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[bookmark: _Ref220682546][bookmark: _Toc220876461]Introduction
Conduction is the transfer of heat through material, understanding this process is fundamental to many areas of engineering. Civil and structural engineers use heat transfer calculations to study structural integrity under thermal loads and define allowances for thermal expansion. For mechanical engineers, heat is often a byproduct of energy transfer in a system. These formulas allow them to build methods to dissipate heat as it is produced, cooling the system down.
In this report, the dissipation of heat for an aluminium plate will be calculated using the Explicit Finite Difference Method (EFDM) programmed as a simulated environment within MATLAB. This offers a simple and intuitive method for forecasting transient heat conduction. This method is only conditionally stable and is sensitive to inputs, introducing errors that must be managed, such as grid spacing, time step, and convergence criteria. These sensitivities introduce errors that must be managed. Validation of the data is essential for confirming these errors remained stable.
[bookmark: _Toc220876462]Aims and Objectives:
Aim:
· Solve and validate a 2D transient heat equation using EFDM.
Objectives:
· Implement an EFDM program with user inputs using MATLAB.
· Determine time to reach thermal equilibrium.
· Validate program against an existing steady state analytical solution.
· Perform sensitivity analysis on key parameters.
· Critically evaluate limitations of EFDM.
[bookmark: _Toc220876463]Report Structure
The report has been structured to display the model’s development. First, the governing equation is introduced, then the EFDM derivation introduces the formulae and stability conditions. Next the analytical solution is provided. These methods are then implemented into MATLAB and the code is explained. The model is then validated, analysed and potential improvements are discussed. The report then concludes with the key findings. 

[bookmark: _Toc220876464]Governing Equation
[bookmark: _Toc220876465]Conduction and Fourier’s law
The process of conduction requires a temperature difference at two points. Heat transfer rate (Q) is proportional to the negative temperature gradient, and the cross-sectional area perpendicular, to the direction of heat flow. This is Fourier’s law as written in equation 1. The equation for this requires knowing the material’s thermal conductivity (): (Bolton, 2020)
Equation 1 – Fourier’s law (Bolton, 2020).

Equation 2 - Fourier's law as written mathematically

For this report, a two-dimensional plate is selected for simplicity in comparing methodologies of calculating temperature distribution. Which assumes cross sectional area to have unit thickness, with no temperature variation in the z-axis. Resulting in a two-dimensional (x, y) heat conduction problem.
The transient heat equation is fundamental in understanding how heat moves through conduction over time, which is . Where ‘T’ is temperature and ‘t’ is time. Applications range from cooling down electrical processing components, mechanisms that heat up through friction, and material processing procedures. For example, a computer CPU cooler directing heat towards a radiator, an engine using coolant, and the rubber curing process (Vikhrenko, 2011). 
As a two-dimensional aluminium plate is the chosen example material for the model, the equation chosen must reflect this. As such, the two-dimensional parabolic transient heat equation as written and structured below will be used. The transient heat equation term  represents the volumetric energy generation rate. The only heat source in this model is from the north boundary condition; therefore, volumetric energy generation rate must be assumed null  (Özişik, et al., 2017).
Equation 3 – Two-dimensional parabolic transient heat conduction equation (Özişik, et al., 2017) 

[bookmark: _Ref220836823]Equation 4 - Rearranged formula to give just change in temperature over time with g=0.

[bookmark: _Toc220876466]Thermal diffusivity
Thermal diffusivity () is the measure of the rate at which heat propagates relative to the rate of thermal energy storage within a material. This balance is formulated using the material’s conductivity (k), density (), and specific heat capacity . The formula is shown in the left-hand term of Equation 5, expanded from Equation 4 (Bergman, et al., 2020).
[bookmark: _Ref220836296]Equation 5 – Transient heat conduction with diffusivity equation (Bergman, et al., 2020).



[bookmark: _Toc220876467]Finite Difference Method
[bookmark: _Ref220683071][bookmark: _Toc220876468]Finite difference Taylor series approximation
Finite difference approximations can be derived using a Taylor series expansion about a discrete point with a finite number of terms. The series is truncated after the second-order term, introducing a truncation error, as higher order terms are omitted. For this report the derivatives needed for the Taylor series expansion are  and  representing the rate of change of, and curvature of, temperature (T) with respect to time (t) (Croft & Lilley, 1977).
There are three common methods to approximate this. Forward and backward difference schemes approximate the derivatives using points at a time-step ahead or before the initial point. Whereas central difference uses both the points from before and after. Reducing the time-step between discrete points improves the accuracy of the approximation, the data points forward and backwards are closer to the initial point. The approximation becomes smoother with more sample points (Langtangen & Linge, 2017).
[bookmark: _Toc220876448]Table 1 - Finite difference approximation schemes order of accuracy (Langtangen & Linge, 2017)
	Scheme
	Truncation Error
	Order of Accuracy

