MATHEMATICS

A SHORT COURSE IN STATISTICS






REVISION IN STATISTICS : Chapter 1

FREQUENCY DISTRIBUTIONS |

HISTOGRAMS.

It is the area of a bar which represents the frequency. Thus if an
interval is wider than "standard" the helght must be reduced and vice
versa. (See example.)

NB. The horizontal scale must be linear.

CUMULATIVE _FREQUENCY GRAPHS

Points must be plotted against upper boundaries of intervals.

n 1

Median = ——%—— th reading. (Unless % cumulative frequencies used

in which case median = 50th percentile)

Lower quartile, Q1 = B—%—l th reading.

Upper quartile, Q, = éiﬁzi—ll th reading.

Qs = O,

Semi interquartile range = —

MEAN AND VARIANCE

Sample mean, X = %5, or , for a frequency distribution X = %%5*

2 = LZ(x - X)?, or s? = ZE(x - x)2 .

Sample Variance, = B ) = T E
2 2 _
For ease of calculation: - s?2 = E: - X2 or s?2 = —%é%l— x?

Standard deviation s = Jvariance.
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EXAMPLE 1

The table shows the ages in completed vears of the adult population
AGE | 15-19 | 20-29 ] 30-39 ] 40-49 | 50-59 | 60-79 I 80-109
No.OF PEOPLE | 14 | 26 | 32 | 35 | 40 | 47 10

Plot a histogram to illustrate the data and comment on the shape.
Calculate the median and semi interqguartile range.

frequarcs densicy
( pcpuizton per |C'.\rf!}
N

501
404

301 _

20

104

0 20 40 |, 60 80 100 - 120 Age(yrs)

SOLUTION
The histogram shows two features : -

1. Lower frequencies in the older age ranges caused by deaths
reducing the population,

2. Lower frequencies in the younger age range suggesting that the _
village population is likely to be declining, possibly as people
leave the village to find employment elsewhere. .

There is a total frequency of 204, therefore the median has 102 on each
side. Therefore it lies in the 40-49 age group.

There are 72 people to the left of this group, so we require a further
30.

Hence Median = 40 + %Q x 10

48-6 years (or by similar triangles, see diagram)

= 48 vears 7 months.

There are 51 people to the left of the lower guartile.

Therefore ©Q, = 30 + l% x 10

= 33.4 years

33 years 5 months.
' o P
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There are 153 people to the left of the upper quartile .

Therefore Q, = 60 + Z% x 20

6255 years

= 62 years 7 months.

Semi interquartile range'= 62 yvears 7 months 5 33 vears 5 months

14 vears 7 months

\UJ



REVISION IN STATISTICS : Chapter 1

EXAMPLE 2

Draw up a cumulative frequency table for the data of question 1 and
hence draw a cumulative frequency graph.

Obtain the median and semi interquartile range from this graph.
What proportion of this population would you estimate to be senior
citizens (65 and over)?

If 73% of the population are too old to qualify for the local football
team, what is the qualifying age?

curnulative
SOLUTION fmTfmr
CUMULATIVE

AGE FREQUENCY

15 0 200+

20 14

30 40 €

40 . 72 150 3

50 107

60 147

80 194 1004 > A
110 204
Median = 48-5 years 504 NA

\ W
= 48 vears 6 months. ,}// y )
0 20 Q4o | 60 80 100 120 Age
Q= 33.5 years Q0 80, 0 Age(ys)
= 33 vears 6 months.
Qs = 62 years.
Semi interquartile range = 52—:52245

= 14 vears 3 months.

There are 167 people under 65. Therefore there are 37 senior citizens.

Percentage of senior citizens = %%Z x 100

= 18-1%

73% do not qualify, so 27% of 204 do, i.e. 55 people.

Therefore those qualifying are under 35 years.
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EXAMPLE 3

The table shows the temperatures recorded , to the nearest degree, at a
holiday resort for the fifteen weeks holiday period.

TEMPERATURE °C | 16 |17 |18 |19 [20 |21 22| 23 [ 24 |25 [26] 27| 28
NO. OF DAYS 2 0 71V 7112 T15118118 V12| 6 4 31 1

Calculate the mean and stan_dard deviation for this sample.

SOLUTION
= x f y=x-22 fy fy?
16 2 -6 -12 72
17 0 -5 0 0
18 7 -4 -28 112
19 7 -3 =21 63
20 12 -2 =24 48
21 15 -1 =15 15
22 18 0 0 0
23 18 1 18 18
24 12 2 24 48
25 6 3 18 54
26 4 4 16 64
27 3 5 15 75
28 1 6 6 36
105 -3 605
G = o3
Y = 105

= -0.029

X =YV + 22

= 21-971

= J{%%% -(-0.029)’}

H
N
L ]

F-S
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EXAMPLE 4

The marks in a GCSE Mathematics examination for a sample of 80 pupils
were as follows: -

MARK |1-10111-2o|21-30|31—4o|41-so|51—60|61-70|71—'80|81-90191—1ool
FREQUENCYI 0 | 3 | 151 251 20 101 5 | o | 2 [ 0 1

Calculate the mean and standard deviation for this sample.

SOLUTION
MARKS f mid-point =x=-35-5 fy fY2
X 10

1-10 0 5.5 -3 0 0
11-20 3 15-5 -2 -6 12
21-30 15 255 -1 -15 15
31~-40 25 35.5 0 0 0
41-50 20 45-5 1 20 20
51~60 10 55-5 2 20 40
61-70 5 65-5 3 15 45
71-80 0 75.5 4 0 0
81-90 2 85-5 5 10 50
91-100 _0 95.5 6 0 0
80 44 82

= 44

Y = 0

= 0-55

»l
I
-
(=]
W<
+
W
w
(8]

= 4l

Sy = J(l—gz -0 552)
= 1-404

sy = 10sy
= 14.04
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EXERCISES

1. The table shows the times for the 400 metres, to the
hearest second, recorded over a season by a member of
an athletics club.

5 | 56 ] 57 | 58 | 59 | 60|
v ol12 | 71T &1 8113 1T 51T 01 21

TIME | 50 | 51 |52 ] 53 |54 |5
FREQUENCY | 2 | 4

Draw a histogram to illustrate the data and suggest a
reason for the bimodal nature of the distribution.

2. The graph shows the distribution ¢f weights of a sample
: of dogs and a sample of cats.

(a) Which graph represents dogs and which cats?
Explain your answer with reference to:-

(i) The modal weights
(ii) the dispersions of the weights.

(b) Which was the larger sample, cats or dogs? Give a
reason for your answer,

N

frequency

&

e

wmghlt

3. A Basic Numeracy test was given to two first form
mathematics sets in two different secondary schools,
(A and B). The results were as shown.

MARK 02112 1]3 |4)5]161]7] 8119 ]10
FREQUENCY (A) | 0 | 0 | 2 |3 [ 5 1 716 |31 211 1
FREQUENCY (B) |0 | 0 [0 fO0 ol 315 19li01l2 1

Draw two frequency polygons on the same pair of axes.
Calculate the mean and standard deviation for each group.
Comment on the different achievement 1levels of the two
groups and suggest a possible reason for this. ’

4. The table shows the lengths of pea-pods to the nearest 10mm.

LENGTH (mm) |} 30 | 40 | 50 | 60 | 70 | 80 | 80 | 100 |110]

No. oFpPoDs | 2| ol 4 116 381 26 | 101 31 11

Represent the data by a histogram.
Calculate the mean and standard deviation for the sample.

