Introduction
In every game, physics have always been a crucial part of making the world around the player work correctly, just like the physics in real life make the world function correctly around us all. Game developers will always address things like gravity, friction, and the laws of motion as they are key to not only making the game character or vehicle move, but they also influence how the player interacts with the game world. However, sometimes it is very difficult to integrate real world physics into a game and provide an accurate simulation of how the laws of physics impact every object in the game itself.

Euler’s Numerical Integration Method
In game development, there are several order methods, which tell exactly how accurate and efficient a numerical integration method is. Euler’s method is a first-order integration method. This means that it isn’t very efficient when compared to some of the other integration methods. This is largely because it is an explicit method since it calculates the physics of an object at the following step, by using the physics and position of the object at the current time. It is also inefficient because its error-per-step is directly proportional to the square of the step size, and the error at a given time is directly proportional to the step size, which means that this numerical integration method will return an error value more frequently than other methods. [1]
Just like the other methods of numerical integration, Euler’s method has its own advantages and disadvantages. One advantage of the method is that it is easy and simple to implement because it doesn’t require too many steps in order to get a value back, however, this method is also inaccurate and very inefficient when compared to some of the other methods of numerical integration. It is very inefficient because in order to increase accuracy, it requires the reduction of the step size, which will then result in the need for more steps. Therefore, more calculations need to be done in order to get to a specific point, which results in slowing down the overall program. Although it isn’t a very efficient method of calculating, it is still a good enough method to approximate the results of differential equations used to simulate the game physics. 
Another advantage of this method is that it still addresses the problem with differential equations, which is that most of them cannot be solved with analytic methods and therefore, although inaccurate, Euler’s method is effective enough at solving them consistently because it is a numerical method of integration and not analytic. [2]
Yet another advantage of this method is that game developers can use slightly different approaches to the Euler’s method to increase accuracy or speed, the basic one being the Explicit Euler’s Method, while the others are known as the Implicit Euler’s Method (also known as Backward Euler’s method) and the Semi-Implicit Euler’s Method. The Implicit method is far more stable even when the time steps are bigger, however, this also means that this method takes longer to integrate into the code because it calculates the updated velocity and acceleration when these values aren’t present, which makes it more complex than the Explicit Euler’s Method [3]. The Semi-Implicit Euler’s Method is a balance between the Implicit and Explicit methods, where it will firstly work out the velocity at the following step the same way as the Explicit method does, however, it will then work out the position at the following step, the same way as the Implicit method does by using the velocity value at the following step.
Alternative Numerical Integration Methods
There are two more numerical integration methods that are very commonly used by programmers, both of which have their own sets of advantages, disadvantages, and applications.
The first one is the Verlet Method. The Verlet numerical integration method is a great way of calculating ragdoll, particle, and cloth effect physics, as well as projectile trajectories. An advantage of this method is that it is simpler and more efficient than Euler’s method because it is a second order integration method, however, one drawback of it is that it’s not very accurate when calculating velocity in moments when said velocity changes frequently. This is because this method only approximates what the velocity will be and it will always assume that the time step will be a constant value, which can become problematic if that value starts changing. There is an alternative to this method called the Velocity Verlet method, which increases the accuracy of the velocity calculation, however, it does lose out on efficiency which means it will be used only in very specific scenarios. [3] [4]
Another method of numerical integration is known as the Runge-Kutta 4th order method. As the name suggests, this is a fourth order integration method, which makes it far more accurate when compared to the first and second order Runge-Kutta, Verlet and Euler’s methods. However, the trade-off for implementing this is that it is far more complex than the Verlet or Euler’s method because it does all calculations in more steps than the other two. This method is done by calculating the average of four slopes one by one, along with the first three positions that come with the slopes. This results in more computations required to complete this calculation and makes this method slower, therefore,4 it should only be used when accuracy of the physics is paramount. [3] [5]

The Code
#include<stdio.h>
#include<fstream>
#include<math.h>
#include<string>
#include<iomanip>
#include<iostream>

using namespace std;
ofstream excelFile;

//drag, traction, acceleration, previous velocity, current velocity, next velocity, previous position, current position, next position, time taken, velocity at half the time step
double Fd = 0, Ft = 0, a = 0, preV = 0, currV = 0, nextV = 0, prePos = 0, currPos = 0, nextPos = 0, timeTaken = 0, x;

//coefficient of drag, coefficient of rolling resistance, gravity, mass, air density, frontal area of vehicle, iteration rate
const double Cd = 0.34, Cr = 0.21, g = 9.81, m = 1, p = 1.2, A = 0.01, ir = 0.06;

//velCheck is a logic check to see if the car has come to a stop, menuCheck is a logic check to see if the user chose a valid menu option
bool velCheck = false, menuCheck = false;

string input;	//takes user input in the menu
int method;	//based on the user input, the method tells the program if it should use the Euler or Verlet method

