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Part 1: Numerical Integration Methods

Numerical Integration, according to Wolfram Mathwarld, is “the approximate
computation of an integral using numerical techn’ [1]. It essentially allows us to
split up complex functions into different steps for easy computation, such as working
out the position of a tennis ball after it has been hit by a racket over a certain period
of time.

Numerical integration has a variety of applications in computing, especially in the
field of video game development. According to Soumya D Mohanty and Sergio
Cantu, developers provide immersive experiences to the player by “relying on
physics-based virtual worlds, where the consequences of an action are not pre-
programmed but computed in real time using some physical laws.” [2]. Most video
games rely heavily on physics in their game as a crucial aspect of what makes them

tick.

Take Super Monkey Ball: Banana Mania [3] for example. The game revolves around
the player controlling a monkey inside a capsule ball and getting it to the goal by
rolling it around and tilting the stage. There are a lot of factors to consider; the
direction the ball is going, the speed and velocity of the ball, whether it is speeding
up or slowing down, whether the ball is falling from a certain height, whether certain
forces are acting against the ball, there is a lot to consider when implementing the
physics and control of a game like this. This is where numerical integration comes in
handy. We can consider all these factors and compute them in different steps to help
simulate the physics that the game requires.




Fig.1: A screenshot of the puzzle platformer game Super Monkey Ball: Banana
Mania [3], showing one of the stages where the player must roll down a spherical
tube to reach the goal without falling. Screenshot taken in game.

For games, we mainly focus on numerical integration with regards to ordinary
differential equations, or ODEs. date certain quantities in time steps,
commonly known as Delta Time. of the most commonly known methods of
numerical integration is known as Euler's. Euler’s is known as a second-order
differential equation, an equation that regards the rates of change. For example, a
car driving down the road will have a constantly changing position, with the velocity
being the rate of how much the car’s position is changing over time. ork out
these rates of change, we can use Euler's method to approximate tl hanges
over time. Going back to Super Monkey Ball, Euler's method can be used to model
the velocity, position, and acceleration of the ball, by computing them in individual

steps.
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Fig.2: A picture showing the formula for working out velocity with Euler’s. Taken from

[4].
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Fig.3: A picture showing the formula for working out positional values with Euler’s.
Taken from [4].

The main problem with using Euler’s, however, is accuracy. We're calculating the
next position by only using the current velocity and position of the iteration, which
can cause issues. The larger the time step or the bigger the change with certain
dynamics, the more inaccurate the results. This is what's known as a truncation
error, which is the difference between the approximated solution and the exact
solution, according to Andrew Dixon [5]. Simply put, we don't have enough
information for a more accurate prediction of future values.

If we wanted to use a more accurate method, one such example would be to use the
Verlet Method. This method differs from Euler’s, as we use acceleration to determine
the next positional values, as opposed to using velocity. Another differing
characteristic of Verlet is that it uses both current and previous positional values to
calculate the next positional value. Verlet has many advantages, including being
higher-order, which allows for smaller margins of error, as well as requiring only one
step as opposed to two, according to Game Engine Architecture [6].

r(h + Af)=2r(h) —r(t: — At)+a(t:) AL® + O(AtY).

Fig.4: A picture of the formula for the Verlet method. Taken from [6].

A place where you will commonly find Verlet being used in games is with particle
simulations, such as in a game like Counter-Strike 2 [7] for example. Whenever you
shoot anything in the game, whether that be another player, a brick wall or water, you
will typically see particles being created and scattering as a result such as blood,
wood chips, droplets, etc. The Verlet method is a valuable choice for calculating how
particles work, as the method of finding the current position from the previous
position helps to simulate more accurate particle effects, as opposed to using
Euler’s. Verlet can also be used to calculate ragdoll body physics, such as in Garry’s
Mod [8] for example. Like Euler, it uses little in the way of computational resources.
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Fig.5: A screenshot of the FPS game Counter-Strike 2 [7], showing the player
shooting the water, causing particles and ripples to appear. Screenshot taken in
game.

Fig.6: A screenshot of the game Garry’s Mad [8], showing the ragdoll physics in the
game. In this example, the enemies on screen ragdoll after the player has killed
them with an RPG. Screenshot taken in game.

A problem with the normal Verlet method is that the time step value must be constant
for the method to work correctly, so if your time step is tied to a framerate that is
constantly changing, this will potentially cause inaccurate data to be produced with




Verlet, according to Jason Dummer [9]. Another issue with this method is that it does
not have a proper way to calculate velocity. However, there exist deviations of the
Verlet method, such as Velocity Verlet and leapfrog integration, which can account
for velocity.

