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Analysis of First Order Electric Circuits

Low pass filter RL Vin R Vou

The first part of this task involves the RL circuit shown to the right
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Figure 1: First order RL
The chosen values for the RL low pass filter circuit are as follows:

L1 =0.06H R1=300 r:i:%:leo-i”'

These values can be seen input into the Matlab analysis below.

The Laplace model and transfer function for the following RL circuit.

. e 4 R 1 1 1
Using the potential divider rule: ORI therefore: o— = — —
U(:) sL+R f+1 Ts5+1 0.002s+1

The

resulting transfer function can be seen in the Matlab analysis in Figure 1 with a step input for the
transient analysis. It can be seen that at 0.637V, the time elapsed is 0.00203 seconds. This ties in
with the calculated time constant of 0.002 seconds.

: . . R 1
The cut-off frequency will now be derived from the time constant, as: wc = Lo we =<

Therefore, wc = L - 500rad/s
0.002




Bode Diagram
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Figure 2: Bode plot RL
In order to determine the cut-off frequency using Matlab, the transfer 5= den = [1 500];:
: . . ¥ !
function must be derived and then bode plotted in the software. % = 3 - bode (num, den) ;
R 30 500 * -7 grid
- ———— > H;y = —— in terms of the transfer function, because:
SL+R  0.065+30 5+500
1 ; e 500
————with top and bottom multiplied by wc —
0.0025+1 5+500

This transfer function was input into Matlab and ran using the bode plotter to provide the following
shown in Figure 2. It can be seen that at the cut-off frequency of 500rad/s, the magnitude is at -3dB,
this corresponds to the expected and calculated value.

The decade change from 720 to 7200rad/s drops roughly by 20dB as expected due to theory.

High pass filter RC

C,
The next part of this task involves analysing the RC circuit shown o I
right.
For the high pass filter, the following values were chosen: .
Wi 2 Viau

R2 = 2KQ Cl=2uF

To derive the transfer function, the potential divider rule is used,
o R
resulting in: Y5y = —éﬂi X Upg
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Step Response
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Figure 4: Step RC 1 num = [0.004| 0];
2 den = [0.004 1];
3 step (num,den) ;
4 grid
Figure 3: Second order Bode RLC
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Ihis becomes Y5y = = with regards to a step input, and because T = RC . The transfer function

RCs+1
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can be written as Hsy = % Sot = 2000 X 2 X 107°% = 0,004seconds.

Shown in Figure 3, the values were entered into a step input in Matlab.

It can be seen that at 0.368 amplitude voltage, at which point the elapsed time should be equal to
the time constant, the time is 0.004s. This ties in with the calculated and expected value for the time
constant.

If we then multiply the top and bottom of the transfer function by the cut-off frequency, we will get
the function in terms of frequency, allowing easier interpretation of the bode plot.
1 1 250rad " s s
w=-——=-—-—-=——= = —
RC ~ 0.004 s © " s+we  s+250

Figure 4 shows the cut off frequency at approximately 250rad/s occurring at -3dB as expected. The
decade between 10 and 100rad/s also has a difference of 20dB as expected with regards to the
calculations and theory.

Analysis of Second Order Electric Circuits

Low pass RLC
To the right is a second order low pass filter, using the potential divider rule the transfer function
can be derived through taking the Laplace transforms of each component.

1

¥is) = ﬁ)&'(s) This can be converted when rearranged
sC

and multiplied by (sL) on the top and bottom to end up with

the following.

W

1
- LC i ;
Hy = 52*%“;._2 Leaving the second order transfer function . G Vou
for this circuit.

Values for the circuit are as follows: R3 = 200, L2 = 0.06H and O 0

C2 = 1uF. So when put into the equation, the following
a

results are given. H o = —L&—

- ) 52+%5+L—lc

The resonant frequency wn is worked out as follows: wn = \[g = /16,67 x 10° = 4082.5rad/s

The damping factor (Z is worked out with the equation to give: Z = S\E —-= Z;ﬂ ’% = 0.408 as

Zeta is less than 1, it suggests that this circuit is underdamped and would need to be equal to 1 to be
critically damped.
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When the transfer function is simulated on matlab with the values, it produces the step response
shown in figure 5 which is not critically damped and is underdamped. This ties in with the calculation
of the damping factor at 0.408 being underdamped.
- num = [16666866.7 ] num = [16666666.7 ]:
= den = [1 3333.3 166666€66.7]; den = [1 8150 16666666.7];
- step (num, den) ; step (num, den) :
= gri gridl
Step Response
1.4 1 T T T T T -
1.2 /ﬁ - 1
.’; \\\
[ [ STTR— If’(‘. .- \.\."\,‘... " e T Tt
/ ~~— "
rIII
208} / |
2 /
= /
<Et 06 [ / 1
04
)
02 f 1
/
ol : . . . . . J
0 0.5 1 1.5 2 25 3 3.5
Time (seconds) <102