	Forward difference
	Δt
	First order

	Backward difference
	Δt
	First order

	Central difference
	Δt2
	Second order



As proven in the book ‘finite difference computing with PDEs’ (Langtangen & Linge, 2017), table 1 shows that the central difference truncation error is proportional to the square of the time-step size as it cancels out lower-order error terms. Thus, central difference becomes more accurate than the other two schemes with each decrease of the time-step.
[bookmark: _Toc220876469]Spatial and Temporal Domain Discretisation
For the two-dimensional transient heat formulation to be solved numerically, the spatial and temporal domains must be discretised. The spatial domain defines the aluminium plate’s surface in the x and y dimensions. This is divided into a finite grid of discrete points / nodes. To simplify the calculation these points will have a uniform spacing for both axes (Δy = Δx = h).
Grid points on the plate represent a discrete location where the temperature will be evaluated. The number of grid points in any direction is determined by dividing the physical dimension by the grid spacing. This grid can be represented using a two-dimensional array (matrix) mapped with reversed cartesian grid co-ordinates T(y, x) = T(row, column). 
The temporal domain is discretised into time-steps (Δt), dictating the time interval in seconds between each iteration of the calculation. This allows the temperature distribution to be evaluated sequentially for each interval of the time-step.
[bookmark: _Toc220876470]Explicit Finite Difference Method Formulation
To find the future temperature at t = t+1, we must take the final two-dimensional transient heat equation from equation 4 and differentiate both sides. The equation can then be rearranged for T t+1y,x


The left-hand side is a second order derivative, as such the central difference was taken using both the temperature at t, t-1, and t+1. As shown in table 1, the central difference scheme is more accurate with second order. Whereas the right-hand side is a first order derivative and the future temperature is required, therefore a forward difference scheme is used (Han & Wright, 2022). 

Uniform grid spacing can be substituted in as 




[bookmark: _Ref220860273]Equation 6 - Numerical equation for EFDM derived from differential heat equation (Han & Wright, 2022)

After rearranging, this gives the numerical equation for the explicit finite difference method (Equation 6).
[bookmark: _Ref220683032][bookmark: _Toc220876471]Fourier Number and Stability Criterion
As introduced in the previous section, the Fourier number (F0) defines the ratio of thermal diffusion () over a time step () across a grid point () as shown in equation 7 (Han & Wright, 2022). 
[bookmark: _Ref220782606]Equation 7 - Fourier number equation (Han & Wright, 2022).

The stability of the model can be determined using von Neumann stability analysis, created by John von Neumann. The principle of the method analyses the growth of numerical errors by decomposing the error represented as a Fourier sine series (LeVeque, 2007). This determines whether a model’s errors would decay (causing stability), remain (marginally stable), or grow (become unstable). This method was applied to the heat equation to show that it was conditionally stable (Moin, 2002), implying the stability was dependent on the calculation’s changeable parameters. In this case, the grid spacing and the time step. The diffusivity is set as the material required for analysis, so cannot be modified for stability. From the von Neumann analysis the heat equation is conditionally stable so long as the Fourier number is less than or equal to    (see equation 8). This is called the stability criterion. As the grid spacing is decreased, the time step must also be decreased to ensure the value stays within the stability criterion. 
Equation 8 - Stability criterion added to the Fourier number equation (Érchegyi & Rácz, 2025).




[bookmark: _Ref220682607][bookmark: _Toc220876472]Initial Condition, Boundary Conditions and Analytical Solution
At initialisation, the initial temperature conditions must be set for the system. This is the state of the plate prior to any external heat transfer. The interior, which defines any nodes that aren’t at the edge of the plate, the study requires to be 0°c. This allows the results to focus purely on the effect of the boundary heat transfer. The initial interior conditions are expressed as:
Equation 9 - Expression of the internal initial conditions as t=0.

At the boundaries of the plate, the conditions determine how heat interacts and enters the system. In this model, the boundaries are fixed value terms. These are referred to as Dirichlet boundary conditions (Langtangen & Linge, 2017). A fixed, user inputted value (T0), is applied to the north edge boundary of the plate.
Equation 10 - North boundary condition expression.

Next, the east, west, and south boundaries are applied. The order is important as the corners must be applied as east and west conditions for this model (currently applied as T0 as per above expression). 
Equation 11 - East, west, and south boundary condition expressions.

This creates a model where heat enters along the top boundary edge only, all other edges and corners are kept at 0°c. The heat then diffuses from this edge towards the bottom centre edge, creating a good benchmark for analysis.
Known analytical solutions are available for the two-dimensional steady state heat equation. These are derived from the governing equation to incorporate the parameters and conditions of the model. This produces a steady state reference of the final heat distribution at every grid node of the plate. Which can be used for direct comparison against the EFDM model at thermal equilibrium. Comparing the two methods will validate the accuracy of the implemented EFDM scheme. The analytical solution used is as follows (Özışık, 2013) (Press, et al., 2007).
Equation 12 - Analytical solution (Özışık, 2013) (Press, et al., 2007) .

Where;  and n = t.


