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[bookmark: _Toc188794447]1. Introduction

[bookmark: _Toc188794448]1.1 Structure and Organisation of the Report
This report focuses on developing and validating a 2D heat diffusion model using the Explicit Finite Difference Method (EFDM). The study begins by introducing the governing equation of heat transfer, outlining its mathematical formulation and significance. It then details the numerical methods employed to discretise the equation, including derivations and stability considerations. The initial and boundary conditions are specified alongside an analytical solution for comparison. Following this, the implementation of the model is explained through a detailed examination of the MATLAB code. Validation of the numerical results against the analytical solution establishes the accuracy of the model, and a sensitivity analysis explores the effects of key parameters, such as grid spacing and time step, on the output.

[bookmark: _Toc188794449]1.2 Aims and Objectives
This report's main goal is to use the Explicit Finite Difference Method (EFDM) to create a thorough 2D heat diffusion model and verify its accuracy against an analytical solution. The following objectives are used to accomplish this goal:
· Derive and understand the 2D heat equation
· Discretise the equation using EFDM, ensuring numerical stability.
· Implement the model in MATLAB, incorporating user inputs for parameters
· Validate the numerical results by comparing them with the analytical solution 
· Analyse the model's sensitivity to key parameters
· Evaluate the limitations of the numerical method and coding approach, suggest improvements.
· Propose future enhancements to the model.




[bookmark: _Toc188794450]2. Governing Equation of the Problem
[bookmark: _Toc188794451]2.1 Heat Equation
Heat diffusion involves thermal energy transfer from hotter to colder regions. Governed by Fourier's law and energy conservation, the heat equation is expressed as a partial differential equation referenced as:


	Symbol
	Description
	Unit

	
	Time
	seconds

	T
	Temperature
	oC

	[bookmark: _Hlk187760615]
	Thermal Diffusivity
	m2 . s-1

	k
	Thermal Conductivity
	W . m-1 .K-1

	
	Density
	kg.m-3

	
	Specific Heat
	J.kg-1.K-1


[Table 1] (Adapted from 04_Finite Difference Method lecture)
[bookmark: _Toc188794452]2.2 Importance of the Heat Equation
The heat equation is a fundamental mathematical tool in the study of heat transfer, describing how temperature changes over time and space within a given system. It serves as the foundation for understanding conduction, one of the three primary modes of heat transfer, and is essential for analysing how temperature varies in materials based on properties such as thermal conductivity, density, and specific heat. The equation plays a critical role in engineering and design, enabling the development of efficient systems for applications ranging from electronics cooling and building insulation to energy storage. Its predictive capabilities allow engineers and scientists to determine temperature distributions and heat fluxes in both steady-state and transient scenarios, making it indispensable for thermal management. (Bergman et al., 2011). Formulated by Joseph Fourier, it laid the groundwork for modern heat transfer theory. Numerical methods, including the finite volume method, address complexities in solutions (Nikitin & Vassilevski, 2010).
In the context of two-dimensional (2D) diffusion equations, various numerical methods have been developed to address the complexities associated with solving these equations. For instance, the finite volume method has been extended to handle nonlinear systems, ensuring non-negativity in solutions under specific boundary conditions (Nikitin & Vassilevski, 2010).
[bookmark: _Toc188794453]2.3 Heat Equation’s Terms



· Thermal Diffusivity () : Measures the ability of a material to conduct thermal energy relative to its ability to store thermal energy. High diffusivity means heat transfers rapidly.
· Spatial Heat Conduction (  ) : Represents the spatial distribution of heat flux in the x and y directions.
· [bookmark: _Hlk187995088]Temporal Temperature Change (  ) : Represents the rate of temperature variation over time.
All definitions obtained from ScienceDirect (https://www.sciencedirect.com/)













[bookmark: _Toc188794454]3. Numerical Method for Discretisation
[bookmark: _Toc188794455]3.1 Taylor Series
The Taylor series provides the mathematical framework for deriving finite difference approximations to spatial and temporal derivatives. In its general form,  can be expressed as:

For numerical discretisation, this expansion is used to approximate functions around grid points. For example, the temperature function , evaluated around a grid point  is approximated using the Taylor series. This forms the basis for calculating the first and second derivatives needed in discretising partial differential equations, such as those governing diffusion processes. (Chapra and Canale, 2015)
The finite difference methods approximate these derivatives by combining values of  at discrete points. The truncation error is denoted as  or , representing how closely the approximation aligns with the true derivative as the grid spacing  decreases.
[bookmark: _Toc188794456]3.2 Difference Approximations
Difference approximations are derived using Taylor series expansions to estimate derivatives at discrete grid points. These approximations form the basis of finite difference schemes for solving partial differential equations. The three main types of difference approximations are forward, backward, and central differences. These are show in Table 2 below, then further derived after the table in 3.2.1 – 3.2.3.
	Derivative
	Equation
	Truncation Error