Figure 5: Step Response

In order to change this, the value of R can be altered in order to achieve critical damping. Z =

;\E - zﬁ % = 1.0 in this case the value was increased from 200Q to 4890} as the following
calculation proves that for the damping factortobe 1, R = 2\/% - 2 /% = 489.89

An example of the effect this has on the step response is evident in figure 6, as the curve is critically

damped.
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Figure 6: Critical step response

Figure 7: Bode plot and Matlab transfer function
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For under damping, the value for R is significantly lowered in order to pull the damping factor below
1. This means that the maximum frequency wm can be calculated. The value for R was changed to

s0.0m = £ -1(5)" o oot ~1(22)" = 4039.73rad/s

LC Z\L 0.06X1uF 2 \0.06

Using Matlab, a bode plot was carried out using the transfer function with a resistance of 500Q. It can
be seen that the peak maximum frequency is 4.04x10%rad/s, this ties in with the calculated value of
4039rad/s.

The reason the resistor value had to be dropped to 50 was because if the value 489 was used, it
would have produced a negative square root which cannot be done. This is because the value for
wm tends towards wn as R is varied. The next bode plot in figure 8 displays all four resistance
values, 50, 200, 489 and 800Q).

With no damping, the value for R is non-existent and produces a graph where wn and wm are the
same, creating a huge peak shown in the following bode plot.
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Bode Diag - itude (dB): 13.6

20 ———r A Emsamaan

B S B S S S

0 —_— i

=20
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60 Syslem: sys \

Frequency (radls): 7.98e+04
-80 Magnitude (dB): -51.7

-100

Magnitude {dB)

-90

Phase (deg)

180
10!

Frequency (rad/s)

Figure 8: Bode plot containing four resistance values

The phase shift of the filter can always be seen to be the same, no matter the value of resistor.
Proved by the bode/phase diagram featuring the different values of R, the angle changes but the
phase remains the same.
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The Quality factor of the original circuit is worked out to be Q = %J% “r ﬁ ,ﬁ = 1.22, a larger

value of Q determines how high and sharp the peak is. If a value of 1 is used for the resistor, ie, no

damping: Q = %‘E o % % = 244,94, This is shown in the above bode plot as a very high peak.

Bode Diagram
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Figure 9: No damping
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Parallel resonant circuit

R
4
Using the potential divider rule; O [ ] . P O
_Z(s) . .
Yie) = RAZ(5) X(s) with the impedance of the
inductor and capacitor being represented as Z, to L -
provide the following Laplace transform., Viu T |[Your
o
—_ RC
Hsy =G
RC LC G —9 ' O
R =4500 L=1H C=25uF
Step Response
0.4 [ , :
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den = [1 B8.88 40000];
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Figure 10: RLC step response and Matlab transfer function.

Figure 10 shows the RLC step response with a resistor value of 450 Ohms, the graph suggests that
the system is currently underdamped with that resistance value.

The bandwidth of the parallel resonant circuit will now be calculated to determine the cut off points
of this band pass filter.

1 1 2 1
Per = =m0y @sun) T \j(zx(vfso)(zsup)) + s = 160:43Hz
1 1 2 1
<2 = Sxasoyasur) | J(zx(450)(25ap)) + IxGeam 249.323Hz

So therefore, the bandwidth is worked out to be w , — w,, = 88.8Hz

A Matlab bode plot will now be performed.

10
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Figure 11: Matlab bede plot showing -3db cut off points
Figure 11 shows the bode plot with the bandwidth cut off frequencies highlighted. This ties into the

calculations as the w,; value is shown to be 160Hz at -3dB compared to the calculated value of
160.43Hz, the same goes for w ;.