[bookmark: _Toc220876473]Codes’ Details and Explanations
[image: ]
[bookmark: _Ref220682510][bookmark: _Toc220876452]Figure 1 – Basic flow chart layout of code.
The layout of the code starts with the inputs and sanitisation, then the initialisation of grids / variables, then the processing of plots and results. As in above flowchart
[image: ]
Input variables are initiated for both user inputs and material properties. A string vector is used for the inputs and units, and a vector of zeros with the same length is used for the input store.
[image: ]
To simplify code, the input sanitisation and allocation is done within one ‘for’ loop. The input is taken without evaluating and then converted to a double. Text, or non-numeric inputs will convert to NaN (not a number) or their numeric values (2e-5 will pass). The sanitisation ‘if’ statement then checks the number inputted isn’t NaN, is less than infinity, and more than 0 for anything but temperature. There are input specific ‘elseif’ sections such as even distribution of grid points over the length of each axis, and the time step being within the stability criterion. Upon a successful value being inputted, it is stored in the correct place within the ‘Vals’ vector.
[image: ]
After inputs, the simulation requires specific variables to be initialised. For example, the Fourier number calculation, some comparison variables, and the t1, t2, AT grids with the correct interior and boundary conditions.
[image: ]
Next the analytical solution is expressed as a Taylor series equation where the terms iterate to a constant variable set to 100,000. This uses three nested ‘for’ loops in total, one for the Taylor series term, one for the rows, and one for the columns so the code iterates through every element in the grid for each series iteration. The section of the analytical solution not included in the loop is multiplied through every element at the end.
[image: ]
EFDM scheme implemented as a while loop with vectorisation. This loop will keep iterating until the thermal equilibrium conditions are met, controlled by a maximum temperature change under a variable ‘cc’ (convergence criterion). An updating plot shows the change in temperature distribution over time step increment. 
[image: ]
[image: ]
Further outputs of the model include the time to reach thermal equilibrium using EFDM, the maximum error between EFDM and analytical solution, and the root mean square of the error. Analytical solution contour map, analytical-EFDM difference contour map (error), and the change in maximum difference over time displayed as a line graph.


[bookmark: _Toc220876474]Validation of the Model.
To assess the accuracy of the EFDM scheme, the resulting grid at thermal equilibrium is compared directly against the grid obtained using the analytical method described in section 4 by taking the difference of each node and assigning it into a new grid called ‘error’. This allows a validation of the numerical solution against the established analytical solution, which is widely available for the set boundary conditions. A small error, explained in section 3.1, will exist between both solutions under usual input parameters. As the error is relatively small and analytically negligible, this proves the discretisation, time step, stability constraints, and node neighbour comparison was implemented correctly.
The maximum difference between the EFDM and analytical solution is taken in order to validate the largest error in the set of results. This only shows a small part of the problem and could be attributed to an anonymous result. To validate the entire grid of errors, the root mean square of the collective errors (RMSE) is taken. This method is preferred in statistical modelling for showing a value on the same scale at the data (temperature). RMSE is able to capture the overall magnitude of a collective group of errors (Hyndmana & Koehler, 2006). The error matrix and RMSE value (shown Figure 2) use the interior only without the boundaries as the aim is to validate the EFDM, where these values are set and not calculated.
[image: ]
[bookmark: _Ref220686855][bookmark: _Toc220876453]Figure 2 - Code display outputs from MATLAB
As shown in Figure 2, the maximum interior error for a 10x6m grid with a 1m grid space at 50°c north boundary, a 1-hour timestep, and convergence of 0.01°c is 0.41°c. Although, not a negligible difference, the root mean square error is 0.189 which is considered an acceptable level of accuracy. 
[image: ]
[bookmark: _Ref220702175][bookmark: _Toc220876454]Figure 3 – Explicit finite difference method temperature distribution at thermal equilibrium.
[image: ]
[bookmark: _Ref220702176][bookmark: _Toc220876455]Figure 4 - Steady state analytical solution method temperature distribution.
Figure 3 shows the EFDM method at thermal equilibrium and Figure 4 shows the analytical solution, also at thermal equilibrium. These heat distribution maps show the heat from the top edge propagating south, cooling into a gradient towards the centre of the plate. Comparing the two contour map plots, it is visually difficult to distinguish between them which validates the EDFM scheme used. We can, however, make the errors more visible. Figure 5 shows an imageSC heat map. This plot type was chosen as it does not interpolate the data as a gradient but shows the exact node values, clarifying exactly where the errors occurred instead of blending them into the surrounding nodes. As the plot shows, the errors were highest towards the ends of the north edge ranging from almost 0°c to over 0.4°c. The second largest errors were present one row south of the centre of the north edge between 0.25°c and 0.3°c. 
[image: ]
[bookmark: _Ref220702423][bookmark: _Toc220876456]Figure 5 - Steady state absolute error of the EFDM and Analytical solution interior nodes