//current time step
int currStep = 0;

int Euler() {	//Explicit Euler's method

	a = (Ft - Fd) / m;
	nextPos = currPos + (ir * currV);
	nextV = currV + (ir * a);

	return 0;
}

int Verlet() {	//Velocity Verlet Method

	//equations used from source [3] referenced in the word file
	x = currV + a * ir / 2;
 	nextPos = currPos + x * ir;	
	a = (Ft - Fd) / m;
	nextV = x + a * ir / 2;

	return 0;
}


int main() {
//---------------------------------------------------------------|Menu|---------------------------------------------------------------------------------------------------------------

	cout << "What method would you like to use?" << endl;
	cout << "1. Euler" << endl;
	cout << "2. Verlet" << endl << endl;;
	cin >> input;

	while (menuCheck == false) {	//while the user hasn't typed in a valid menu option
		if (input == "1" || input == "Euler" || input == "euler") {	//if the menu option typed in is one of those
			method = 1;	//method will tell the rest of the program to use euler's method
			remove("EulersData.csv");	//removes whatever old euler exel file there may be
			excelFile.open("EulersData.csv", ios::app);	//creates a new and updated euler excel file
			menuCheck = true;	//the option typed is valid
		}
		else if (input == "2" || input == "Verlet" || input == "verlet") {	//else if the menu option typed in is one of those
			method = 2;	//method will tell the rest of the program to use the velocity verlet method
			remove("VerletData.csv");	//removes whatever old verlet exel file there may be
			excelFile.open("VerletData.csv", ios::app);	//creates a new and updated verlet excel file
			menuCheck = true;	//the option typed is valid
		}
		else {	//if the menu option typed in is not valid, prompt the user to type in a valid one and run the menu from the start
			cout << endl << "Please enter either the correct option or the correct number" << endl << endl;
			main();
		}
	}

//---------------------------------------------------------------|Main Code|---------------------------------------------------------------------------------------------------------------
	
	excelFile << "Time step" << "," << "Time elapsed (s)" << "," << "Traction (Pa)" << "," << "Drag (N)" << "," << "Position (m)" << "," << "Velocity (m/s)" << endl;	//sets a format of the excel file so it is easier to read

	while (velCheck == false) {	//while the car is still moving
		currStep++;	//updating time step	

		//print out all values at this time step into the output window and into the excel file
		cout << endl << "Time step: " << fixed << setprecision(2) << currStep << endl;
		cout << "Time elapsed: " << timeTaken << "s" << endl;
		cout << "Traction: " << Ft << "Pa" << endl;
		cout << "Drag: " << Fd << "N" << endl;
		cout << "Position: " << currPos << "m" << endl;
		cout << "Velocity: " << currV << "m/s" << endl << endl;
		excelFile << currStep << "," << timeTaken << "," << Ft << "," << Fd << "," << currPos << "," << currV << endl;

		//if the car has travelled 6 meters, traction is set to 0, else calculate the traction
		if (nextPos > 6) {
			Ft = 0;
		}
		else {
			Ft = 1.4 * (12 - nextPos);
		}

		//calculate the drag
		Fd = Cr * m * g + 0.5 * Cd * p * A * sqrt(nextV);

		//the program calculates the next position and velocity with either Euler's method or Verlet method, depending on which one the user wanted to use
		if (method == 1) {
			Euler();
		}
		else {
			Verlet();
		}

		timeTaken += ir;	//updating the time elapsed so far
		currV = nextV;	//updating the current velocity with the value of next one
		currPos = nextPos;	//updating the current position using the value of the next position

		if (currV <= 0) {	//if the car has come to a halt
			currV = 0;	//set the velocity to 0 so it doesn't produce a negative value
			Fd = 0;	//drag is set to 0
			cout << endl << "Time step: " << fixed << setprecision(2) << currStep << endl;
			cout << "Time elapsed: " << timeTaken << "s" << endl;
			cout << "Traction: " << Ft << "Pa" << endl;
			cout << "Drag: " << Fd << "N" << endl;
			cout << "Position: " << currPos << "m" << endl;
			cout << "Velocity: " << currV << "m/s" << endl << endl;
			excelFile << currStep << "," << timeTaken << "," << Ft << "," << Fd << "," << currPos << "," << currV << endl;
			excelFile << currStep << "," << timeTaken << "," << Ft << "," << Fd << "," << currPos << "," << currV << endl;	//prints the current information about the car when it has come to a stop
			velCheck = true;	//logic check to signify the car has come to a stop, therefore, the while loop can stop
		}
	}

	cout << "Please find the spreadsheet file in the 'Assignment 1 - Games Physics by Mateusz Jadasz' folder that is inside the project folder" << endl;

	return 0;
}
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