The Q factor can also be worked out as: @ = % and wo = E = ’1(2;“) =200

Therefore Q = —

wo

B

=20 _ 225

88.8

As Bandwidth = % the size of the resistor has a large effect when changed. To make the bandwidth

smaller, a higher resistance is used, for example: § =

To compare, a smaller resistance produces f§ =

11

300(251F)

1

T00Z5RT) 57.14Hz

l  _ — 133.4Hz
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Figure 12: Bandwidth changes with resistance

Figure 12 shows the orange response with a bandwidth of 275-144 = 133Hz with a resistance of 300
Ohms, the blue graph shows the 700 Ohm resistance with a bandwidth of 231-173 = 58Hz. This ties
in with the calculations proving that the higher the resistance, the smaller the bandwidth.
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Analysis of First Order Electronic Systems

High pass filter

Vin Vour
| — o
I I
10KCQ2 Cs 10KC2
ov

For this exercise a value will be chosen for C4 and calculations conducted to produce results which
can be compared to a Matlab response.

Bode Diagram
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et System: sys
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Figure 13: Bode plot for first order high pass filter al|= num = [-1 0 ]1:
2= den = [1 6666.6]:
== bode (num, den) ;

4 - arid|

13




Daniel Ince

The resultant graph in figure 13 displays the bode plot of the simulation in Matlab. For this, Ca is set
to 15nF.

_ 10k 1

—_— ‘]_ w,. = —————
€ 10kx15nF

= = 6666.6rad/s

The transfer function for the first order high pass is:

Hg =-K {;} - -1 {m] The value of K = 1 in decibels is 20log 1 = 0 therefore, the

S+

cut off at 3dB below this should be -3dB.

These results were input into Matlab as shown in figure 13, the graph shows a trend typical of that
of a high pass filter. The cut off point detailed in the graph is at approximately -3dB with the
maximum decibels at 0 and the frequency of 6600rad/s. These results relate to what is expected in
theory and calculations. As the filter is only a first order, the roll off does not have a particularly
steep gradient and is rather gentle, this filter may not be as effective as other types due to this.

14
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Low pass filter

|1
[
Cs
The first order low pass filter will be evaluated Vi Vour
using 500nF for the value of Cs capacitor. o ,' ,' ,' ,' L o
5.6k 1 1KQ 5 6KO
K= ? =5.6 W, = m = 357.143T&d/$
The transfer function for the first order high pass
is:
wc 357.143
He = -K {s+wc} - =26 {s+357.143] L
of K=5.6 in decibels is 20log 5.6 = 14.96 ov
therefore, the cut off at 3dB below this should be
11.96dB.
Bode Diagram
20 - . —
15 —
10 | System: sys T~
= Frequency (rad/s): 356 S
Q 5 Magnitude (dB): 12 hs .
8 -
= 0 ~
= .,
g . ~
= =3 -
10 | “\\
15} h
=20
80— *
=
@ 135 >
o
90 & ol I — =
10" 10 10° 10%
Frequency (rad/s)
Figure 14: Low pass filter bode plot 7 1 - num = _[—2000 1:
2 - den = [1 357.143];
= bode (num, den) ;
4 - grid

Figure 14 shows the bode plot for the transfer function input into Matlab, the curve clearly that of a
low pass filter. The maximum magnitude is roughly 15dB, tying in with the calculated value of 14.96

15
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for the K value in decibels. From this, the cut off frequency is at the calculated 12dB and at 356rad/s.
This matches the calculations, as from here the gentle roll off typical of a first order curve is present.

16
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Analysis of Second Order Electronic Systems

Sallen-key low pass filter

Above is the Sallen-key design for the second order low pass filter, values for the capacitors and
resistors will be calculated in order to evaluate the system. For a cut-off frequency of 357.143rad/s
to be selected and a capacitance of 500nF to allow comparison against the first order circuit
responses.

’

Let Rs = Rs and so as wc = L =— L1 —56000. To work out Ry, let Rz = 2kQ with a K
RC 357.143x500nF

value of 1.586 to coincide with the Butterworth filter design. Therefore, R; = (1.586 — 1) x 2000 =
11720.

we 357.143

This means that, 0 = —— = 0.707 <5 = 505.15
3-K Q 0.707
. . K wc?
The transfer function is as follows: Higy = o—ar——
s‘+s(?)+wcz
1.586%(357.143)? 202296.08
_ 1.586x(357.143)" =

With input values this changes to: Hs) = $24505.155+357.1432 Hs) = $2+505.155+127551.12

Figure 15 shows the response curve and Matlab bode plot simulation. It can be seen that the cut off
frequency remains to be 357rad/s at 1dB, 3dB less than the maximum 4dB magnitude. The shape of
the response is very steep, typical of the second order filters, however the roll off remains gradual in
keeping with the Butterworth filter design.