[bookmark: _Ref220790414][bookmark: _Toc220876475]Sensitivity Analysis of Key Numerical Parameters
To analyse the sensitivity of the numerical model’s key input parameters, the code was run with two fixed values and one changing value. This was applied to the grid spacing (h), time step (Δt), and convergence criterion (cc). For each parameter variation, the time to thermal equilibrium, the maximum absolute error, and RMSE were recorded. The error metrics were recorded by comparing the steady states of the EFDM and analytical solution output grids together. All sensitivity analyses were conducted using a 12x12m aluminium plate with a fixed north temperature boundary of 50°c and all other boundaries at 0°c.
[bookmark: _Ref220781423][bookmark: _Toc220876449]Table 2 - Change in grid step with fixed parameters.
[image: ]
Table 2 presents the effect of changing only the grid spacing. The trend is demonstrated in Figure 6, where the error metrics are plotted. The error and RMSE values decrease as the grid spacing is reduced, except for the small rise at 3m. There are diminishing returns for a grid step smaller than 1m. The time to thermal equilibrium is mostly consistent but strongly plateaus at 1.2m and under. After 1m the dominant error is no longer the grid spacing and may be one of the other fixed parameters. Going forward for the other tests, a grid spacing of 0.75m is a good grid step value to be fixed. Aside from having a diminishing return, smaller grid step also forces a smaller time step due to the stability criterion (Equation 7) creating a proportionality link between the two values.
[image: ]
[bookmark: _Ref220761120][bookmark: _Toc220876457]Figure 6 - Graph of error value over change in grid spacing
[bookmark: _Ref220781569][bookmark: _Toc220876450]Table 3 - Change in time step with fixed parameters.
[image: ]
Table 3 focuses on changing the time step. Here, the grid step and convergence criterion are fixed. Conversely to the grid step, it’s found that the smaller the time step, the larger the error. Studies have found that reducing time step does not always result in reducing numerical errors when convergence criteria are applied (Cheng, et al., 2021)
As the time step decreases, the temperature change between iterations becomes smaller. Consequentially, this lowers the runtime as the convergence criterion is hit sooner. For time steps under 100 (seen in Figure 7) this is far too soon, resulting in larger errors. Conversely, larger time steps produce larger temperature changes between iterations. Convergence takes longer as the temperature difference is larger. 
[image: ]
[bookmark: _Ref220876061][bookmark: _Toc220876458]Figure 7 - Error over change in time step plot.
[bookmark: _Ref220782769][bookmark: _Toc220876451]Table 4 - Change of the convergence criterion tolerance with fixed parameters.
[image: ]
Table 4 shows the result of the convergence criterion tolerance changes. This shows the most dramatic decrease of the error and RMSE values with a heavy diminishing return beyond cc = 0.001. But as shown in Figure 8 the time to thermal equilibrium linearly increases as the tolerance increases. As this changes what equilibrium means to the model. The calculation could keep going indefinitely making smaller changes to the temperature distribution. This value tells the code when the temperature change is small enough to no longer add any meaningful difference to the results.
[image: ]
[bookmark: _Toc220876459]Figure 8 - Error & RMSE value over change in convergence criterion graph
[image: ]
[bookmark: _Ref220783156][bookmark: _Toc220876460]Figure 9 - Time to thermal equilibrium over change in convergence tolerance


[bookmark: _Toc220876476]Limitations of the Numerical Model
[bookmark: _Toc220876477]Numerical limitations
As concluded in a case study for using EFDM to model solar collection. These models often have a geometry simplification limitation. For the solar panel, this was dimensional approximations (Haider, et al., 2024). The numeric model used is a two-dimensional heat conduction model. A plate with only a length and a width. Objects in the real world have a thickness, affecting how the heat dissipates through the material. This model does not take the thickness into account.
In the same case study, it was noted that heat loss was not being considered. All the heat at the fixed edge boundary conducting through the plate was not accounting for any losses, simulating an unrealistic perfect environment (Haider, et al., 2024).
The stability criterion of the Fourier equation is a severely limiting factor in the parameters that can be used in the system. Stability is only guaranteed when the Fourier number is ≤ ¼. This constraint couples the limitations of the grid spacing value and the time step value together. Reducing the spatial resolution forces the reduction of the temporal resolution to keep the model stable.
[bookmark: _Toc220876478]Coding limitations
Thermal equilibrium is determined by the pre-selected value for the convergence criterion. This was not a user input, but a constant variable embedded into the code. Decreasing this variable allows for a more accurate final steady state temperature distribution but substantially increases the computational time and the reported simulation time to reach thermal equilibrium. Although, as seen in the sensitivity analysis Table 4 in section 7, decreasing the convergence criterion alone could not overcome the numerous other errors and produced minimal accuracy improvements beyond cc = 0.001. The limitation being, for an iterative code there must be a cut-off threshold to end the process. Otherwise, code like this could run for infinite amounts of iterations.




[bookmark: _Toc220876479]Suggested Improvements and Future Developments.
[bookmark: _Toc220876480]Implicit finite difference method
Changing the numerical method would produce the largest improvement considering the steady state error. The implicit finite difference method (IFDM) uses larger equations, so is more computationally demanding, but it is unconditionally stable. The spatial and temporal domains are not restricted by one another. And the accuracy improves for larger time steps and smaller grid spacing (Han & Wright, 2022). Comparing this method to EFDM, IFDM is more accurate, achieving lower numerical errors and greater stability under the same conditions (Liu & Sen, 2009).
A combination of both methods could be used, creating an adaptive approach. EFDM, which is computationally less demanding per time step could be employed for the first part of the model until a percentage of convergence is reached, where the method is switched to the more refined IFDM to complete the model to steady state with less errors.
[bookmark: _Toc220876481]Complexity of geometry
The current model is limited by its dimensional complexity. The heat conduction is only measured in two dimensions, the length and width T(x,y). Most real-world engineering problems would require the heat conduction to be solved in three-dimensions T(x,y,z). Implementing this would greatly increase computational and memory costs. 
The current model is limited to a uniform grid where Δx = Δy. Expanding this capability would allow the model to focus on the exact requirements for the simulation. An adaptive approach using a dynamic mesh grid would offer more compatibility with the real-world as complex geometry objects often can’t be broken down into uniform grids (Jensen, 1972). This would allow odd shapes or specific areas where a higher resolution heat map is required around less important areas where a larger resolution can be selected to keep computational costs down. 