One more method of note with regards to video game development is Runge-Kutta.
Runge-Kutta 4'" order, or RK4 for short, is a much more accurate integration
compared to both Euler's and Verlet. The way that RK4 works, as the name implies,
is that it will calculate both the velocity and position in 4 different steps. Think of it as
moving from one point to another: when you take 1 large step, there will be a certain
area of ground spanning from where you initially were to where you ended up. Think
of RK4 as you taking 4 smaller, individual steps in that space to get to where you
ended up as opposed to 1 singular large step.

k) = (Ax)y'(x, y)
ky = (Ax)y'{x + Ax/2, y -+ k /2)
ky = (Ax)y'(x + Ax/2, y + k1 /2)
ke = (Ax)y'(x + Ax, y + k)
yix 4+ Ax) = y{x) + 1/6[k) + 2(k2) + 2(k3) + k4]

Fig.7: A picture showing an example of an RK4 formula. Taken from [10].

Using these smaller estimates of position and velocity, we can gain a more accurate

final estimate of our velocity and position as opposed to Euler and Verlet. However,

the biggest drawback to this approach is that unlike those two methods, it requires
“significantly more computer time than multi-step methods of comparable accuracy”
according to Richard Fitzpatrick [11]. As we're calculating 4 different positional
velocity values, you can see how this would be more demanding as opposed to

doing one simple calculation.

Still, gaagy games will accept this trade off, as they may need the extra accuracy. An
exa b a game that may need it is a vehicle simulation game, such as Microsoft
Flight Simulator X [12], where to simulate the movement and flight of a plane as
close as you can to the real world, you would want the most accurate values
possible, so RK4 would be used to calculate the plane’s position and velocity.
Another example is BeamNG.drive [13], a game famously known for simulating
realistic car physics.




Fig.8: A screenshot of the vehicle simulation game BeamNG.drive [13], showing a
buggy vehicle driving up a hill. Screenshot taken in game.
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Part 2: Spring-Powered Car




For part of this assignment, one of the tasks was to write code which simulates a
spring-powered dragster car. This required the implementation of a numerical
integration method in the code to achieve this.

The task specified formulas for both the tractive force of the spring-powered car, the
drag force which acts against the car, and the acceleration of the car, which could be
found by calculating the tractive and drag forces. The formulas are as follows:

Tractive Force: Ft = 1.2(16 — x)

(Where x = distance travelled.)

Drag Force: Fd = Cr.mg + 2 CdpAV*2

(Where Cr = rolling resistance coefficient, m = mass, g = acceleration due to gravity,
Cd = drag coefficient, p = density of the air, A= car’s frontal area, V = velocity.)

For the velocity and position of the car, a numerical integration method had to be
used. For this task, two methods were initially chosen: Euler's Method and the Verlet
Method, to calculate the position of the car in the simulation.

The simulation of the car runs in a while loop, where it will keep iterating and
produce results from when it is launched up until velocity reaches exactly or below
zero, which means the car has stopped. Once this happens, a break is applied to the
loop and both the code and simulation ends. The values are modelled at an iteration
rate of 0.01 seconds, known as Delta Time.

As we have different methods of calculation for the car’s position, a simple command
line menu was created which allows the user to enter a number, which will dictate
which method will be used when the simulation is ran. After the traction and drag
forces are calculated using the provided formulas, a switch case then be used to
switch which method is used depending on the value entered at the start. This
makes it easier, as it removes the need to comment and uncomment out multiple
lines of code to run a different simulation.




10

std::cout << "1 for Euler's Method, 2 for , 3 for RKU4." << std::endl;
std::cin >> choice;

choice == 2 choice == 3)

< std::endl

Fig.1: A screenshot of the code showcasing the command line menu. Screenshot
taken from Visual Studio.

According to Gabor Szauer, the “acceleration of an object affects its velocity. The
new velocity is the same as the old velocity plus acceleration over some period of
time.” [4]. So, for the Euler methaod, velocity is calculated by multiplying the current
acceleration values by delta time and adding it to the current value of velacity. After
this, we work out positional values by adding velocity multiplied by delta time to the
current position.

V =V + AAt

new

Fig.2: A picture showing the formula used for working out velocity with Euler’s. Taken
from [4].

P =P+VAt

new

Fig.3: A picture showing the formula used for working out positional values with
Euler’s. Taken from [4].