>
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5. The table shows the heights, to the nearest 5cm. of the
police constables in a particular force.
HEIGHT _ |175 } 180 | 185 | 190 | 195 | 200 | 205 | 210 |
FREQUENCY| 7 | 15 T 32 | 40 1 44 1 37 I 13 I 21
Draw a cumulative fregquency graph to represent the data
and find: -
(a) the median
(b) the semi interquartile range
(c) What proportion of the officers were under 6 feet tall?
(1ft. = 30-5cm.)
(d) If the tallest 20% of them are required for special
duties what will be the qualifying height?
6. The table shows the ages, in completed years, of the
residents in a holiday camp during a week in summer.
AGE | 0-4 | 5-9 | 10-19 | 20-29 | 30-39 | 40-49 | 50-69 | 70- |
FREQUENCY | 165 | 205 | 260 | 320 | 350 | 242 | 168 | 52 |
Draw a histogram to illustrate the data.
7. The marks out of 80 for a chemistry paper were as follows:-
MARK [0-10 | 11-20 | 21-30 | 31-40 | 41-50 |,51'50 | 61-80 |
FREQUENCY| 8 | 15 I 20 I 13 i 7 I 5 | 2 1
Calculate the mean and standard deviation for these marks.
The marks were so poor that it was decided to increase them
to be out of 100.
Two schemes were suggested:-
(a) to add 20 to each mark,
(b) Multiply each mark by 1-25
State the new mean and standard deviation under each scheme.
8. In a 6th form Statistics experiment, 300 3rd formers were
asked to estimate the length of a wooden rod to the nearest
mm. The table shows the cumulative fregquency table
obtained. .
LENGTH 700-800 | <900 | <1000 | <1100 | <1200 | <1300 | <1400]
No. of PUPILS 4 I 15 | 86 | 230 | 286 | 298 | 300 1

Represent the data graphically and estimate the median length.

Obtain the original frequency distribution for the data and

estimate the sample mean and standard deviation.

<
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| PROBABILITY |

ADDITION RULE

P(A or B) P(A) + P(B) - P(A and B)

or, using sets, P(A U B) P(A) + P(B) - P(A N B)

If A and B are mutually exclusive events then P(A and B) = 0,
i.e. A N B is empty, then the addition rule becomes

P(A or B) = P(A) + P(B)

MULTIPLICATION RULE

P(A and B) = P(A).P(B/A)
or P(A n B) = P(A).P(B/A)
If A and B are independent events then P(B/A) = P(B) and the
multiplication rule becomes '
P(A and B) = P(A).P(B)
or P(A N B) = P(A).P(B)
q
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EXAMPLE 1

A bag contains 3 vyellow, 4 green and 5 red marbles. Three are
drawn at random (i.e. without replacement).

Calculate the probability that

) all are green

) all are the same colour

) two are red and one is green
)

)

they are all different colours
at least two are green.

SOLUTION
(a) P(G and G/G and G/G/G) = 4/12 x 3/11 x 2/10
' = 1/55.

(b) P(GGG oxr RRR or YYY) = 1/55 + 5/12 x 4/11 x 3/10 + 3/12
x 2/11 x 1/10

= 3/44.
(c) P(RRG or RGR or GRR) = 5/12 x 4/11 x 4/10 x 3 (order)
= 2/11.
(d) P( all different ) = P(RGY) x 3! (order)
= 5/12 x 4/11 x 3/10 x 6
= 3/11.

P(2 green and 1 not or 3 green)

(e) P( at least two green)

4/12 x 3/11 x 8/10 x 3 + 1/55

13/55.
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EXAMPLE 2

Two events A and B are such that P(A) 1/3, P(B) = 1/4,

P(A n B) = 1/24.

Evaluate
(a) P(A/B)
(b) P(A U B)

(c) P(A' n B').-

Another event C is such that A and C are mutually exclusive and B
and C are independent.

If P(C) = 1/2, calculate P(A U B U C).

SOLUTION

(a) By the multiplication rule P(A n B) = P(B).P(A/B) therefore

_ B(A n B)
P(A/B) P(B)

_ 1/24
~1/4
=1/6

(b) We now have P(B N A') = 5/24

and therefore P(A U B) = 1/3 + 5/24

= 13/24

(¢} P(A' n B') =1 - P(A U B)

= 11/24

A and C being mutually exclusive means that A n C = ¢,
see diagram. :

Since B and C are independent P(B N C ) = P(B).P(C) = 1/8.
P(AUBUC) =P(A) +P(BNA') + P(CNB' = 22/24
or 11/12, see diagram.

B %4 c %

B

L
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EXAMPLE 3

The 28 children in a class are selected at random to play either
soccer (10 pupils), badminton (4 pupils) or netball (14 pupils).

Three of the pupils are called Anne, Bert and Charles.

Calculate the probabilities that

(a) Anne plays netball,
(b) Bert plays netball,

(c) both Anne and Bert play netball,

(d) all three play netball,

(e) they all play the same sport,
(f) they all play different sports, w
same sport and the third a

(g) two of them . play the

different one.

SOLUTION

(a) P(Anne plays netball)

(b) P(Bert plays netball)

(c) P(A and B both play netball)

(d) P(all three play netball)

(e) P(all the same)

(f) P(all different)

(g) P(2 play one sport,
the third another)

o

14/28
1/2
1/2

14/28 x 13/27

13/58

14/28 x 13/27 x 12/26
1/9

1/9 + 4/28 x 3/27 x 2/26 +
10/28 x 9/27 x 8/26

122/819

P(A soccer, B badminton,
C netball) . 3!

10/28 x 4/27 x 14/26 x 6

20/117

1 - P(all the same or all
different) .

557/819
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EXAMPLE 4

Two players, A and B, take turns to throw a fair tetrahedral die
numbered 1, 2, 3, 4. The player who first scores a 4 on the base wins.

Calculate the probability that A wins and the probability that B wins.

SOLUTION PLA lossc) #plBinnmgy
A B j
1st round 1/4 ‘ 3/4 x 1/4
2nd round 7 (3/4)2.1/4 (3/4)3%.1/4
3rd roung//’ (3/4)%.1/4 (3/4)5.1/4

p(ﬁ 'u-&n) WG’JMQ) )'_'__:Pf:‘:f'&wn&) bt ;
1/4 + (3/4)2.1/4 + (3/4)*.1/4 + ..= (G.P a = 1/4, r = (3/4)2)

P(A wins) =
- 1/4
T 1 - (3/4)2
= 4/7

P(B wins) = 3/7

12
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EXERCISES

1.

A box contains 9 discs of which 4 are red, 3 are white and 2
are blue. Three discs are to be drawn at random, without
replacement.

Calculate the probabilities that: -

(a) the discs, 4in order, will be coloured red, white and
blue respectively '

(b) one disc of each colour will be drawn

(c) the third disc will be red

(d) no red disc will be drawn.

The probability that a hen lays an egg on a given day is 0.7
if it laid the previous day and 0.9 if it d4id not.

Calculate the probability that a hen lays on Tuesday given

that it did lay on the previous Sunday.

In a class of 30 pupils, 5 have red hair and 12 study

Russian. If a quarter of those who study Russian have red

hair, find the probabilities that: -

(a) a member of the class has red hair and studies Russian,

(b) a child who studies Russian does not have red hair,

(c) a member of the class neither studies Russian nor has
red hair.

Broad bean seeds are planted in pairs because, on average
only 70% of them germinate. A bed is planted with 100 pairs
of seeds.

Calculate the expected number of pairs in which: -

(a) both seeds germinate,

(b) only one seed germinates,

(c) no seeds germinate,

(d) at least one seed germinates.

A driving instructor assesses that three of his pupils have
probabilities of 5/6, 4/5 and 3/4 of passing their tests.
Calculate the probabilities that: -

(a) exactly one pupil passes,
(b) not more than one passes,
(c) at least one passes.

le

B(Z
I
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LDeCo.
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A bag contains 6 black balls and 4 white balls. Balls are
drawn at random without replacement.

