involves using complex numbers.  For a series circuit this is fairly straightforward the impedance is given by equation 2.
	
	(2)


From equation 1 it can be seen that the total impedance of the circuit is dependent on frequency as both capacitive and inductive reactances are frequency dependent. This means we can think of this circuit as a frequency dependent potential divider as shown in Figure 2.
[image: ]
Fixed resistance
Frequency dependent resistance


[bookmark: _Ref69455362]Figure 2 Series RLC circuit as a frequency selective potential divider
After the impedance of the circuit is known, this can now be used to calculate the circuit current using ohms law as shown in equation 3.
	
	(3)



Using the circuit current, it is then possible to calculate individual component voltages by multiplying this current with the component’s resistance or reactance as shown in equations 4 to 6.
	
	(4)

	
	(5)

	
	(6)



Example Series Circuit Analysis
To analyse the behaviour of a tuned circuit, we need to make multiple calculations at a range of different frequencies. This example will show how the calculations are performed at a single frequency. 
Given the series RLC circuit where the component values are: , , and , which is connected to a 12 V supply, the impedance can be calculated at a frequency of 100 Hz as follows:







Knowing the impedance we can now calculate the current and its phase angle in respect to the voltage. The supply voltage is, and the phase of the supply is  therefore the supply voltage can be written as .

As with and division using complex numbers in rectangular or Cartesian form we need multiply the numerator and denominator of the sum by the complex conjugate[footnoteRef:1] of the denominator. [1:  The complex conjugate of a complex number is simply the same number with the opposite sign for the imaginary component. E.g. the complex conjugate of  would be .] 



Remembering that  so, .

Converting this to polar form gives:

Now knowing the current it is possible to calculate the individual component voltage drops:


Converting this to polar form gives:

Similarly the capacitor and inductor voltages can be calculated:


Remembering that  so, .

Converting this to polar form gives:

And the inductor voltage drop…


Remembering that  so, .

Converting this to polar form gives:

To calculate the required  the inductor and capacitor voltages in Cartesian form can be added together to give this.



We can also analyse this circuit for a given frequency using the voltage divider equation, this will allow us to calculate the combined voltage across the inductor and capacitor in one calculation:

Where   and  are the top and bottom impedances of the potential divider. In our case  will be the resistor and  will be the series combination of the capacitor and inductor.
Going back to the previous example, if the voltage divider equation is applied here, we get:











Spreadsheet Analysis

These calculations can all be carried out in a spreadsheet application like MS Excel. If using MS Excel, there are a number of built in functions to handle the complex number calculations which simplify things.  The above calculation can be carried out over a range of frequencies very simply: 
[image: ]
Figure 3 Example spreadsheet analysis
[image: ]
Figure 4 Formulae used in example spreadsheet



Parallel
[image: ]
[bookmark: _Ref69469930]Figure 5 Parallel Tuned Circuit 
As this is not entirely a series circuit, we need to keep in mind that the current flowing in the circuit will be different through all the components and will also vary with frequency.  As the current varies with frequency, so do the reactances of the capacitor and inductor, this means that the voltage drops across each of these components will also change with frequency.  So in order to analyse this circuit, it is often best to consider it in terms of current flowing through the resistor because as previously mentioned energy will be transferred between the capacitor and inductor making voltage readings confusing.
In order to analyse a parallel tuned circuit as shown in Figure 5, we need to be able to calculate its impedance. As with the series circuit, the simplest way to do this involves using complex numbers.  For a parallel circuit the impedance is given by equation 7.
	
	(7)


[bookmark: _GoBack]The total impedance of the circuit can now be used to calculate the circuit current using equation 3.
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