The Verlet method here works by taking the position from the previous iteration and
subtracting it from the current iteration’s position, which is multiplied by two. For this
to work we store the car’s current position in a variable named ‘currentPos’, then
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once we have calculated the car’s position, we then take the ‘currentPos’ value and
assign variable called ‘oldPos’. This ensures that we can keep using the
previous iteration’s position for this method. We then add the acceleration values
multiplied by Delta Time squared by 2. This produces our position values.

r(t + Af)=2r(h) —r(t: — Af) +a(t:) Af* + O(AtY).

Fig.4: A picture of the Verlet method formula which was implemented within the
Spring-Powered Car code. Taken from [6].

Fig.5: A screenshot of the code showcasing the Verlet method implementation.
Screenshot taken from Visual Studio.

To save the results after the simulation has been ran, a class called fileWriter' was
used here, which will write the results to a .csv file for use with Microsoft Excel. This
code was written by Nathan Morgan and used with permission, with it being modified
slightly so that the acceleration values of each time step could also be saved.
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Fig.6: A screenshot of the fileWriter.h’ code, which is used to save the results to a
.csv file. Screenshot taken from Visual Studio.

By saving to a file, we can analyse the results given from the simulation and use
them to create visual graphs.

Spring-Powered Car Results for
Euler

Fig.7: A chart showing the results of the spring-powered car simulation, using Euler's
to calculate the position and velocity. Created with Excel.
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Spring-Powered Car Results for
Verlet

itien (m)

ration (m/s"2)

Fig.8: A chart showing the results of the spring-powered car simulation, using Verlet
to calculate the position and velocity. Created with Excel.

Using the data gathered from running the simulation with both Euler's and Verlet,
one thing that is very much noticeable is that the data produced finishes at the exact
same time step, with the modelled values looking nearly identical. However, if you
take a closer look at the results for positional values you can see that whilst the
values initially look identical, certain time steps have different results. This can be
seen later down the tables, as it seems to start out similar, however at a certain point
the values seem to be different between the two.
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Fig.9: A picture showing the tables for the Euler simulation results (on the left) and
the Verlet simulation results (on the right). The positional values are shown to be
different in certain time steps. Screenshot taken from Excel.

The velocity and acceleration values are both nearly identical between the two,
which makes sense considering they both are using the same equations to work out
these values. With the Verlet method, we aren’t using velocity to work out position,
so we must use the same line of code “velocity += accel * deltaTime;” as we still
need it for calculating the drag force and acceleration.

According to Dev Ramtal and Adrian Dobre, methods like Euler's are “fast and very
easy to code, but it is inaccurate and can be unstable, which can lead to problems
with some types of simulations.” [14]. To see the difference a more accurate and
computationally heavy method would have on the simulation results, an RK4
implementation was added to the code as well. This method works by calculating the
velocity and position in 4 different steps. Unlike the Verlet method implementation,
the RK4 implementation has a dedicated way to calculate velocity. Essentially, RK4
is “using a trial step at the midpoint of an interval to cancel out lower-order error
terms”, according to Wolfram Mathworld [15].
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Fig.10: A screenshot of the RK4 code implementation for the Spring-Powered Car
simulation. Screenshot taken from Visual Studio.

Running the simulation with the RK4 method, we can see the simulation finishes in a
much quicker time, with less time steps. This means that whilst we have less data
than the Euler and Verlet simulations, we have much more accurate information as a
result, due to the computational power used here.

Spring-Powered Car Results for
RK4

— L eration (m/s"2)

Fig.11: A chart showing the results of the spring-powered car simulation, using RK4
to calculate the position and velocity. Created with Excel.

After the simulations had been completed with the original constants, more
simulations were run, however with changed values for certain constants, such as
increasing the air density or decreasing the mass of the car. For example, a
simulation was run with the rolling resistance coefficient changed to 0.42f instead of
0.21f. The results showed that the car stopped much quicker than usual at a shorter
distance, as velocity dropped at a much faster rate. This shows the effect the rolling
resistance has on the car.




16

Spring-Powered Car Results for
Euler
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Fig.12: A chart showing the results of the spring-powered car simulation with
modified rolling resistance coefficient values, using Euler’s to calculate the position
and velocity. Created with Excel.

These were all saved to a singular Excel file, organised into separate sheets with the
results of each simulation plotted to a line graph. A video was also created to show
the code in action running the simulation.
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External Links

Spring-Powered Car Implementation with C++: SpringPoweredCar.zip

Spring-Powered Car Simulation Results: Spring-Powered Car Simulation
Results.xlsx

YouTube video showing the code being ran:
https://www.youtube.com/watch?v=riwf7uP1HS8
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A table of figures to go with the table of contents
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Comment 3

good
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@ Commenté6

Something | notice about your writing style is that you often structure it as
"fact... according to ...[11]."
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