	First Derivative
	
	

	Forward
	
	

	Backward
	
	

	Central
	
	

	Second Derivative 
	
	

	Central
	
	


[bookmark: _Hlk188360749][bookmark: _Hlk188262527][Table 2] Taylor Series 1st and 2nd Derivatives
[bookmark: _Toc188794457]3.2.1 Forward Difference
[bookmark: _Hlk188264780]The forward difference is derived by expanding  about  using the Taylor series:

Rearranging for  gives:

The truncation error is .

[bookmark: _Toc188794458]3.2.2 Backward Difference
The backward difference is derived by expanding  about :

Rearranging for  gives:

The truncation error is .

[bookmark: _Toc188794459]3.2.3 Central Difference (First Derivative)
Combining the expansions for  and  cancels second-order terms:

Solving for  gives:

With a truncation error of , making it more accurate than forward or backward approximations.
[bookmark: _Toc188794460]3.2.3 Central Difference (Second Derivative)
For the second derivative, the central difference approximation is derivded by adding the expansions for  and :

Rearranging for  gives:



[bookmark: _Toc188794461]3.2.4 Truncation Error and Accuracy

The term  represents the truncation error of the finite difference method for the first derivative. To ensure negligible error, the grid spacing  must be sufficiently small. For higher-order accuracy, the central difference method is preferred as its error is  making it less sensitive to the grid size. making it less sensitive to grid size. However, reducing truncation error by decreasing h can increase round-off error due to floating-point arithmetic limitations.
Similarly, for the second derivative, the central difference approximation has a truncation error of  provide better accuracy for the same grid spacing . This accuracy is crucial when discretizing the diffusion equation, as precise derivative calculations significantly impact the solution. In simulations, balancing truncation and round-off errors is essential for reliable results. Thus, careful grid size selection and method optimization are necessary to enhance the finite difference approach (Hagen, 2001). 






[bookmark: _Toc188794462]3.3 Explicit Finite Difference Method
The EFDM is a numerical scheme for solving partial differential equations, combining the Forward Difference Approximation for the temporal derivative with the Central Difference Approximation for spatial derivatives. The governing heat equation is:

Where, as mentioned previously:
·   is the temperature at a point in space and time.
·   is the thermal diffusivity of the material.
·   and  are spatial coordinates, and  is time
Suhas V. Patankar highlights the effectiveness and simplicity of the explicit scheme for transient problems in Numerical Heat Transfer and Fluid Flow. He emphasises how it can be used for problems with simple boundary conditions and how stability limits must be followed to guarantee accurate results. Explicit methods are best suited for situations where fine time steps are computationally feasible, despite their computational simplicity and stability constraints. (Patankar, S. V. 1980)
3.3.1 Discretisation of the Domain
The spatial domain is divided into a uniform grid of discrete points, where  represents the temperature at the central grid point (the “present” point). The grid spacing in the  and  directions are denoted by .
Using the Central Difference Approximation, for the second spatial derivatives:
For the  direction:

For the  direction:



The combined spatial discretisation can be expressed as:

Where:
· , represents the temperatures at neighbouring nodes
·  is the temperature at the central point.

[bookmark: _Toc188794463]3.3.2 Discretisation of the Temporal Domain
The temporal domain is divided into discrete time steps of size . Using the Forward Difference Approximation (FDA) for the first-order time derivative:

Where:
·  is the temperature at the central point  at the current time step 
·  is the temperature at the central point  at the current time step 
·  is the temporal step size.
The choice of time step  is crucial for the stability of the solution. For the explicit finite difference method to remain stable, the time step must satisfy the following stability criterion, derived from the von Neumann stability analysis:

Where, as mentioned previously:
·  is the thermal diffusivity of the material.
·  is the uniform spatial grid spacing. (
This condition ensures that the numerical solution does not exhibit unphysical oscillations or divergence. To achieve stability,  should be small enough relative to  and the spatial grid size 