17
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Bode Diagram
20 . E e —
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Figure 15: Second order low pass filter bode plot = num = [202296.08 ]:
den = [1 505.15 127551.12
= bode (num, den) ;

= grid

= R
|

In figure 15, the bode plot is shown across the frequency range along with the numbers input into
Matlab in order to achieve this.

Figure 16 shows the comparison of this second order low pass filter (blue trend) against the first
order low pass filter from task 3 (orange trend). The cut off frequency for both remains to be
357rad/s, however this is the main similarity. The most notable difference is the roll off rate from
the cut off frequency. The first order system does not decline as much as the second order. Theory
states that the first order system should roll off at a rate of 20dB per decade, whereas the second
order is 40dB per decade. The second order system at 10° is at -10dB, this declines to -50dB at 10%as
can be seen on the graph in figure 16. The first order system drops from 5dB at 10° to -15db at 10 a
20dB drop per decade. Both these rates of decline are typical of the second and first order theory.

Another notable feature is the difference in phase shift between the two, the first order system
shifts phase of 90 degrees across the frequency range, whereas the second order system shifts 180
degrees out of phase. A phase shift of 90 degrees per order is apparent.

The difference in maximum magnitude for these filters is down to the value for K, as for the second
order, if K = 20log(1.586) a value of 4dB is given, compared to K = 20log(5.56) = 11.96dB for the first
order bode plot. To make these the same, the K value could be modified to produce the same value
which would subsequently alter the value for Q also.

18
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Figure 16: Low pass second order filter comparison
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Sallen-key high pass filter

Rq
—1
| M—
Vin Ca Ca
o | | | L
| 11
Rio

ov

ov

Above is the Sallen-key design for the second order high pass filter, values for the capacitors and
resistors will be calculated in order to evaluate the system. For a cut-off frequency of 6666.6rad/s to
be selected and a capacitance of 50nF to allow comparison against the first order circuit responses.

1 1
LetRes=Rpandsoaswc=—, R = ————
RC 6666.6X50nF

with the Butterworth filter design.

= 3000Q. To work out Ry, let K = 1.586 to coincide

wc 6666.6

; 1 we _
This means that, Q = —t 0.707 g b~ 9429 4
The transfer function is as follows: H;, = —
ST T 52+s(%)+wc2
1.586 s?

With input values this changes to: H ) = YTYTTW YR PYPTITITT]

Figure 17 shows the response curve and Matlab bode plot simulation. It can be seen that the cut off
frequency remains to be 6666.6rad/s at 1dB, 3dB less than the maximum 4dB magnitude. As this is a
second order filter, the rate of cut off is steeper than that of the first order.

20
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Bode Diagram
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Figure 17: Second order high pass filter bode plot L= num = [1.586 0 0 ];

= den [1 9429.4 44443555.56];
= bode (num, den) ;

- grid

Lo T R S ]

Figure 18 shows the graph from the second order high pass filter (blue trend), with that of the first
order high pass filter from task 3 (orange trend). The cut off frequency for both is 6666.6rad/s,
however, the rate of decline after the cut off frequency is rather different. For the second order
filter, the drop off rate is 40dB per decade, as can be seen in figure 18. At a frequency of 10° the
magnitude is -30dB, whereas at 10 the magnitude has dropped by 40dB to -70dB. The first order
curve drops 20dB from -15dB to -35dB across the same decade.

The difference in phase shift can also be seen as 180 degrees for the second order and 90 degrees
for the first order.
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Figure 18: High pass filter second order comparison
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Conclusions and Recommendations

When analysing the first order low and high pass filters, it became apparent that altering the time
constant would ultimately adjust the value for the cut off frequency. The component which had the
largest effect on both was the resistor, the larger the resistor value, the smaller the time constant.

With regards to the second order circuits, the resistor had the greatest effect on damping and
bandwidth. A larger resistor would produce a smaller bandwidth when it came to the parallel
resonant circuit than a smaller one, but too much would run the risk of over damping the circuit. The
low pass second order filter would achieve a high peak frequency if R is negligible with no damping
where wm tends towards w,, as R is varied because with no damping, they are effectively the same,
as shown in figure 8.

First order electronic systems can be tuned to the desired cut off frequency through varying either
the resistors or capacitors. The value for K determines the maximum magnitude which shall be
passed. The decline rate of 20dB per decade is apparent with the first order system.

The second order systems have twice the decline rate per decade, at 40db compared to 20 db of a
first order system. These would be more effective at cancelling out unwanted frequencies than
those of lower orders.
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