Calculate the probability that the balls alternate BWBW etc.
until only black balls remain.

Repeat to obtain a general formula if there are b black
balls and w white ones initially.

In a class of 24 pupils, what is the probability of at least
one repeated birthday. (Ignore leap years.) .

A woman has three possible routes to drive to work, A, B and
C, which she uses with respective probabilities 1/2, 1/4 and
1/4. Using these routes gives her probabilities of being
late of 1/12, 1/4 and 1/3 respectively.

Calculate:~

(a) the probability that she is 1late on any particular
morning, .

(b) the probability that she travelled by route B on a
morning she was late.

Two independent events A and B have associated probabilities
of 3p and 4p of occurring.

If P(A N B) = p, calculate the value of p and find: -

(a) P(A/B),

(b) P(B'/A),
(c) P(A' n B').
A third event C is such that P(A U C) = 5/8 and

P(A' n BN C') = 1/8. If A and C are mutually exclusive,
show that B and C are independent.

Three fair dice are thrown. Calculate the probabilities
that : - :

(a) the total score is 17,
(b) the total score is less than 17,
(c) none of the individual scores is less than 2,

(d) the lowest individual score is 2.

| <
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? DISCRETE PROBABILITY DISTRIBUTIONS §

DEFINITION
X is a discrete random variable if it can take discrete values x,,
X2r X3s++...X With associated probabilities p,, P,, Pss+---Pp
n
such that }Epi -1
MEAN

The theoretical mean value of X, or the EXPECTATION of X, is
given by

E(X) = IxX.P(X=x)

VARIANCE

Var(¥X) = x2.P(X = x) - mean?

= ZXPLe0 ~[Z 0 thwﬂ
= EWYy - [€ (%) *

EXPECTATION AND VARIANCE OF OTHER FUNCTIONS

1 E{f(X)} Tf(x).P(X=x) where f£(X) is any function of X.

2 E(X +¢c) = E(X) + ¢ and Vvar(X+c) = Var(X)
where ¢ is a constant.
3 E(cX) = c.E(X) and var(cX) = cz.Var(x)

where ¢ is a constant..

4 E(X + Y) E(X) + E(Y) and Var(X+Y) = var(X) + var(y)

X, Y independent.

E(X) - E(Y) BUT Var(X-Y) = var(X) + var(y)
X, Y independent.

&) E(X - Y)

e E(axrh) = a BT b
* Nor (o tb) = &Now ()

It
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EXAMPLE 1
For the following probability distribution calculate
(a) E(X), (b) E(X2), (¢c) var(X).

X 1 4 | 6 | 8 1 10 | 12
P(x)1 1/8 1 1/6 T 3/8 1 174 | 1/12

SOLUTION

(a) E(X) =4x1/8+6x1/6 +8 x 3/8 + 10 x 1/4 + 12 x 1/12 =38

(b) E(X2) = 42 x 1/8 + 62 x 1/6 + 82 x 3/8 + 102 x 1/4 + 122 x 1/12
= 693

(c) Var(X) = E(X2) - E2(X)

69 - 82

5
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EXAMPLE 2

The number of eggs X laid by a lesser spotted willow warbler
can take the values 0, 1, 2, 3, 4 with probabilities
proportional to X. Find these probabilities. Calculate the mean
and variance for this probability distribution.

Eggs are collected from three nests. Calculate the probability
that only four eggs are collected altogether.

SOLUTION

Since the probabilities are proportional to X and their sum is
unity, the probability distribution is as follows: -

X | O 1 2 3 4
P(x) I 01 1/101 27101 37101 4/10

E(X) =1 x 1/10 + 2 x 2/10 + 3 x 3/10 + 4 x 4/10 = 3
vVar(X) = 1% x 1/10 + 22 x 2/10 + 32 x 3/10 + 42 x 4/10 - 32 = ]
Since the probability that a nest contains 0 eggs is 0, the only

possibilities giving a total of 4 eggs are 1,1,2; 1,2,1; 2,1,1.
Therefore P(4 eggs) = 1/10 x 1/10 x 2/10 x 3 = 3/500
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EXAMPLE 3

P is the constant probability that an event will occur in a
single trial of an experiment and q (= 1 - p) is the constant
probability of failure.

If the experiment is repeated, successive trials be@ng
independent, until the first success occurs, derive an expression
for the probability function P(X), the probability that the first
success occurs on the Xth trial.

Show that TP(X) = 1 and show that the mean value of X is 1/p.

A single card is drawn from a well shuffled pack of 52. What is
the probability that it is a spade?

This is repeated, with replacement, until a spade is qrawn. How
many trials, on average, will be needed until a spade is drawn?

What is the probability that this number of trials is necessary?

SOLUTION

P(1lst success on xth trial) =g X g X g «....X g xqgxp=qg¥il.p

TP(X) =p+g.p+ q?.p+ Q3P F ciicccnnnniens
=p(l +g+g?+qg®+  ...... T T,
=p(l -qg)-?
= p/p
=1
E(X) =1l xp+2xqg.p+3xqg?.p+ 4 xg®p+F cereeencace
= p(l+ 2 + 392 + 4Q® Feevenvesonoannes
= p(l - q)-?2 '
= p x 1/p?
=1/E
P(Spade) = 1/4
So we have the above distribution with p = 1/4 and the mean

number of trials is 4.

And the probability of 4 trials being needed is (3/4)% x 1/4
i.e. 27/256
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EXAMPLE 4

Two tetrahedral dice are thrown together and the total score, X
is recorded. Draw up a table for the probability dlstrlbutlon
for X.

Calculate the mean and variance of the following functions: -

(a) X, (b) 2%, (c) 2X + 4.

SOLUTION
X 2 | 3 | 4 |5 1 6 |7 8
P(x) 17161 1/8 1 3/161 1/4 1 3/161 1/8 1/16

E(X) = é by symmetry.
Var(X) = 2.5 see previous examples.
E(2X) = 2 x E(X) = 10
Var(2X) = 2% x Var(X) =10
E(2X + 4) = E(2X) + 4 =14
Var(2X + 4) = Var (2X) = 10
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EXERCISES
1, The number of eggs 1laid by giant tortoises have the

following distribution: -

no. of eggs X | 1 | 2 | 3 | 4 | 5
P(X) I 1/101 27101 3/1001 3/101 1/10

Calculate (a) E(X), (b) E(X?) (c) var(X).

The random variable X has a Binomial distribution with n =
16 and p = 1/4 and the random variable Y has a Poisson
distribution with mean 1.

Find the mean and standard deviation of
(a) X - Y (b) X + 3 (c) 3X + 4y.

(Assume X and Y are independent. See later for Binomial and
Poisson distributions.)

The random variable X can take values 1, 2, 3, 4, 5 with
equal probabilities (rectangular distribution). Find E(X)
and Vvar(X). ,

Repeat to obtain formulae for the mean and variance of the
rectangular distribution when X can take values

1, 2, 3,..... n.

A fair six sided die has its faces numbered as follows; one
1, two 2's, three 3's. If it is thrown once, calculate the
mean and variance of the score. If X is the total score
when the die is thrown twice, draw up a table to show the
probability distribution for X and calculate the mean and
variance of X.

A tetrahedral die is such that the face on the base, X, can
take values 1, 2, 3, 4. If P(X = 4) is twice as likely as
each of the other scores, find E(1/X).

21,
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X is the number of heads when three fair coins are thrown
together and Y is the number on the base of a fair
tetrahedral die with faces 1, 2, 3, 4. Draw up tables
to show the probability distributions of X and Y. Calculate

(a) P(X>Y), (b) P(¥>X).

A fair die is thrown repeatedly until a six appears. If X
denotes the number of throws before the first six appears,
obtain the probability distribution for X and find E(X) and
vVar(X).