[bookmark: _Toc188794464][bookmark: _Toc188794469]3.3.3 Grid Spacing
The choice of grid spacing, denoted as and  is a critical factor that must strike a balance between computational cost and solution accuracy in numerical simulations of the heat equation:
· Smaller Grid Spacing: Captures finer details of the temperature distribution but increases the number of grid points, leading to higher computational expense.
· Larger Grid Spacing: Reduces computational cost but risks missing key features of the solution or introducing numerical errors.
[image: ]This discretisation process replaces partial derivatives in the heat equation with finite difference approximations. Temperature values at each grid point are updated based on surrounding values, facilitating the numerical solution. Grid spacing critically affects the accuracy and efficiency of the employed numerical method.
Figure 1. Grid Spacing

3.3.4 Combining Spatial and Temporal Discretisation

Substituting the spatial and temporal discretisation into the heat equation gives the explicit update formulae for :

Here:
· , represents the temperatures at neighbouring nodes at time 
·  is the temperature at the central point at time 
· The term  is the stability criterion. This will be discussed further in 3.3.6

[bookmark: _Toc188794465]3.3.5 Explicit Finite Difference Form with Fourier’s Number
Following the discretisation of the spatial and temporal domains in the previous sections, we derive the explicit finite difference form of the heat equation. The Fourier's number  is introduced to simplify the numerical formulation and is defined as:

Substituting the expressions for the Central Difference Approximation (CDA) for the spatial derivatives and the Forward Difference Approximation (FDA) for the temporal derivative into the 2D heat equation:

Yields the explicit finite difference equation:

This compact form explicitly updates the temperature at each grid point in terms of its current temperature and the temperatures of its neighbours, weighted by the Fourier's number, .

[bookmark: _Toc188794466]3.3.6 Stability Criterion
The stability of the explicit finite difference scheme is determined by the value of the Fourier's number . It is stable if:

This stability criterion ensures that the solution remains bounded and avoids numerical divergence. In terms of the problem’s physical and numerical parameters, the stability condition can be expressed as:


In the context of computational heat transfer, the term "Stability Criterion" refers to the conditions under which numerical methods yield stable solutions over time. Stability in numerical analysis implies that small perturbations in the initial conditions or in the numerical method do not lead to unbounded growth in the solution, ensuring that the numerical solution remains close to the true solution as computations proceed. (Omowo et al., 2021; Ambethkar & Kumar, 2017).
Moreover, the convergence criteria are essential in determining whether a numerical method approaches the exact solution as the discretization parameters (like time step and spatial grid size) are refined. (Omowo et al., 2021).

















[bookmark: _Toc188794467]4. Initial, Boundary Conditions, and Analytical Solution
As given in Assignment 1, the analytical solution we would be testing to is (Chang C.Y., Ma C.C., 2001).
[bookmark: _Toc188794468]4.1 Initial and Boundary Conditions
The 2D domain of interest is a rectangular aluminium plate with the dimensions Xdim​ and Ydim. The initial and boundary conditions are as follows:
· Top Boundary: A constant temperature T0​ is applied.
· Bottom Boundary: A constant temperature -T0​ is maintained.
· Left and Right Boundaries: Boundary conditions (  ) are imposed.
· Initial Condition: The initial temperature throughout the plate is 
[image: ]The geometry and conditions are represented in Figure 2.
[bookmark: _Hlk187995444]Figure 2. 2D Geometry of Plate with Conditions
[bookmark: _Hlk188000279]The initial condition specifies the temperature distribution   over the entire spatial domain. For the aluminium plate, the initial temperature is assumed to be uniform and set to  across the plate:
[bookmark: _Hlk188003731][bookmark: _Hlk188002346]
The boundary conditions define how the plate interacts with its surroundings at the edges. The conditions are:
1. Top Boundary: A constant temperature T0 is maintained at the top edge:

[bookmark: _Hlk188001560]In my code, this will be represented by:
T1 (1, :) = T0 ;
2. Bottom boundary: The temperature at the bottom edge is held at -T0 :


In my code, this will be represented by:
T1 (end, :) = -T0 ;
3. East and West Boundaries: insulated, so no heat flux across these boundaries:

Neumann conditions are imposed by updating nodes adjacent to the edges. The codes implementation duplicates adjacent node values (e.g., T_prev(I,j+1) when j=1) to enforce zero heat flux ( ).
[bookmark: _Toc188794470]









4.2 Analytical Solution
The analytical solution serves as a benchmark to validate the numerical results obtained from the explicit finite difference scheme. The heat conduction in the two-dimensional plate, governed by the equation:

The objective now is to convert this equation into Explicit Finite Difference linear equation.
This equation is then solved analytically for steady-state conditions under the given boundary conditions:

Derivation of Analytical Solution:
The steady-state analytical solution satisfies the Laplace equation:

Using the method of separation of variables,  is expressed as . Substituting into the Laplace equation gives:


The solutions are:


Imposing boundary conditions leads to a Fourier series solution for the temperature distribution:

[bookmark: _Toc188794471]4.2.1 Implementation of Analytical Solution

For the MATLAB code created, the analytical solution is computed for a discretised grid of points across the plate. For each grid point, the Fourier series is truncated to 100 terms for computational feasibility. The series is evaluated as: (also shown in Assignment 1)

The MATLAB code computes this at every grid point and stores the results in the matrix TA. This matrix represents the analytical temperature distribution.
[bookmark: _Toc188794472]4.2.2 Comparison with Numerical Solution
The analytical solution allows for a direct comparison with the numerical solution. A difference plot highlights any discrepancies, ensuring that the numerical implementation is accurate. This is crucial for validating the finite difference scheme and confirming that the stability and grid resolution are sufficient. This will be displayed by means of graphs further on in this report.
[bookmark: _Toc188794473]4.2.3 Advantages of Analytical Solution

· Analytical Solution Validation Tool Benefits: To confirm the precision and stability of the numerical solution, the analytical solution is used as a guide.

· Behaviour Insight: By exposing patterns or trends that the numerical solution reproduces, it offers insight into how the temperature distribution across the plate behaves.

· Computational Simplicity: The series evaluation avoids iterative computations and directly satisfies the governing equations, even though it involves numerous terms.




[bookmark: _Toc188794474]5. Code Details and Explanation

On the next page, (Figure 2.) there is a flowchart that provides a representation of the computational steps implemented in the 2D Diffusion Model code. 
This will be alongside screenshots of the MATLAB code to decipher every part of the explanation. Please note this is not the full MATLAB code created; this will be the key sections.
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Figure 3. Flow Chart of Code Structure

[bookmark: _Toc188794475]6. Validation of the Code
[bookmark: _Toc188794476]6.1 Comparison of Numerical and Analytical Solutions
In this section, we compare the numerical solution obtained using the explicit Finite Difference Method (FDM) with the analytical solution for the 2D heat diffusion problem. The numerical solution is represented by the temperature distribution matrix T1, while the analytical solution is stored in TA.
The code computes the temperature distribution on the plate using user-defined parameters like plate dimensions, grid spacing, boundary temperature, and time step. The analytical solution, derived from the heat equation, serves as a benchmark for evaluating numerical results.
The temperature distribution matrices T1 and TA are plotted side by side for visual comparison. The absolute difference between the two distributions highlights areas of deviation, enabling evaluation of the numerical method's accuracy and its reliability in modelling heat diffusio[image: A diagram of different colors

Description automatically generated]n.
Figure 4. Visual Comparison of 2D Heat Diffusion

[image: A black text on a white background

Description automatically generated]Values used to create this Comparison:

6.2 Observations and Conclusions
Upon examining the plots generated from the numerical and analytical solutions, several observations can be made:
Visual Similarity: The temperature distribution matrices T1 and TA show a high degree of similarity in their overall patterns, indicating that the numerical solution captures the essential behaviour of heat diffusion as described by the analytical solution. This suggests that the finite difference method employed is effectively modelling the physical phenomena.
Absolute Difference Analysis: The absolute difference plot reveals specific regions where discrepancies between the numerical and analytical solutions occur. The maximum absolute difference, as reported in the command window, quantifies the extent of these discrepancies. It is crucial to analyse this difference to understand the accuracy of the numerical method.
Convergence and Stability: The successful convergence to a stable temperature distribution within a reasonable number of iterations demonstrates that the chosen parameters (grid spacing and time step) are appropriate. The stability check implemented ensures that the method remains within acceptable bounds, contributing to the reliability of the results.