[bookmark: _Toc220876482]Conclusion
In conclusion, this report successfully demonstrated and validated the implementation of a two-dimensional transient heat conduction model using the explicit finite difference method in MATLAB. The governing heat equation was discretised for spatial and temporal domains using both forward and central difference schemes. The numerical model was programmed using vectorisation within MATLAB and applied to an aluminium plate entity with fixed boundary conditions. This was run until the thermal equilibrium value was reached resulting in a steady state final heat distribution. 
Validation against an analytical solution was successfully achieved. The results were a small maximum difference error and root mean square error after the stability sensitivity of the EFDM model’s key parameters were discovered through analysis. This sensitivity analysis discovered the effect grid spacing, time step size, and convergence criterion tolerance had on the results of the model. Diminishing returns were found when dialling in these values individually. 
Despite the successful validation and efficient computation, the model’s accuracy was shown to be limited by the conditional stability requirements of the method, simplified geometry, and approximations. These limitations are the compromises between simplicity and complexity for simulated models. This shows the method is useful and valid where the requirements are within its limitations. 
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[bookmark: _Toc220876484]Appendix
clc
clear   
close all

%% Input variables

% Aluminium material properties
k = 143; % Conductivity in W/m.C
p = 2800; % Density in kg/m^3
c = 795; % Specific Heat in J/kg.C
a = k / (p * c); % Thermal diffusivity of material in m^2/s

% Input vectors.
Names = ["X" "Y" "Grid Spacing" "North boundary Temperature" "Time Step"];
Units = ["meters" "meters" "meters" "°C" "seconds"];
Vals = zeros(1,length(Names));


%% User inputs
for i = 1:length(Names)

    V = Vals(i);
    Name = Names(i);
    Error = true;

    while Error == true

        % Input taken without evaluating to avoid unexpected input types
        % crashing script and allow manual sanitisation.
        V = input("Please enter a value for " + Name + " in " + Units(i) + ": ", "s");
        V = str2double(V); % convert string array to number or NaN.

        % Check inputted value for type and either give error or store it.
        if  isnan(V) % Filter out non-numbers from str2double output.
            disp(Name+" value is not a number, please enter a number value.");
            Error = true; 
        elseif ~isfinite(V) || ((V <= 0) && (i ~= 4)) % Filter out numbers too high/low.
            disp(Name+" value is out of range, please enter a positive value more than 0 and less than infinity.");
            Error = true;
        elseif (i==3) && ( rem(Vals(1),V) || rem(Vals(2),V) ) % Filter out uneven grid spacing inputs.
            disp(Name+" can not be divided evenly by grid dimensions, please enter a valid spacing.");
            Error = true;
        elseif i==5 && ( ( (a * V) / (Vals(3)^2) ) >= 1/4) % Filter out values over numerical stability criterion using fourier number.
            disp(Name+" value exceeds the numerical stability criterion, please reduce time step less than or equal to "+MaxTS+"Seconds.");
            Error = true;
        else % No error detected.
            Vals(i) = V; % save correct value in vector.
            disp("Value successfully stored");
            Error = false;
            if i==4
                MaxTS = ((1/4)* Vals(3)^2)/(a);
                disp("Largest time step possible for numerical stability criterion: " + MaxTS +" seconds")
            end
        end

    end

end
%Vals = [12 12 0.5 50 0.236111]; % Temporary vals inputs for testing, ignore


%% Simulation variables.

% Vector values to individual variables for ease of use.
Xdim = Vals(1); % X dimension of 2d plate.
Ydim = Vals(2); % Y dimension of 2d plate.
GS = Vals(3); % Grid spacing of plate.
T0 = Vals(4); % North temperature boundary.
TS = Vals(5); % Time step in seconds.
TSH = TS/3600; % Simulation time step in hours.

% Simulation constants.
F0 = (a * TS) / (GS^2); % Fourier number from user inputs.
TPF0 = (4-( 1/F0 )); % Partial FD equation constant pre-calculation.
t = 0; % Initialise time value at 0 hours.
HMaxdiff = zeros(1,100000); % pre-allocate HMaxdiff as large row vector.
CC = 0.001; % Convergence criterion. Smallest temperature change threshold to end sim.
Maxdiff = CC+1; % Initialise high so while loop initiates. Max difference between iteration temps.
NR = (Ydim/GS)+1; % Number of rows in t1 grid (+1 because row 1 is at 0m).
NC = (Xdim/GS)+1; % Number of columns in t1 grid (+1 because column 1 is at 0m).
IntR = 2:NR-1; % Row nodes of the interior grid. 
IntC = 2:NC-1; % Column nodes of the interior grid. 
TSN = 100000; % Tylor series number of terms. 

%% Simulation entities.
% Grid created using the matrix size as the number of grid spacing points
% for x and y. Called t1, as the initial time which initialises at t = 0.
t1 = zeros(NR , NC);
AT = zeros(NR , NC);

t1(1,2:end-1) = T0; % set north temperature boundary from user input variable.
% t1(:,1) = 0; % set west temperature boundary (including corner nodes).
% t1(:,end) = 0; % set east temperature boundary (including corner nodes).
% t1(end,:) = 0; % set south temperature boundary.

% initialise future matrix and analytical solution to correct size with boundary temps.
t2 = t1;

%% Analytical Taylor series expansion method.
% Loops y and x iterate through every element in the matrix by first
% iterating through rows, then columns.
for y = 1:NR
    for x = 1:NC
        XC = (x-1) * GS; % Convert index location to distance.
        YC = (NR - y) * GS; % Convert index location to distance (flipped due to co-ordinate differences).