Rebecca has a bunch of 3 keys, one of which fits a lock. If

she tries the keys at random (i.e. forgetting which she has

tried previously) obtain the probability distribution for X,

the number of attempts made until the lock opens. Julian has

more sense and tries the keys in sequence. Obtain tlL
distribution for Y, the number of attempts Julian makes.

Find

(a) P(X<Y), (B) P(¥<X).

Adam and Betty each have a fair six sided die numbered
1, 2, 3, 4, 5, 6. Adam throws his die once and records X,
his score multiplied by 3. Betty throws her die 3 times and
records Y, the sum of the 3 scores. Calculate the mean and
variance for a single throw of a die and hence deduce the
mean and variance for both X and Y.

At a roll-a-ball stall at the funfair the stake is 10p for 4
balls. Each rollof a ball is independent of any others ai
the balls can roll into slots with scores as follows: -

Score X | 1 | 2 | 3 1 4 | 5
p(x) + 1/81 2/8 | 2/8 1 2/8 | 1/8
Prizes are awarded as follows: -
Total score | 18 or more | 8 | less than 8
Prize | £1 I 20p | 50p

Calculate the expected prize money from a roll of 4 balls.
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{ THE BINOMIAL DISTRIBUTION

DEFINITION
If p is the constant probability that an event occurs in a single
trial and ¢ ( = 1 - p ) is the probability that it does not occur

then the probability of =x successes in n independent trials is
given by: - -

P(X = x) = Bey.pX.git™%

where x covers the sample space 0, 1, 2, 3.....,n

MEAN AND VARIANCE

If x ~ B(n,p) then E(X) = np and Var(X) = npq.

23
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EXAMPLE 1

If 20% of garments produced in a clothing factory are defective, find the
probability that if 5 garments are chosen at random: -

(a) 1 is defective,
(b) 3 are defective,
(c) at most 3 are defective.

If 100 such samples of 5 were drawn, how many of them would be expected to
have no defective items?

SOLUTION
Let X be the number of defectives in a sample of 5.

Then X ~ B(5,1/5).

(a) P(X = 1) = 5 x (1/5) x (4/5)*
= 0-410 (or using cumulative Binomial
tables, 0-737 - 0-328)
(b) P(X = 3) = 51/312! x (1/5)% x (4/5)*

‘= 0-051 (0-993 - 0-942)
1 - P(X =4 or 5)
1 -5x (1/5)* x (4/5) - (1/5)°%

(c) P(X =0,1,2, or 3)

0-993 (oxr directly from tables)

P(X = 0)

= (4/5)°
= 0-328 (or directly from tables)
So 100 x 0-328 = 33 (say) samples would be expected to

have no defectives.
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EXAMPLE 2
Derive the mean and variance of the Binomial distribution.

If X has a Binomial distribution with mean 9 and variance 4:95 find the
probability that X is greater than 10,

SOLUTION
E(X) = TX.P(X = x)
+3 80 =-1)(n - 2)n-3;3, ceerseseat n.po

3!

= np(g?~1 + (n - l)qn'zp + = 1)(!27!" 2_)_qn-3pz_+“.‘._+pn-1)

np (g + p)P-1

np since p + q = 1.

E(X?) ZX2.P(X = x)

= 02gP + 12pgP-1p 4 229%%—:-}lqn'2p2 +328(n 311)(n = 2’qn'3p3 + ... + nph

= np{g™ 1 + 2(n - 1)gn~2p + 30 '2}1fn = 2)n=3p2 4+ ... + pph-1)

= 1)(n - 2)

2! qn-apz + e #* pn-ll

= np{[gq"" 1 + (n - 1)gqn-2p + B

- 1)(n - 2)
21

+ [(n - 1)gh-2p + 20 q?=3p2 + .... + (n - 1)pP-1))

= np{lqg + p}"1 + (n - 1)plg™ 2 + (n - 2)gP~3p2 + ....ph"2))
= np{l1 + (n - 1)p[qg + p}"~2}
= np{l + (n - 1)p)

= np(1 - p) + n2p?

Now Var(x) = E(X?) - E2(X)
= np(1 - p) + n?p? - (np)?
= npg
np =9
npg = 4-95

thus g = 0-55

and p = 0-45

and n = 20

i.e. X ~ B(20, 0-45)

P(X > 10) = 1 - P(X £ 10)

1 - 0-751 (tables)

0-249
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(b) Let X be the number of damaged tiles, then X ~ B(12,p).
Since 1/3 of the tables are seconds, the ratio
seconds : perfect =1 : 2

P(X=1) : P(X = 0) l1:2

SO0 we use the above formula withn =12, x =1 : -

12p/g = 1/2
2ip = 1 -p
25p = 1
p = 1/25
Proportion scrapped = P(X > 1)

= 1=-PX=0or 1)
= 1 - {(24/25)%2 + 12 . (1/25) . (24/25)21}
= 1 - 0-919

= (say) 8% scrapped.

Expected profit per table | £30 | £10 | -£20
With probability that X = J 0 I 1 1 >1

expected profit from 100 tables

100[£30 x (24/25)'2 + £10 x 12 x (1/25) x (24/25)11
- £20 x {(1 - P(X=0,1)}]

100[£30 x 0-6127 + £10 x 0-3064 ~ £20 x 0-0809]

£1980 3 significant figures. .
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EXAMPLE 3
. _ P(X = x) - (n-x+1)P
Show that if X B(n,p) then PX = % = 1) xq
(a) If X - B(8,p) and P(X =5) = 6P(X = 6) find the value.of p,.

(b) Coffee tables have tiled tops consisting of 12 tiles.
The probability that a single tile is damaged is p.
If no tiles on a table top are damaged it is sold as perfect for £50.
If only one tile is damaged it is sold as a "second" for £30,
If more than one tile is damaged it is scrapped.
It is found that, of all tables so0ld, 1/3 of them are seconds,
Calculate the value of p.
Calculate the proportion of tables which are scrapped.

The tables cost £20 each to make, calculate the expected profit from
100 tables.

SOLUTION
P(X =x) _ Nc pXgh~X
P(X = -1 = —Tx-=
( X ) Nc,_1p* Lgh- (X-1
= n!t/x! (n - x)! . p¥Xgh~X '
nt/{x - 1) ! (n-x+ 1) 1t . pX~lgh-xX+1
- n! (x - 1) ! (n - x + 1) ! P
- x ! (n-x)!° n! *q
= (n - x+ 1).p
X.q
(a) Using the above formula with n =8, x = 6 and P(X = 6)/P(X = 5) = 1/6
gives
3p/ég = 1/6
3p = g
3p = 1-p
ip = 1
p_= 1/4
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EXAMPLE 4

An employee of a mail order

customer

he obtains.

The probability that an

is 0:05.
(a)

(b)
(c)

(d)

SOLUTION
Let X be

(a)

(b)

(c)

(4)

club receives £10 commission for each new

Y prospective client is persuaded to join the cludb

Calculate the

State the commission he could expect from knocking on 20 doors.

probabilit
if he knocks on 20 doors.

State how many doors he would have to knock on per week
were to obtain 15 new customers per week.

Calculate th

e

Y that he will obtain 3 or more members

if he

number of doors he must knock on to be 90% sure of
getting at least one new customer.

the number of new customers, then X ~ B(20,1/20)

P(X 2 3)

1 -P(X=0,1or 2)

1l - 0-925

0-075

Expected number of new customers

Therefore expected commission

Now X ~ B(n, 1/20) and E(X)

Therefore

nx 1/20

n

mean of the Binomial
distribution

20 x 1/20 ¢
1 new customer.
£10.
15
15

300

Again X ~ B(N, 1/20) and we reguire P(X21) 20-9

i.e. 1 - P(X

1 - (19/20)N
(19/20)N

N

0)

45.