[bookmark: _Toc188794477]7. Analysis of Results
[bookmark: _Toc188794478]7.1 Sensitivity Analysis
[bookmark: _Toc188794479]7.1.1 Impact of Grid Spacing
Grid spacing, the distance between discretised points in the simulation, affects accuracy. A finer grid captures detailed temperature distribution, but it increases computational load, leading to longer simulation times (Patankar, S. V. 1980). The code prompts users to enter a positive grid spacing that divides the plate dimensions evenly. Invalid inputs require re-entry.
[bookmark: _Toc188794480]7.1.2 Impact of Time Step
The time step impacts stability and accuracy. According to the Courant-Friedrichs-Lewy (CFL) condition, it must relate to grid spacing and material properties for numerical stability. Smaller time steps improve accuracy but can increase computational time (LeVeque, 2002). The code checks the time step to ensure it does not exceed a maximum value based on thermal diffusivity and grid spacing, prompting re-entry if necessary.
[bookmark: _Toc188794481]7.1.3 Impact of Thermal Equilibrium Tolerance
Thermal equilibrium tolerance sets the error threshold for system equilibrium. A lower tolerance improves accuracy but increases computation time due to more iterations (Crank, J. 1975). The code uses a fixed tolerance value to determine when temperature distribution stabilises, with varying tolerance influencing accuracy and computational efficiency.
[bookmark: _Toc188794482]8. Discussion: Limitations of the Model
[bookmark: _Toc188794483]8.1 Limitations of the Numerical Method
[image: ]
[bookmark: _Hlk188366546][Table 3] Numerical Method Limitations
[bookmark: _Toc188794484]8.2 Limitations in the Code
The coding implementation of the thermal equilibrium condition presents another limitation. The model uses a tolerance factor to compare temperature differences between successive time steps to determine if thermal equilibrium has been reached. While this practical coding solution simplifies the convergence criterion, it may not accurately reflect the underlying physics of the heat diffusion process.
The reliance on a temperature difference threshold can lead to premature convergence, particularly in scenarios where the temperature distribution is still evolving. This issue is discussed by (Crank. 1975), where he emphasises that a more nuanced approach to determining equilibrium would consider the rate of change of temperature across the entire domain rather than merely comparing discrete values. Consequently, the current approach may yield illusory stability and potentially misrepresent the actual thermal state of the system.
[bookmark: _Toc188794485]9. Suggested Improvements and Future Developments
[bookmark: _Toc188794486]9.1 Numerical Alternatives to EFDM
Some alternatives advantages and disadvantages are below:
[bookmark: _Hlk188366669][image: ][Table 4] Alternatives of EFDM – Advantages and Disadvantages
[bookmark: _Toc188794487]9.2 Future Developments
[image: Phase Change Diagrams — Overview & Examples - Expii]The current model simplifies real-world scenarios by assuming uniform material properties and basic boundary conditions. To improve accuracy, future developments could incorporate spatially varying properties, such as thermal conductivity, specific heat, and density, critical for composite or anisotropic materials. Boundary conditions could include convective heat transfer or, for high temperatures, radiative heat transfer. Additionally, modelling phase changes, like melting or freezing, using interface tracking techniques or enthalpy methods, would enable more realistic thermal behaviour.
Figure 5. Example Phase Change Diagram

[bookmark: _Toc188794488]10. Conclusion
This report has explored the numerical solution of the two-dimensional heat equation using the explicit finite difference method (EFDM). Beginning with the derivation of difference approximations through Taylor series expansions, the governing equation was discretised using forward and central difference schemes to approximate temporal and spatial derivatives. The spatial and temporal domains were divided into a uniform grid, ensuring stability criteria were met for accurate results. Boundary and initial conditions were implemented to simulate realistic thermal behaviour, and the model's performance was validated against an analytical solution.
Key results demonstrated that the EFDM provides a straightforward and computationally efficient approach to solving heat transfer problems but is limited by stability constraints and the need for fine grids to capture detailed behaviour. Suggestions for future improvements, such as incorporating advanced numerical schemes and refined thermal equilibrium modelling, were presented to enhance the model’s applicability to complex scenarios. Overall, the report has successfully achieved its objective of demonstrating and evaluating the explicit finite difference method for solving the heat equation.
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[bookmark: _Toc188794490]12. Appendix
[bookmark: _Toc188794491]12.1 MATLAB Script
clc; % Clear command window
clear; % Clear editor window
close all; % Close all figures

% Constants
k = 143;        % Thermal conductivity (W/m.C)
rho = 2800;     % Density (kg/m^3)
cp = 795;       % Specific heat (J/kg.C)

% Thermal Diffusivity
TherDiff = k / (rho * cp);

% Special User Input
X = input('Enter the width of the plate (metres): ');
Y = input('Enter the height of the plate (metres): ');
h = input('Enter the grid spacing (metres): ');

% Check if Grid Spacing Acceptable and Positive Values
while X <= 0 || Y <= 0 || h <= 0 || h >= min(X, Y) || rem(X,h) ~= 0 || rem(Y,h) ~= 0
    disp('Invalid input. Please ensure that X, Y, and h are positive values, and that h divides both dimensions without a remainder. Please enter all dimensions again:');
    X = input('Enter the width of the plate (metres): ');
    Y = input('Enter the height of the plate (metres): ');
    h = input('Enter the grid spacing (metres): ');
end

% Calculate NR(No. of Row) and NC(No. of Column)
NR = Y / h + 1; % Number of Rows in y
NC = X / h + 1; % Number of Columns in x