        % Taylor series loop from 0 to the number of terms required.
        for j = 0:TSN
            % Analytical solution split into separate steps.
            Kt = (2*j)+1;
            ST = sin( (Kt * pi * XC) / Xdim );
            EX = exp( ( Kt * pi * ( YC - Ydim ) ) / Xdim ) - exp( ( -Kt * pi * ( YC + Ydim ) ) / Xdim );
            EX2 = 1 - exp( (-2 * Kt * pi * Ydim) / Xdim );
            % Summation into matrix.
            AT(y, x) = AT(y, x) + ( (1 / Kt) * ST * (EX/EX2) );
        end
    end
end

% Full analytical solution using previous summation parts using per element multiplication.
AT = ( (4*T0)/pi ) .* AT;


%% Explicit finite difference method (EFDM)
XM = (0:NC-1) * GS; % X axis in meters.
YM = (0:NR-1) * GS; % Y axis in meters.

% Initialisation of iterative temperature distribution contour map.
% To show initial plot at t=0 and set all input arguments outside loop.
figure();
[~, Tplt] = contourf(XM,YM,flip(t1),20);
colormap(jet);
c = colorbar;
c.Limits = [0 T0];
c.Label.String = "Temperature in °C";
title("Explicit Finite Difference Method (EFDM) "+newline+...
    "Temperature distribution at "+t*TSH+ " hour(s)");
xlabel("Plate X dimension in meters");
ylabel("Plate Y dimension in meters");
xticks(0:GS:NC-1);
yticks(0:GS:NR-1);
grid;

while Maxdiff >= CC

    % Finite difference equation for heat transfer. Expressed as a
    % vectorised equation updating only the interior nodes of the grid.
    t2(IntR,IntC) = F0 * ( t1(IntR,IntC-1) + t1(IntR,IntC+1) + t1(IntR-1,IntC) + t1(IntR+1,IntC) - TPF0 * t1(IntR,IntC) );
    
    % Old code for double 'for' loop, opted for vectorised expression above instead.
    % for j = 2:NR-1
    % 
    %     for k = 2:NC-1
    % 
    %         t2(j,k) = F0 * ( t1(j,k-1) + t1(j,k+1) + t1(j-1,k) + t1(j+1,k) - TPF0 * t1(j,k) );
    % 
    %     end
    % 
    % end
    
    % Check the max difference between the interior area of t1 and t2.
    Maxdiff = max(abs(t2(2:NR-1, 2:NC-1) - t1(2:NR-1, 2:NC-1)),[],"all");

    t = t+1; % Increase recorded timestep change.
    t1 = t2; % Update new future into present.


    HMaxdiff(t) = Maxdiff; % Store maxdiff data in historical vector.

    % Update the temperature distribution contour map each iteration with a new title.
    Tplt.ZData = flip(t1);
    title("Explicit Finite Difference Method (EFDM) "+newline+...
    "Temperature distribution at "+t*TSH+ " hour(s)");
    drawnow;

end

HMaxdiff = HMaxdiff(1:t); % Trim any unused pre-allocated zeros from vector.

% Temperature error matrix using only interior grid for accurate
% representation of error.
TError = abs(AT(2:NR-1, 2:NC-1) - t1(2:NR-1, 2:NC-1));


%% Outputs

% Display matrix t2 showing the end heat distribution from EFDM at
% equilibrium.
disp("Numerical Solution at thermal equilibrium output:");
disp(t2);

% Display matrix for analytical solution at steady state.
disp("Analytical Solution at steady state output:");
disp(AT);

% Error matrix showing the final difference between both methods.
disp("Absolute steady state difference output of EFDM and analytical solution (error):");
disp(TError);

% Text display showing the final output values of time to equilibrium,
% max absolute error, and root mean square error. 
disp("Time to equilibrium (tolerance of "+ CC +"°C) for EFDM: " + t*TS + " Seconds");
disp("Maximum error between finite difference method and analytical solution: "+max(abs(TError),[],"all"));
disp("Root mean square error between EFDM and analytical solution: " + sqrt(mean(TError(:).^2)));

% Contour plot for Steady State Analytical Solution Equation.
figure();
contourf(XM,YM,flip(AT),20);
colormap(jet);
c = colorbar;
c.Limits = [0 T0];
c.Label.String = "Temperature in °C";
title("Steady State Analytical Solution Equation"+newline+...
    "at Thermal Equilibrium");
xlabel("Plate X dimension in meters");
ylabel("Plate Y dimension in meters");
xticks(0:GS:NC-1);
yticks(0:GS:NR-1);
grid;

% ImageSC plot for steady state error between EDFM and Analytical Solution.
figure();
imagesc(XM(2:end-1),YM(2:end-1),TError);
colormap(jet(512));
c = colorbar;
c.Label.String = "Temperature Difference in °C";
title("Steady State Error of Interior Between"+newline+...
    "EDFM and Analytical Solution");
xlabel("Plate X dimension in meters");
ylabel("Plate Y dimension in meters");

% Plot of EDFM method Temperature Convergence History Over Time Step.
figure();
plot(1:t, HMaxdiff);
title("EDFM method Temperature Convergence History Over Time Step");
xlabel("Number of time steps");
ylabel("Temperature difference in °C");
grid;
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%% Input variables

Aluminiun material properties
143; % Conductivity in W/m.C
2800; % Density in kg/m"3
795; % Specific Heat in 1/kg.C

%
3
P
c
a=k/ (p*c); % Thermal diffusivity of material in m"2/s

% Input vectors.

Names = ["X" "Y" "Grid Spacing” "North boundary Temperature” "Time Step"];
Units = ["meters” "meters” "meters” "°C" “hours"];

Vals = zeros(1,length(Names));
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%% User inputs
For 1 = 1:length(Names)

V= vals(i);
Name = Names(1);
Error = true;

while Error == true

% Input taken without evaluating to avoid unexpected input types
% crashing script and allow manual sanitisation.
v
v

+ Name + " in "+ Units(i) +
stradouble(V); % convert string array to number or Nai.