>

2

1A

0-9

0-9

0-1

(using trial &
error, by

calculator or
by logs.)

E
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EXERCISES

1.

A darts player has a probability of 1/10 of hitting the
bull. -
Calculate the probability that, with 6 darts he scores

(a) 1, (b) at least 1 bull.

In the manufacture of carpets it was found that 4% were
below standard. Find the probability that, in a sample of
10: -

(a) 2, (b) not more than 2 were not up to standard.

If X ~ B(n,p) and E(X) = 4 and Var(X) = 2-4, calculate n and
p. - Find P(X < 4)

The probability that an “A" level maths candidate will pass
is 0-7. Calculate the probabilities that, out of 20
candidates:-

(a) all pass

(b) 14 pass

(c) at least 14 pass

(d) not more than 10 fail

Show that if X ~ B(n,p) then the ratio x + 1 successes to x
successes is (n -~ x)p

(x + 1)(1 - p)

Lettuce plants are planted in batches of 12. The number of
plants not maturing, X, in 200 such batches is tabulated
below.

Fit a Binomial distribution to the data.
Number of plants X | 0 1 | 2

frequency f I 73 1 78 1 36

39,
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A multiple choice test consists of 60 questions each with 5
possible answers. If X is the number of correct solutions
from a candidate who guesses the answers at random, state
the mean and standard deviation for X.

Calculate the probability that such a candidate scores this
mean score.

Define the Binomial distribution and derive its mean and
variance.

Playing cards are drawn at random, with replacement from a
normal pack of 52.

If the probability that at least one spade is drawn is to be
greater than 0-95, how many cards need to be drawn?

Fireworks leave the factory in batches of 10,000. If, on
average, 0-5% are duds find the mean and standard deviation
of the number of duds per batch.

A pupil is early for school nine mornings out of ten.

(a) Find the expected value and standard deviation of the
number of times he is early in a week. (5 days)

(b) Find the probability that he will be early at least 4
times in a week. ‘

(c) Given that he is early on Monday, find the probability
that he will be early at least 4 times that week.
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j THE POISSON DISTRIBUTION

DEFINITION

If the random variable X represents the number of occurrences of
some "rare event" (i.e. the probability of the event occurring is
low) such that

X
P(X = x) = e”3.2% for x = 0, 1, 2, 3,....%

then X has a Poisson distribution with mean a.
Or, in short X ~ Pn(a)

MEAN AND VARIANCE E(X) = a and Var(X) = a.

POISSON APPROXTIMATION TO BINOMIAL

If X ~ B(n,p) then, provided n is large (2 30 ish) and p is small.
(such that np < 6 ish), then X ¢+ Pn(a = np).
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EXAMPLE 1

200 samples, each of 50 screws, are to be drawn from a production
line. If 5% of the whole production is defective, calculate the
number of samples in which you would expect

(a) 0, (b) 1, (¢) 2, (d) 3 or more defectives

SOLUTION
Let X be thetnumber of defective screws per sample. Then

X ~ B(50, 0:05). since n is large and p is small, the Poisson
approximation is X ~ Pn(2-5)

(a) P(X=0) = e-2°5 , 2.5°¢
0!
= e-2°5
= 0-082
No. of samples = 200 x 0-082 = 16
R~ §
(b) P(Xx=1) = e-2s, 23
= 2:5 x p,
= 0-205
~ No. of samples = 200 x 0-205 = 41
2
() B(x=2) = e2's, 230
=5 255 X P
= 0-257

No. of samples = 200 x 0-257 = 51
(d) P(X 2 3) = 1 -P(X=0, 1, 2)
= 1 - (0-082 + 0-205 + 0-257)
= 0-456
No. of samples = 200 x 0-456 = 92

(Cumulative Poisson probability tables could have been used
throughout this question)

Sz
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EXAMPLE 2
Show that, if X ~ P(a), then ?(§(; = ;)1) =2

Past experience has shown that, on average, a motorist has 2-8
Eunctures per year. Find the probabilities that in any year he
as: -

(a) o, (b) 1, (c) 2, (a) 3, (e) 4, (£) 5 or more
punctures.

If he owns a car for 18 months, state the expected number of
punctures and find (g) the probability that he has at 1east 2
punctures in this period. _ . .

SOLUTION
P(X = x + 1) ;_ e-a | ax+1/(x + )'
P(X = x) T e a . aX/xl
_ aX+tl | x!
a¥* . (x + 1)!
. _4a
x + 1

Let X be the number of punctures per year, then X ~ Pn(2-8)

e-z's
0-0608

(a) P(X = 0)

0:-0608 x 2-8
0:1703

0-1703 x 2-8/2
0-2384

(b) P(X = 1)

(c) P(X = 2)

(d) P(X =3) = 0.2384 x 2-8/3
= 0.2225

(e) P(X=4) = 0-2225 x 2-8/4

= 0-1557

(£) P(X25) = 1-P(X=0,1, 2, 3 or 4)
= 0-1523

If ¥ is the number of punctures in 1:5 years,then
Y ~ Pn(1:5 x 2-8), Y ~ Pn(4-2)

1 -P(Y=00r1l)
1l -e"*“"2(1 + 4-2)
0.922

(g) P(Y 2 2)
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EXAMPLE 3

If thg rapdom variables X and Y are independently distributed as Poisson
distributions with means a and b respectively, state the distribution of
X+ Y. :

Verify this result for X + ¥ = O,-l and 2.

F;ed pas, on ‘average, a road accident every 4 years. :
His wife Betty averages one every 8 years independent of Fred.

Calculate the probabilities that in a given year
a Fred has one accident,

(a)
(b) Betty has one accident, )
(c) They have a total of 2 .accidents between them. -

SOLUTION

If X -~ Pn(a) and Y ~ Pn(b) then X + ¥ ~ Pn(a + b)

P(X + Y = 0) P(X=0 and Y = 0)

- e~@8 _ -b

T = e-(a+b)
P(X +Y =1) = P(X=0and Y=1or X=1and ¥ = 0)
N e~@ . be P + ge=a , e-b
= (a +b) . e-(atb)
P(X +Y = 2) = P(X=2and¥Y=0orX=1andY=10r Xz=0

and Y = 2)

= a2/2 . e @, eP+a.e"a ., p. eby e"@ , b2/2 , e~b

e~(a+b) /5 | (a2 + 2ab + b2)

e"(a+b) . (a + p)2/2 and each of these :
probabilities is consistent
with X + Y having a Poisson
distribution with mean a + b.

Let X be the number of accidents Fred has per year, then X ~ Pn(1/4).
If Y is the number of accidents-that Betty has per year, Y ~ Pn(1/8).
If X + Y is the total number of accidents they have per year,

X + Y ~ Pn(3/8).
€925 x 0.25
0-1947

(a) P(X =1)

e-9°125 x 0.125
0-1103

(b) P(Y = 1)

e-0'375 X 0.3752/2
0-0483

(c)

o)
<
+

e
]

o
nn
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EXAMPLE 4

If on average, 2% of rats are albinos, find the probability that there are

no albinos in a sample of

(a) 10, (b) 100. (c) How large must the sample be to be 99% certain
that it contains at least 1 albino.

SOLUTION

(a) Let X be number of albinos in a sample of 10. Then X ~ B(10, 0-02)

P(X = 0) 0-981°

0-817

(Poisson approximation gives 0-819)

(b) If Y is the number of albinos in a sample of 100, then

Y ~ B(100, 0-02)

Now since n is large and np is small, the Poisson approximation can be

used
Y ~ Pn(2)
P(y = 0) = e ?