% Initiate T1 Zeros
T1 = zeros(NR, NC); % Temperature Matrix

% User Temperature Input at T0 (Top Boundary)
T0 = input('Enter the boundary temperature T0 (°C): ');

% Boundary Conditions
T1(1, :) = T0; % Top Boundary
T1(end, :) = -T0; % Bottom Boundary

% Ask User for Time Step Value
dt = input('Enter the time step Δt (seconds): ');

% Check Stability of Condition
alpha = TherDiff;  % Define alpha as the thermal diffusivity
max_dt = 0.25 * h^2 / alpha;
while dt <= 0 || dt > max_dt
    disp(['Invalid time step. Please enter a positive time step that is less than or equal to the maximum permissible time step of: ', num2str(max_dt), ' seconds.']);
    dt = input('Re-enter a valid time step (dt): ');
end
fprintf('Stability condition OK. Proceeding with dt = %.0f seconds.\n', dt);

% Convergence Criterion
tolerance = 0.01;
ThermalEq = false;

% Store Previous Temperature Matrix
T_prev = T1;
Counter = 0;
while ~ThermalEq
    % Update Internal Nodes
    for i = 2:NR-1
        for j = 1:NC
            if j > 1 && j < NC
                % Update Internal Nodes
                T1(i, j) = T_prev(i, j) + alpha * dt / h^2 * ...
                    (T_prev(i+1, j) + T_prev(i-1, j) + T_prev(i, j+1) + T_prev(i, j-1) - 4 * T_prev(i, j));
            elseif j == 1
                T1(i, j) = T_prev(i, j) + alpha * dt / h^2 * ...
                    (T_prev(i+1, j) + T_prev(i-1, j) + T_prev(i, j+1) + T_prev(i, j+1) - 4 * T_prev(i, j));
            else
                T1(i, j) = T_prev(i, j) + alpha * dt / h^2 * ...
                    (T_prev(i+1, j) + T_prev(i-1, j) + T_prev(i, j-1) + T_prev(i, j-1) - 4 * T_prev(i, j));
            end
        end
    end
    % Calculate the Maximum Difference Between T1 and T_prev
    max_diff = max(abs(T1 - T_prev));
    % Check if the maximum difference is less than the tolerance
    if max_diff < tolerance
        ThermalEq = true;
    end
    % Update T_prev for the next iteration
    T_prev = T1;
    Counter = Counter + 1;
end

% How Long for Thermal Equilibrium ?
t_eq = Counter * dt; % Total time to reach thermal equilibrium
if t_eq < 60
    fprintf('Estimated time to reach thermal equilibrium: %.2f seconds\n', t_eq);
elseif t_eq < 3600
    minutes = floor(t_eq / 60);
    seconds = mod(t_eq, 60);
    fprintf('Estimated time to reach thermal equilibrium: %d minutes and %.2f seconds\n', minutes, seconds);
else
    hours = floor(t_eq / 3600);
    minutes = floor(mod(t_eq, 3600) / 60);
    seconds = mod(t_eq, 60);
    fprintf('Estimated time to reach thermal equilibrium: %d hours, %d minutes, and %.2f seconds\n', hours, minutes, seconds);
end

% Display the Temperature Matrix
disp('Temperature Distribution Matrix (T1):');
disp(T1);

% Analytical Solution
TA = zeros(NR, NC);
for i = 1:NR
    for j = 1:NC
        x = h * (j - 1);  % Calculate X
        y = h * (i - 1);  % Calculate Y
        % Initialise the Analytical Temperature
        T_analytic = -T0 + (2 * T0 / Y) * y;
        for k = 1:100
            term1 = (1 / (100 * k * pi)^2) * (1 - (-1)^k);
            term2 = sin(k * pi * y / Y) / sinh(k * pi * X / Y);
            term3 = cosh(k * pi * x / Y) - cosh(k * pi * (x - X)/Y);
            T_analytic = T_analytic + term1 * term2 * term3;
        end
        TA(i, j) = T_analytic;  % Store the Analytical Solution
    end
end

% Display the Analytical Temperature Distribution
disp('Analytical Temperature Distribution (TA):');
disp(flip(TA));

% Plotting of Graphs T1, TA, and Comparison
figure; % Create a new figure for plotting

% Plot T1
subplot(1, 3, 1);
imagesc(T1);
colormap("jet")
c1 = colorbar; % Create colorbar
ylabel(c1, 'Temperature (°C)', 'FontSize', 10);
title('Temperature Distribution Matrix (T1)');
xlabel('Column Nodes / X');
ylabel('Row Nodes / Y');
grid on;