= input("Please enter a value for

% Check inputted value for type and either give error or store it.
if isnan(V) ¥ Filter out non-numbers from str2double output.
disp(Name+" value is not a number, please enter a number value.');
Error = true;
elseif ~isfinite(v) || ((V <= 0) & (i ~= 4)) ¥ Filter out numbers too high/low.
disp(Name+" value is out of range, please enter a positive value more than @ and less than infinity.

Error = true;

elseif (i==3) 8& ( rem(Vals(1),V) || rem(Vals(2),V) ) % Filter out uneven grid spacing inputs.
disp(Name+" can not be divided evenly by grid dimensions, please enter a valid spacing.");
Error = true;

elseif i

8 ( ( (a * V) / (vals(3)"2) ) >= 1/4) % Filter out values over numerical stability criterion using fourier number.
disp(Name+" value exceeds the numerical stability criterion, please reduce time step less than or equal to "#MaxTS+"Seconds.
Error = true;
else % No error detected.
Vals(i) = V; % save correct value in vector.
disp("Value successfully stored”);
Error = false;
if i

HaxTS = ((1/4)* Vals(3)%2)/(a);
disp("Largest time step possible for numerical stability criterior

+ MaxTs +" seconds™)

end
end

end

end
%vals = [12 12 0.5 50 ©.236111]; % Temporary vals inputs for testing, ignore
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%% Simulation variables.

% Vector values to individual variables for ease of use.
Xdim = Vals(1); % X dimension of 2d plate.

Ydim = Vals(2); % Y dimension of 2d plate.

GS = Vals(3); % Grid spacing of plate.

To = Vals(4); ¥ North temperature boundary.

TS = Vals(5); % Time step in seconds.

TSH = T5/3660; % Simulation time step in hours.

% sinulation constants.
Fo - (2 * 1) / (65°2); % Fourier nusber from user inputs.

TPFo - (4-( 1/F0 )); % Partisl FD equation constant pre-calculation.

© - 0; % Initislise tine value at 0 hours.

Hiaxdiff - zeros(1,100000); % preallocate Hiaxdiff as large row vector.

CC - 0.001; % Convergence criterion. Smallest temperature change threashold
Maxdiff - CCH1; % Initislise high so while loop initistes. Max difference b
MR - (Ydin/GS)+1; % Number of rous in £1 grid (1 because row 1 iz st om).

to end sim.
tueen iteration temps.

NC = (Xdim/65)+1; % Number of columns in t1 grid (+1 because column 1 is at om).
R-1; % Row nodes of the interior grid.
; % Column nodes of the interior grid.
100000; % Tylor series number of terms.
%% Simulation entities.
% Grid created using the matrix size as the number of grid spacing points
% for x and y. Called t1, as the initial time which initialises at t = 0.
1 = zeros(R , NO);
AT = zeros(WR , NC);
t1(1,2:end-1) = To; % set north temperature boundary from user input variable.

% t1(:,1) = ©; ¥ set west temperature boundary (including corner nodes).
% t1(:,end) = 0; % set east temperature boundary (including corner nodes).
% tl(end,:) = 0; % set south temperature boundary.

% initialise future matrix and analyitical solution to correct size with bo
2=t

ndary temps.
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%% Analytical tylor series expansion method.
% Loops y and x iterate through every element in the
% iterating through rows, then columns.
for y = LiNR
For x = 1:NC
XC = (x-1) * 65; % Convert index location to
YC = (NR - y) * GS; % Convert index location

% Taylor series loop from @ to the number of

martix by first

distance.
to distance (flipped due to co-ordinate differences).

terms required.

for § = 0:TSN
% Analytical solution split into seperate steps.
Ke = (2°9)41;
ST = sin( (Kt * pi * XC) / Xdim );
Ex

Ex2
% Summation into matrix.

exp( (Kt * pi * (YC - vdim ) ) / Xdim ) - exp( ( -Kt * pi * (¥C + Vdim ) ) / Xdin );
1 - exp( (-2 * Kt * pi * vdim) / Xdim );

AT(y, %) = AT(y, x) + ( (1 / Ke) * ST * (EX/EX2) )3

end
end
end

% Full analytical solution using previous summation parts using per element multiplication.

AT = ( (4°T@)/pi ) .* AT;
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%% Explicit finite difference method (EFDM)
NC-1) * G55 % X axis in meters.
R-1) * GS; % ¥ axis in meters.

% Initialisation of iterative temperature distribution contour map.

% To show initial plot at t-6 and set all input arguments outside loop.

Figure();

[, Tplt] = contourf(xu, 1, FLip(t1),28);

colormap(3et);

< - colorbar;

c.inits = [0 Tol;

c.Label..string = "Tenperature in °C";

title("Explicit Finite Difference Hethod (EFDN) "snewlines.
“Temperature distribution at "+t*TsHe  hour(s)");

xlabel("Plate X dinension in meters*);

ylabel(“Plate v dinension in meters);

xticks(e:esinc-1);

yticks(e:6siR-1);

Brig;

while Maxdiff

«

% Finite difference equation for heat transfer. Expressed as 3
% vectorised equation updating only the interior nodes of the grid.
£2(IntR,IntC) = F@ * ( £L(INER,INEC-1) + EL(INER,INECHL) + E1(INR-1,INEC) + EL(INERYL,IntC) - TPFO * L1(INER,INEC) );

% 0ld code for double 'for' loop, opted for vectorised expression above instead. [r=]

% Check the max difference betueen the interior area of t1 and t2.
MBXGEFF = max(abs(t2(2iNR-L, 2INC-1) - EL(2NR-1, 2:MC-1)), [1,%117);

t - t+1; % Increase recorded timestep change.
1 = t2; % Update new future into present.