(c¢) If Z is the number of albinos in a sample of n, then, 2 ~ B(n, 0:02)
and, providing n is large, 2 ~ Pn(0-02n)

We require é(z 2
1 - P(Z =
1_e-0'02n

e-0'02n

80,021'1

n

1)
0)

2

2

2

IA

v

v

0-99
0-99
0-99
0-01
100
231

(calculator trial and
error or logs)
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EXERCISES
1. A typist makes, on average, 1:2 errors per page. Find the

probabilities that, on a given page he makes

(a) 0, (b) 1, (¢) 2, (d) at least one mistake.

State how, and under what conditions, the Poisson ] )
distribution may be used as an approximation to a Binomial
distribution.

A farmer finds that, over a long period of time, one egg in
200 has a double yoke.

Find the probability that in a tray of 30 eggs there are
(a) 0, (b) 1, (c) more than one double yokes.

The number of calls arriving at a police station switchboard
is one every 30 seconds. Calculate the probability that, in
a period of 5 minutes, only 8 calls are received.

It is thought that the number of children per family follows
a Poisson distribution. The following sample was drawn to
test this hypothesis.

Number of children | 0
Number of families | 12 | 12 | 1

| 1 1 2 1 3 1 4 1 5 1. 617 ]
70 71T 21T 71T 112 1

Calculate the mean and standard deviation for the number of

children per family and thus calculate the theoretical

Poisson frequencies.

Plot, on the same axes, frequency polygons to compare the
realised and theoretical freqguencies.

If X ~ Pn(a) show that the ratio
P(X=X) : PX=x~-1) = a : x, (x>0)

If X ~ Pn(3-2) obtain successive Poisson probabilities until
P(X = x) <0-1, (X>0)
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A small supermarket has 2 checkouts. It is found that the
first checkout uses, on average 1-2 till rolls per week, the
second 1-3 per week.

Calculate the probabilities that 4 or more rolls are used in
a particular week by: -

(a) the first checkout,
(b) the second checkout,
(c) the shop.

If both tills run out of rolls at the end of a week,
calculate the number of rolls the shopkeeper must have in
stock if he is to be at least 95% sure that he does not run
out during the following week. (You may assume that the
rolls can be inter-changed, if necessary.)

Derive the mean and variance of the Poisson distribution.

If X ~ B(n, 0:003) and E(X) = 3, calculate P(X > 3).

Misprints in the Guardain Newspepar occur on average at a
rate of 1 every 2 columns. Calculate the probabilities that
a column has

(a) 1, (b) 2, (c) at least 1 misprint.

A page has 8 columns. Calculate the probabilities that, on
page 3, there will be

(d) 5, (e) less than 5 misprints.
Saturday's paper contains 24 pages. Calculate the

probability that there will be not more than 100 misprints
in that edition. (see chapter 7 for Normal approximation)

Two golfers A and B find that on average they score 2 and 3
"eagles" respectively per year. Calculate the probabilities
that, in a given year,

(a) neither A nor B scores an eadgle,
(b) they both score the same number of eagles,
(c) B scores at least 2 eagles more than A.

Give answers correct to 3 decimal places.

g?i/
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Operation schedule 7. The Wilcoxon matched-pairs signed ranks M
test

Data requirements

Scores must be paired off in some way, and of at least ordinal status. :

Example
The Wilcoxon test can be carried out on the rating scores obtained for the two brands of
wasiiing up liquid, Gresego and Kwikclene (see pages 68-70). The null hypothesis (H,) is that
ihe two sets of scores do not differ, and the experimental hypothesis (H, or H,), is thag 5
Gresego gives better results than Kwikclene. g

Subject Rating Subject Rating
Gresego Kwikclene Gresego  Kwikclene
1 8 5 6 7 6
2 7 5 7 9 )
3 9 2 8 6 5
4 7 6 9 5 6
5 . 8 9

Record the differences, being sure to note the sign.
8§-5=4+3,7-5=+4+2,...,5-6=-1
The dilfcrences are: +3, +2, +7, +1, -1, +1, +4, +1, -1

1. Do not rank any values of 0 which occur. Ignore the signs during the ranking
procedure. (See schedule 6 for ranking instructions.)

Diffcrences +3 +2 +7 +1 -1 +1 +4 +1 -1

Ranks 7 6 9 3 3 3 8 3 3
Step 3: Add the ranks for all the differences which are positive, and all the negative
diffcrences. Keep the two totals separate.

Positive differencetanks 7+6+9+3+3+8+3=39

Negative difference ranks 3+3=6
Step 4: Whichever total of the two obtained in Step 3 is the smaller is the value of the
test statistic 7.

T=6

Step 4: To determine N, in order to decide whether a given value of T is significant
using table S2, count the number of pairs of scores used, but subtract any pairs whose
difference was found to be 0 in Step 1.

There are 9 pairs of scores, and no values of 0. N = 9.

Operation schedule 7a. Evaluation of Wilcoxon’s T statistic

Example
The data analysed using Wilcoxon's test, in schedule 7 will be evaluated for significance,
using table 2. From the data, T=6,and N = 9.
Step I: Decide whether the experimental hypothesis (H,) was a one-tailed or
two-tailed hypothesis.
In the experiment on wachine nn lianid it had been hvnothesised that scores from Gresego

Table S2. Critical values of Tfor the Wilcoxon matched-pairs signed ranks test. T must
be equal to or less than the stated value to be significant

Level of significance for one-tailed test Level of significance for one-tailed test
0.05 0025 0.0} 0.005 0.05 0.025 0.0t 0.005

Level of significance for two-tailed test Level of significance for two-tailed test

N 0.10 0.05 0.02 0.01 N 0.10 0.05 0.02 0.01
5 1 — — — 28 130 i17 101 92
6 2 1 == = 29 141 127 1 100
7 4 2 0 — 30 152 137 120 109
8 6 4 2 0 31 163 148 130 118
9 8 6 3 2 32 175 159 141 128

10 11 8 5 3 33 188 171 151 138

11 14 11 7 5 34 201 183 162 149

12 17 14 10 7 35 214 195 174 160

13 21 17 13 10 36 228 208 186 171

14 26 21 16 13 37 242~ 222 198 183

15 30 25, 20 16 38 256 235 211 195

16 36 30 24 19 39 271 250 224 208

17 41 35 28 23 4n 287 264 238 221

18 47 40 33 28 41 303 2719 252 234

19 54 46 38 32 42 319 295 267 248

20 60 52 43 3 43 336 3 281 262

21 68 59 49 43 44 353 327 297 277

22 75 66 56 49 45 3 343 313 292

23 83 73 62 55 46 389 361 329 307

24 92 81 69 61 47 408 379 345 323

25 101 90 77 68 40 427 397 362 339

26 110 98 85 76 49 446 415 380 356

27 120 107 93 84 50 466 434 398 373

Source: F. Wilcoxon and R: A. Wilcox, Some rapid approximate statistical procedures, page
28, table 2, 1964. New York: Lederle Laboratories. Reproduced with the permission of
American Cyanamid Company

Step 2: Locate the appropriate value for N in table S2, using the column hcaded N.
Opposite N = 9, you should read the values8 6 3 2.

Step 3: Move along the row until you arrive at the tabled value which is cqual to or
just larger than the value of T which you have just obtained.
The second value of 6 is equal to the T just obtained.