% Plot TA
subplot(1, 3, 2);
imagesc(flip(TA));
c2 = colorbar; % Create colorbar
ylabel(c2, 'Temperature (°C)', 'FontSize', 10);
title('Analytical Temperature Distribution (TA)');
xlabel('Column Nodes / X');
ylabel('Row Nodes / Y');
grid on;

% Plot Comparison (Absolute Difference)
subplot(1, 3, 3);
abs_diff = abs(T1 - flip(TA)); % Calculate the absolute difference with TA flipped
imagesc(abs_diff); % Plot the absolute difference
c3 = colorbar; % Create colorbar
ylabel(c3, 'Absolute Difference (°C)', 'FontSize', 10);
title('Absolute Difference (|T1 - TA|)');
xlabel('Column Nodes / X');
ylabel('Row Nodes / Y');
grid on;

% Set Color Limits
caxis([0 max(abs_diff(:))]); % Set color limit

% Display Maximum Difference in Command Window
fprintf('Maximum absolute difference between T1 and TA: %.2f °C\n', max(abs_diff(:)));

% Add a main title for the figure
sgtitle('Comparison of Temperature Distributions');

End.
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Figure 2: Initial and boundary conditions schematic.
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% Constants

k = 143; % Thermal conductivity (W/m.C)
rho = 2800; % Density (kg/m"3)
cp = 795; % Specific heat (J/kg.C)

% Thermal Diffusivity
TherDiff = k / (rho * cp);
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clc; % Clear command window
clear; % Clear editor window
close all; % Close all figures
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% Plot T1
subplot(1, 3, 1);
imagesc(T1
colormap("jet")

c1 = colorbar; % Create colorbar

ylabel(c1, 'Temperature (°C)', 'FontSize', 10);
title('Temperature Distribution Matrix (T1)');
xlabel(*Column Nodes / X');

ylabel('Row Nodes / Y'
grid on;

% Plot TA
subplot(1, 3, 2);

imagesc(flip(TA));

€2 = colorbar; % Create colorbar

ylabel(c2, 'Temperature (°C)‘, 'FontSize', 10);
title('Analytical Temperature Distribution (TA)');
xlabel(*Column Nodes / X'
ylabel('Row Nodes / Y'
grid on;

% Plot Comparison (Absolute Difference)

subplot(1, 3, 3);

abs_diff = abs(T1 - flip(TA)); % Calculate the absolute difference with TA flipped
imagesc(abs_diff); % Plot the absolute difference

3 = colorbar; % Create colorbar

ylabel(c3, 'Absolute Difference (°C)', 'FontSize', 10);

title('Absolute Difference (|T1 - TA|)');

xlabel(*Column Nodes / X');

ylabel('Row Nodes / Y'
grid on;
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% Analytical Solution
TA = zeros(NR, NC);

for i = 1:NR
for j = 1:NC
x=h# (j -1); % Calculate X

end

end

y=h#(i-1); % Calculate Y

% Initialise the Analytical Temperature

T_analytic = ~T0 + (2 % T0 / Y) * y;

for k = 1:100
terml = (1 / (100 * k % pi)~2) * (1 - (-1)"k);
term2 = sin(k * pi %y / Y) / sinh(k * pi * X / Y);
term3 = cosh(k % pi % x / Y) - cosh(k % pi * (x - X)/Y);
T_analytic = T_analytic + terml * term2 % term3;

end

TA(i, j) = T_analytic; % Store the Analytical Solution
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% Special User Input

X = input('Enter the width of the plate (metres): ')
Y = input('Enter the height of the plate (metres): '
h = input('Enter the grid spacing (metres): ');

ir
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% How Long for Thermal Equilibrium ?

t_eq = Counter * dt; % Total time to reach thermal equilibrium

if t_eq < 60

fprintf('Estimated time to reach thermal equilibrium:

elseif t_eq < 3600
minutes = floor(t_eq / 60);
seconds = mod(t_eq, 60);

fprintf('Estimated time to reach thermal equilibrium:

else
hours = floor(t_eq / 3600);

minutes = floor(mod(t_eq, 3600) / 60);
seconds = mod(t_eq, 60);

fprintf('Estimated time to reach thermal equilibrium:

end

%.2f seconds\n', t_eq);

%d minutes and %.2f seconds\n', minutes, seconds);

%d hours, %d minutes, and %.2f seconds\n', hours, minutes, seconds);
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% Store Previous Temperature Matrix
T1;