HIBXGIFF(E) = Naxdiff; % Store maxdiff data in historical vector.

% Update the tenperature distribution contour map each iteration with a new title.
TpLt.0ata - Flip(t1);

title("Explicit Finite Difference Nethod (EFDM) “snewlines...

“Temperature distribution at "+t*TSHe * hour(s)");

araunou;

end
HIBXAIFF = WHBXAIFF(1:); % Trin any unused pre-allocated zeros from vector
% Tenperature error matrix using only interior grid for accurate

% representation of error.
TEFror = abs(AT(2:NR-1, 2:NC-1) - t1(2:

R-1,

NC-1));
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%% Outputs

% Display matrix t2 showing the end heat distribution from EFDM at
% equilibrium.

disp("Numerical Solution at thermal equilibrium output:");
disp(t2);

% Display matrix for analytical solution at steady state.
disp("Analytical Solution at steady state output:");
disp(AT);

% Error matrix showing the final difference between both methods.
disp("Absolute steady state difference output of EFDM and analytical solution (error):");
disp(TError);

% Text display showing the final output values of time to equilibrium,

% max absolute error, and root mean square error.

ime to equilibrium (tolerance of "+ CC +"°C) for EFDH: " + t*TS + " Seconds");

disp("Maxinum error between finite difference method and analytical solution: "+max(abs(TError),[],"all"));
disp("Root mean square error between EFDI and analytical solution: " + sqrt(mean(TError(:).~2)));
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% Contour plot for Steady State Analytical Solution Equation.

Figure();

contour (XM, Y, f1ip(AT), 20) ;

colormap(jet);

¢ = colorbar;

c.Limits - [0 Te];

C.Label.String = "Temperature in °C"

title("Steady State Analytical Solution Equation”+newlines...
“at Thermal Equilibrium”);

xlabel("Plate X dimension in meters");

ylabel("Plate Y dimension in meters");

xticks(0:65:NC-1);

yticks(0:65:NR-1);

grid;

% ImageSC plot for steady state error between EDFM and Analytical Solution.

Figure();

imagesc(X(2:end-1),YM(2:end-1), TError) ;
colormap(jet(512));

¢ - colorbar;

C.Label.String = "Temperature Difference in °C";

title("Steady State Error of Interior Between+newline+...
“"EDFM and Analytical Solution");

xlabel("Plate X dimension in meters");

ylabel("Plate Y dimension in meters");

% Plot of EDFM method Temperature Convergence History Over Time Step.
Figure();

plot(1:t, HMaxdiff);

title("EDFM method Temperature Convergence History Over Time Step”);
xlabel("Number of time steps”);

ylabel("Temperature difference in °C");

grid;
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Numerical Solution output:
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Time step (seconds) Convergence criterion Time to thermal

Grid step (meters) Maxabsolute error_ Route mean square error

] (fxed) gy tolerance () (fixed) py  equilibrium (seconds)py ]
4 150 0.001 345300 1.0899 0.8392

3 150 0.001 374100 1.2617 0.60795

2 150 0.001 373800 0.90128 0.50842
15 150 0.001 373650 0.80614. 0.46282
12 150 0.001 373500 0.7755 0.43955
1 150 0.001 373500 0.76322 0.4255
0.75 150 0.001 373350 0.75812 0.41056
0.6 150 0.001 373350 0.757 0.40238
0.5 150 0.001 373350 0.75639 0.39737
0.4 150 0.001 373350 0.75589 0.39272
03 150 0.001 373350 0.7555 0.38841
0.25 150 0.001 373350 0.75535 0.38639

0.2 150 0.001 373350 0.75523 0.38445,
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Changing the time step

Grid step (meters) Convergence criterion Time to thermal

Time step (seconds) Maxabsolute error_ Route mean square error

(xed) gy | elerence (ol (fixed) gy equilibrium (seconds)py ]

0.75 2000 0.0001 926000 0.36156 0.070687
0.75 1500 0.0001 894000 0.36171 0.070738
0.75 1000 0.0001 850000 0.36199 0.070878
0.75 800 0.0001 824800 0.3622 0.071024
0.75 600 0.0001 792600 0.36256 0.071335
0.75 400 0.0001 746800 0.36327 0.072222
0.75 200 0.0001 668200 0.36539 0.076852
0.75 100 0.0001 668200 0.36539 0.076852
0.75 50 0.0001 510500 0.37819 0.14051

0.75 25 0.0001 431575 0.45836 0.25306,
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Changing the convergence criterion tolerance

Gridstep (meters) ~ Timestep (seconds)  Convergence criterion Time to thermal S -
- . e ax absolute error  Route mean square error
(xed) gy S - | tolerance(*c) gy equilibrium (seconds)py ]

1 500 0.1 55500 14.4471 7.2264

1 500 0.01 248500 2.2629 1.2398

1 500 0.001 510500 0.39538 0.15688

1 500 0.0001 773000 0.36886 0.096994

1 500 0.00001 1035500 0.36622 0.096209

1 500 0.000001 1298000 0.36596 0.096201
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