Step 4: Read the appropriate significance level off from the top of the column reached
in Step 3. Take the one- or two-tailed probability level stated, according to the
decision made in Step 1.
The obtained value of 6 is significant at the 00,025 icvel Tor a one-tailed hypothesis.
Step 5: State the conclusion.
The results were significant at the p = 0.025 level. using Wilcoxon's test (N =9, T = 6; %
one-tailed hypothesis). Therefore the null hypothesis can be rejected, and it is concluded .
that the performance of Gresego was superior 1o that of Kwikclence. %

g

Note ,m
If the obtained value of T falls between tabled values, both of which are significant, ' §¢
then the most conservative (i.e. the least signilicant, and with the highest value ol p) %
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Operation schedule 9. The Mann-Whitney U test

Data requirements

Scores need to be of at least ordinal status.
Example
3
The results gathered whilst investigating a new memorising technique, described in chapter
1, will be uscd for analysis. They are:
Setl: 30, 35, 45, 50, 75, 80 {the unaided group)
Set2: 45, 50, 58, 62, 69, 70 (the aided group)

The experimental hypothesis was two-tailed, and the null hypothesis states that there will be
no difference between the two sets of scores.

Step 1: Put the two sets of scores into two vertical columns, with a good gap between .
them. If one of the lists is smaller than the other, put it first, and call it ‘list A”. If the _
lists are the same size, then it doesn’t matter which comes first. Call the second list &
‘list B'. _.._

ListA List B
30 45
35 56
45 58
50 62
75 69
80 70

Step 2: Count the number of scores in each list, to obtain N, and Ng. Then multiply
the two values together. This gives N4 Nj.

Ny=6, Ng=6; NNy =6x6=36
Step 3: Take the number of scores in list A, and add the value of 1.

6+1=7
Step 4: Multiply the value found in Step 3 by the number of scores in list A, and divide
the answer by 2.

Tx6 42
=—=21

2 2 M

Step 5: Rank all the numbers in both groups (see schedule 6 for ranking procedure),
taking both sets of numbers together, and giving the smallest score rank 1. Write the
ranks out in two more columns, headed R, and Ry, and put each to the immediate
right of the original lists of scores A and B.

ListA R4 List B Ry
30 1 45 3
35 2 50 5
45 3 S8 7
50 5 62 8
75 11 69 9

80 12 70 10

Step 6: Add the ranks which were given to the items on list A (i.e. R,)
1+2+31+51+11+12=35

Step 7: >am the value found in Step 2 to that found in Step 4, and subtract the value
of Step 6.

36+21-35=22
Step 8: Subtract the value of Step 7 from the result of Step 2.

36-22=14
Step 9: The values of Steps 7 and 8 give two values for the statistics U and U’
(pronounced ‘U prime’). The smaller value will be U, and the larger U’.

U=14 and U'=22
Step 10: Use the two values of N, and Ng, found in Step 2, in conjunction with table
S4 (overleaf), to determine whether the obtained value of U is significant. If U is
equal to or smaller than the critical values listed, then the null hypothesis can be
rejected. Two significance levels are given in the table, for the 0.05 and 0.01
probabilities (two-tailed), and the 0.025 and 0.005 probabilities (one-tailed tests).

Looking in the table at the point where N, = 6 and Nj == S intersect, we read off the two
critical values of 5 and 2. Our value of U (14) exceeds both nuibers, and so we cannolt reject
the null hypothesis.
Step 11: State the conclusion.

The results of the analysis were nonsignificant (U = 14, N, = Ny = 6; Mann-Whitney U
test), and so the null hypothesis cannot be rejected. It is concluded that the scores obtained
from subjects who were using the memory aid do not differ from those obtained by subjects
without the aid.

Note

A useful check is to rework all the calculations, but call the original list A, list B. You
should obtain precisely the same values for U and U’. Again, the smaller of the two
values is labelled U, and evaluated.

Formulae

The formula for U is either

Na(Na + 1)
2

Na(Ng + 1)
2

where N, = the number of items in list A

ZiZW-T IM&N}

or Ny\Ny + - %Ry

Ny = the number of items in list B
R4 = the sum of the ranks given to items in list A
Rp = the sum of the ranks given to items in list B
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Table 5¢ Critical values of U for a one-tailed test at 0.025; two-tailed test at 0.05* (Mann-Whitney)

n;
| 2 3 4 5 6 7 8 2 10 1l 12 13 14 15 16 17 18 19 20

n,

I — s A R o — e — L T e _———
2 _ = = = = - — 0 0 0 0 | | | | | 2 2 pi 2
3 _ = = — 0 | | 2 2 3 3 4 4 5 5 6 6 7 7 8
4 —_ = - 0 | 2 3 .4 4 5 6 7 8 9 10 I I 12 13 13
5 —_ — 0 | 2 3 5 6 7 8 9 H 12 13 14 15 17 18 19 20
6 —_ - | 2 3 . 5 6 8 10 I 13 14 16 17 19 21 22 24 25 27
7 —_ — | 3 S 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
8 — 0- 2 4 6 8 10 13 15 17 19 22 - 24 26 29 3| 34 36 38 4i
9 — 0 2 4 7 10 12 15 17 20 23 26 28 3IF ,34 37 39 42 45 48

10 — 0 3 5 8 I 14 17 20 23 26 29 33 36 39 42 45 48 52 55

i — 0 3 6 9 I3 16 19 23 26 30 "33 37 40 44 47 5| 55 58 62
12 —_ | 4 7 I 14 18 22 26 29 33 37 41 45 49 53 57 el 65 69
13 — | 4 8 12 16 20 24 28 33 37 4I 45 50 54 59 63 67 72 76
14 — | 5 9 13 17 22 26 3| 36 40 45 50 55 59 64 67 74 78 83
15 — | 5 10 14 19 24 29 34 39 4 49 54 59 64 70 75 80 8 90

16 — | 6 I 15 21 26 3l 37 42 47 53 5 ¢4 70 75 8] 86 92 98
17 — 2 6 | 17 22 28 34 39 45 5| 57 63 67 75 8i 87 93 99 105
18 — 2 7 12 I8 24 30 36 42 48 55 6l 67 74 80 8 93 99 106 112
19 — 2 7 I3-19 25 32 38 45 52 58 65 72 78 85 92 99 106 I3 119

20 - 2 8 13 20 27 34 4l 48 55 62 69 76 83 90 98 105 2 119 127

* Dashes in the body of the table indicate that no decision is possible at the stated level of significance.

For any n, and n, the observed value of U is significant at a given level of significance if it is equal to or less than the critical values shown.
Source: R Runyon and A. Haber (1976) Fundamentals of Behavioural Statistics (3rd ed.) Reading, Mass: McGraw Hill, Inc. with kind
permission of the publisher.
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Operation schedaules

NoT ALL EXPERIMENTS ARE UNPLEASANT FOR THE SUBJECT...

Operation schedule 13. Complex chi-square
Data requirements

Data must be in frequency form, i.e. counted, rather than actual scores.
Entrics in cach cell must be independent.
The expected number for cach cell must not be less than 5.

Example

The different degree classifications obtained by finalists at Wetwang University (page
99) provide material for a complex chi-square analysis. The null hypothesis stales that :
there is no difference between the three groups in terms of the proportions obtaining the :
different classifications.
Step I: Put the data for the three groups of students and five degree classes into a
3 % 5 contingency table. The numbers in cach cell stand for the numbers of students
obtaining the particular degree and degree class, and are the observed frequencies.
Add together the numbers across the rows to get row totals, and down the columns
to give column totals. The row and column totals added together should agree, and
that total will be the overall total, N. Leave plenty of space in the table, for you will :
later be writing the expected values in cach cell.

176

13 Complex chi-square

Subjects Degree classification Totals
. 1 I iii m Pass
Languages 5 10 20 35 30 100
Maths 35 40 80 25 20 200
Econormics 0 10 10 20 20 60
Totals 40 60 110 80 70 360

Step 2: To compute the expected frequency for individual cells, follow this procedure.
Take the row sum and the column sum which intersect at the cell, and multiply the
two values together. Then divide the answer by the grand total, N.