T_prev
Counter

while ~Thernaleq
% Update Internal Nodes

for

is=
for

end

j = 1:NC
if j > 18& j < NC
% Update Internal Nodes
T(i, j) = T_prev(i, j) + alpha * dt
(T_prevml, j) + Tprev(i-1, j)
elseif j
T, ]) T_prev(i, j) + alpha * dt /
(T_prev(i+1, j) + T_prev(i-1, j) +

else
T1(i, j) = T_prev(i, j) + alpha * dt
(T_prev(i+1, j) + T_prev(i-1, j)
end

/2 %
+ T_prev(i,

hh2 L.
T_prev(i,

/"2 %
+ T_prev(i,

3+1) + Tprev(i, j-1) - 4 * T_prev(i, j));

J+1) + Tprev(i, j+1) - 4 * T_prev(i, j));

j-1) + T_prev(i, j-1) - 4 = T_prev(i, j));
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% Ask User for Time Step Value
dt = input('Enter the time step At (seconds): ');

% Check Stability of Condition

alpha = TherDiff; % Define alpha as the thermal diffusivity

max_dt = 8.25 x h"2 / alpha;

while dt <= @ || dt > max_dt
disp(['Invalid time step. Please enter a positive time step that is less than or equal
dt = input('Re-enter a valid time step (dt): ');

end
fprintf('Stability condition OK. Proceeding with dt = %.0f seconds.\n', dt);
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% User Temperature Input at T@ (Top Boundary)
T@ = input('Enter the boundary temperature T@ (°C): ')

% Boundary Conditions
T1(1, :) = To; % Top Boundary
Ti(end, :) = -T0; % Bottom Boundary
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% Check if Grid Spacing Acceptable and Positive Values
while X <= @ || Y <=8 || h <= 0 || h >= min(X, Y) || rem(X,h) ~= @ || rem(Y,h) ~= @
disp('Invalid input. Please ensure that X, Y, and h are positive values, and that
X = input('Enter the width of the plate (metres): ');
Y = input(‘Enter the height of the plate (metres): ');
h = input('Enter the grid spacing (metres): ');

end
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Limitations

Explanation

Round-off
Ermor

Round-off errors occur due fo the finite precision of numerical computations
in computers. Since the model relies on iterative calculations of temperature:
at discrete grid points, small inaccuracies can accumulate over many
iterations, leading to significant deviations in the results. Round-off errors
can affect the stability of the numerical solution, particularly in large-scale
simulations where many calculations are performed. (Higham. 2002)

Truncation
Ermor

Truncation errors arise when approximating continuous mathematical
operations with discrete ones, which is inherent in numerical methods like
finite difference schemes. In the case of the 2D heat diffusion model, using a
finite difference approximation for derivatives introduces truncation errors.
that may not be negligible, especially for larger time steps or grid spacings.
These errors can lead to inaccuracies in the representation of the physical
phenomena being modelled.

Complex
Geometry

Complex Geometry: The model is often simpliified fo accommodate uniform
grid spacing and a rectangular domain. This simpiification limits the ability to
accurately simulate heat diffusion in complex geometries, which may exhibit
non-linear temperature profiles and intricate boundary conditions. As noted
by Ghosh and Chakrabarti (2008) in "Heat Transfer: A Numerical Approach,”
modelling real-world geometries often requires advanced techniques such
as mesh generation and adaptive refinement, which are not incorporated in
the current implementation.

Stabilfty

The stabilty of the numerical mefthod is influenced by fhe choice of
parameters, such as grid spacing and time step. If these parameters are not
chosen appropriately, the simulation may become unstable, leading to
diverging temperature values. The CFL condition must be satisfied to ensure
stabilty, as discussed in the work of (LeVeque. 2002)
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Alternative Method

Advantage

Disadvantage

Difference Method
(IFDM)

Unconditionally stable, allowing larger
time steps (A

Suitable for stiff problems or simulations
requiring long time intervals

Computationally more
expensive due to the need for
solving a system of linear
equations at each time step.

Crank-Nicolson
scheme

Higher accuracy compared to EFDM and
IFDM.
Unconditionally stable.

Requires iterative solvers or
matrix factorisation, increasing
computational effort

Finite Volume Method
(Fvm)

Conserves fluxes better than finite
difference methods.

Handles complex geometries more
effectively.

More complex implementation
compared to EFDM

Finite Element
Method (FEM)

Highly versatile, suitable for irregular
domains.

Can handle non-linear and time-
dependent boundary conditions
effectively.

Requires substantial
computational resources and
expertise in meshing

Spectral Methods

Extremely accurate for smooth problems
with periodic or well-defined boundary
conditions.

Less effective for domains with
sharp gradients or
discontinuities.
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