
Points and Vectors

Recall we have represented a vector, v as a linear combination of three perpendicular unit vectors i, j and k where i= (1,0,0), j = (0,1,0) and k = (0,0,1) such that 

v = xi + yj + zk where x, y and z are general coefficients (i, j and k are called basis vectors).  Since i, j and k are fixed and do not change, we can write this combination in a short hand way by representing v as an ordered triple, i.e. (x,y,z).  We can think of x,y and z as the amount we move in the i, j and k directions from the tail of the vector to its tip and assume the tail of the vector is at position (0,0,0) in our 3D vector space.  

Points

We can also represent points as a real number triple (x,y,z) representing a position in Cartesian space.  Note that whilst vectors have no position but only length and direction, a point represents a position, has zero length and direction is not defined.  

Recall, we can create a relationship between vectors and points by specifying a vector, v as the difference between a pair of two points.  For example the points P = (8,5,1) and Q = (3,2,1)  can be used represent the vector v as v = P-Q, i.e.

 v =(8-3,5-2,1-1) = (5,3,0).  The direction is indicated in the diagram below.  Equally we can see that P = v + Q.  We can think of this as a displacement of point Q by a vector v.  So, to summarize, we can displace a point by adding a vector to it and the result is another point; also the difference of two points results in a vector.   
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Vectors are often represented using homogenous co-ordinates (x,y,z,w) with w = 0 and points are represented again using homogenous co-ordinates but this time w is set to 1.  This is handy because it allows us to add and subtract vectors and points and obtain consistent results, for example:

If P = (8,5,1,1) and Q = (3,2,1,1)

P-Q = (8-3,5-2,1-1,1-1)  = (5,3,0,0)  v   (a vector. Note w = 0)

Also v + Q = (5+3,3+2,0+1,0+1) = (8,5,1,1) = P  ( a point.  Note w = 1)

Polar and spherical co-ordinates.

There are many ways to represent points. We met Cartesian co-ordinates but we can also use polar co-ordinates in a two dimensional framework. A point is now represented by a pair of values (r,).  The relationship between polar and rectangular co-ordinates is now:

x = rcos 

y = rsin 

The following diagram illustrates the idea.
This idea can be extended to three dimensions and is referred to as spherical co-ordinates.

We create a sphere of radius  centred on the origin and define where the point lies on the sphere by using two angles  and  as shown in the diagram below.
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To convert from spherical( , to Cartesian (x,y,z) co-ordinates we use the relationships:

x= sincos

y= sinsin

z= cos
 Conversely:

 = sqrt(x2 + y2+ z2)

= cos-1(z/
arctan(y/x) 

Lines

Lines have infinite length.  If a line has a start point ands an end point it is called a line segment; a start, a direction but no end then it’s called a ray. We know a line can be represented by the formula

   y= mx +c 

where m is the gradient and c is the y-intercept.   This representation has problems for us (e.g how do we represent a vertical line since the gradient is infinite?)

Parametric representation of lines can solve some problems for us.  Instead of using a single formula to explicitly represent the relationship between x and y, we represent the line using two separate functions, one for x and one for y.  We use a parameter, t to represent a common variable and usually restrict it to a range from which we can calculate appropriate values for x and y. 

For example the parametric equation for a line is given by one of the following forms:

   L(t) = P0 + t(P1 – P0) 


= (1-t)P0 + tP1


= P0 + tv           (v is a vector)

t is the parameter.   We set t to be a series of values and calculate x and y for each value of t.

For example:
P0 =(0,1,1,1) and v=(1,2,3,0)

	t
	tvx
	tvy
	tvz
	Lx
	Ly
	Lz

	0
	0
	0
	0
	0
	1
	1

	0.2
	0.2
	0.4
	0.6
	0.2
	1.4
	1.6

	0.4
	0.4
	0.8
	1.2
	0.4
	1.8
	2.2

	0.6
	0.6
	1.2
	1.8
	0.6
	2.2
	2.8

	0.8
	0.8
	1.6
	2.4
	0.8
	2.6
	3.4

	1.0
	1.0
	2.0
	3.0
	1.0
	3.0
	4.0


Planes

A plane is a two dimensional, flat infinitely thin surface.  Parametric representation of a plane might look like:

P(s,t) =  (1 – s – t)P0 + sP1 + tP2
Or we could represent it as 

P(s,t) = P0 + s(P1 – P0) + t(P2 – P0) 

which is an origin point plus the linear combination of two vectors, i.e:

         = P0 + su + tv
Various other forms exist, e.g.

a(x-x0) + b(y-y0) +c(z-z0)  = 0

which can be rewritten as:

0=ax + by +cz + d          where d = (ax0 + by0 +cz0) 

Dot Product and Normals to Lines and Planes

The equation of a line in the form ax + by = c can be written as a dot product:

(a,b) . (x,y) = c, or a . x = c, 

where a = (a, b) and x = (x,y).

The equation of a  plane the form ax + by + cz = d can be written as a dot product:

(a,b, c) . (x,y, z) = d, or a . x = d, 

where a = (a, b, c) and x = (x,y, z).

Normal Vector a
If points P and Q are in the plane with equation a . x = d, then a . p = d and a . q = d, so 

a . (q-p) = d - d = 0.

This means that the vector a is orthogonal to any vector PQ between points P and Q of the plane. If a is normalised then the result of the dot product gives the shortest distance from the point to the plane (positive then “above” the plane, negative then “below” the plane).  See Van Verth and Bishop for more details. 