For the top left-hand cell,

Languages. and a class I degrec, it will be

100 % 40 4000

,Col. 1t =——=11.111
Rowl. Co 360 360
Don’t round off the decimal places at less than three.
200 = 41
1. 1: =22.222
Row 2, Co 360
) x 40
Row 3, Col. 11 22X — 6667
36l
100 x 60
R 1, Col. 2: - = 16.667
ow (] .w@C
)
Row 2. Cal, 2: 220X 60 _ 53333
360
6l % 6l
Row 3, Col. 2: _uoc = 10.000
Row 1, Col. 3: WX 10 _ 59 556
360
200 x 110
2, Col. 3: = 61.111
Row 0 %0
60 x 110
, Col. 3: = 18.333
Row 3, Col 360
100 % 8
Row 1, Col. 4: w e = 22.222
360
200 x 80
Row 2, Col. 4: o = 44.444
0
Row 3, Col. 4: 2280 _ 43333
360
Row |, Col. 5: Jn) x NW = 19.444
30
0
Row 2, Col. §: u___wmﬂq = 38.889
60 x 70 .. WELL, NOT AT THETME
Row 3, Cal. 5: %0 = 11.667 of S.»n\..—\_Q;.:OZ

177
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Operation schedule 14. Spearman'’s rho

Data requirements

I' Scores must be of at least ordinal status.

2 Scores for comparison must be paired olT in some manner, Usually they will have
been abtained from one source. but this may not always be the case, !

3 When plotted on a scattergram, the points can be ina lincar or slightly curved pattemn. / :

Example

IUwas noted that residents il the Heyshott Asylum frequently referred to Tennyson's

poem Mawd. Enquirics revealed that those patients mostserivusly alflicted with insanity M‘

Las assessed by the Heyshott Lunacy Scale, HLS) appeared to have read the poem rather i

olten. All inmates were given a rating on the HLS. and asked how many times they had 2

read Mawd. The results were then used to obtain Spearman's rho. .w

! M_

» Subject THLS score Maud readings

- ¥

! | 10 0 _.m

! 2 100 4 ]

” 1
i ki 125 4
+ 45 15
] 5 90 23

O 170 45 :

7 165 61 B

Because the stall anticipated that degree of insanity would be pusitively associated with
number of Maund readings, they have established a one-tailed prediction.

.rsw 1: Draw a scattergram for the two sets of data; the vertical axis measuring one
variable, and the horizontal axis the other.

200
X x
150 |- b
& x
g 100
X
9 .
ke
5o :
oL 1 1 1 | 1 1 L
0 10 20 30 40 50 60 70

Number of Maud readings

Figure 1. Scattergram showing the relationship between HLS scores and number of
Maud readings

180

14 Spearman’s rho

Step 2: Now cast the data into a table with seven columns. These will be:
S The label for cach subjecct, animal or source of paired scores, :m:_.m numbers or
lctters of the alphabet.
A The scores on one variable.
B The scores on the second variable.
R, The scores from A, given ranks (see schedule 6).
Ry The scores from B, given ranks.
D Each valuc in list R, subtracted from its partner in R .

D? Each value in D squarced.

A A B R, Ry D D-
1 11 0 1 | 0 0
2 100 4 4 2! 4 b
3 125 4 5 2! ! [
4 45 15 2 4 -2 4
5 90 23 3 5 -2 4
6 170 45 7 6 1 1
7 165 61 6 7 -1 1

Step 3: Count the number of paired scores in the sample, to obtain N,
There arc 7 pairs of scores; N = 7.

Step 4: Multiply N by its own value, twice, and then subtract its own valuc.
(Tx7Tx7)—7=343 -7 =336

Step 5: Total the values in column D?.
O+20+6+4+4+1+1 =18

Step 6: Multiply the value obtained in Step 5 by the number 6; then divide the result
by the value found in Step 4.
185 x 6 _ 111

— = — = 0.33(4
336 336

Step 7: To find rho, subtract the value of Step 6 from the number I. Retain the sign.
The result should always lic between — 1 and +1.
1 - 0.3304 = +0.6696

Step 8: Evaluate the significance of rho, using table S7. Follow the numbers along the
row opposile the appropriate N, to find the value of rhio which must be exceeded lor
the various significance levels given.
When N = 7, we read 0.714, 1).786, 0.893 and 0.929 for the one-tailed signilicance
levels. Our obtained valuc of rho, 0.6696, docs not exceed any of these, and so the nuil
hypothesis cannot be rejected.
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Operation schedules »

Step 1: Draw a scattergram for the two sets of data, the vertical axis measuring one *

variable, the horizontal the other. At this stage, check for linearity.

mﬁ. X
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* L 2F ®
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=

&) 1 %

| | | | I}

0 1 2 3 4 5

Ideal number of children

Figure 2. Scattergram showing the rzlationship between the number of childrenin a
young person’s family and the number that they would consider to be ‘ideal’

Step 2: Now cast the data into a table, with six columns. These will be:

S Thelabel for each subject, animal or source of paired scorcs, using numbers or

letters of the alphabet.

A The scores on one variable (and which are added to give TA).

A? Each A score squared (and which added gives 3A42).

B The scores on the second variable (and which are added 10 give 2B).

B*  Each B score squared (and which added gives SB?).

AB Each A score multiplied by its matching B score. (Added gives SARB)
Add all the columns, apart from the first one. This is a good stage to check that the
data meets all the requirements other than linearity.

-

Subject A A B B? AB
C 1 1 5 25 5
D 2 4 3 9 6
B 3 9 4 16 12
L 4 16 2 4 8
M 4 16 1 1 4
T 5 25 1 1 5

19 71 16 56 40

15 The Pearson product-moment correlation

Step 3: Count the number of scores which are paired off, to get N.
There are 6 pairs of scorcs; N = 6.
Step 4: Multiply the total of the column for A% by N to obtain NTA2.

71 X 6 = 426

Step 5: Obtain (£A)” by squaring the total of the column for A.
19 x 19 = 361

Step 6: Subtract the value of Step 5 from that found in Step 4.
426 — 361 = 65

Step 7: Multiply the total of the column for B2 by N to obtain NTB2.
56 x 6 = 336

Step 8: Obtain (£B)” by squaring the total of the column for B.
16 x 16 = 256

Step 9: Subtract the value of Step 8 from that found in Step 7.
336 — 256 = 80

Step 10: Multiply together the values obtained in Steps 6 and 9.
65 X 80 = 5200

Step 11: Tuke the mc_.ru_.o root of the value found in Step 10.
V5200 = 72.111

Step 12: Multiply the total of the column for AB by the value of N (Step 3).
40 x 6 = 240

Step 13: Multiply together the totals of the columns for 4 and B.
19 x 16 = 304

Step 14: Subtract the value of Step 13 from that of Step 12, making sure you keep the

appropriate sign.
240 ~ 304 = —64
Step 15: Divide the value of Step 14 by the value of Step 11, 1o get r.
—64

r=——— = —(0.8875
72111

Step 16: Evaluate the significance of r, using table S8. First obtain the valuc of N — 2,
which will be used for the table, by subtracting 2 from the value of N found in Step 2.
6—-2=4
Opposite N — 2 = 4, we read the values 0.729, 0.811, 1.9172 and 0.974] for the 0.05,
0.025, 0.005 and 0.0005 probability levels (one tailed hypothesis). Our value of 0.8875
cxceeds that of 0.811 given for the 0.025 level, but not the figure of 0.9172 [or the 0,005
level. Therefore we conclude that we have a negative correlation, which is significant at
the 0.025 level.

Step 17: State the conclusion
From the results of the correlation carried out on the number of children in a young
person’s family, and the number of children they considered ideal, ; ignificant negalive
association was found (r = —(.887 N = 6, p = (L025). Itwas concluded that the more
siblings: there arc in a family, the less likely a child of school-age is o appreciate their
numbers, whilst only children appeared to consider brothers or sisters more of an asset!
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