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Researching the impact of a carefully designed scheme of work on pupils’ use of misconceptions in Algebra and associated assessment for learning.
INTRODUCTION

This investigation took place at a 11 – 18 Secondary School, situated in South West Wales, with a cohort of just over 900 pupils (Mylocalschool.wales.gov.uk, 2018). Almost 22% of pupils are eligible for Free School Meals (eFSM) higher than the wales average of 17% (Mylocalschool.wales.gov.uk, 2018. In addition, 14.4% of pupils require School Action support for Additional Learning Needs (ALN), 3.9% of pupils are categorised as requiring School Action Plus, and a further 6.2% of pupils are statemented, far higher than the Wales average of 2.3% (Mylocalschool.wales.gov.uk, 2018). Supported by the Deputy Head of the Maths department, I chose to conduct this investigation with the top set Year 7 class over a 2-week period spanning four lessons. The class has a range of abilities (current attainment figures go here) with some additional learning needs including one statemented pupil with the support of a Teaching Assistant (TA). The class are very capable and have progressed well through the set Scheme of Work (SoW) which aligns with the identified learning strands as per the Curriculum for Wales, Programme of Study for Mathematics, Year 7 (Welsh Government, 2015). For this investigation I have chosen to investigate existing misconceptions within the topic of Algebra. Although broad, I will seek to refine the focus of my investigation throughout this report. To date, the pupils have been exposed to elements of Algebra, grouped into lessons consisting of an introduction to simplifying expressions (collecting like terms), substitution, and expanding brackets. 


LITERATURE REVIEW
Learners often hold misconceptions about learning itself; namely that learning is ‘fast’, natural ability is superior to hard work and ever more common, multitasking is just as efficient as focussed working (Dweck, 2002; Weimer, 2017).  Chew (2010), further summarises the impact of confidence and self-belief on learners’ attainment and perceived potential, citing the common “I’m bad at Math” response, counteracting this with the more constructive “I have to work especially hard at Math” (Dweck, 2002) an attitude supported by Donaldson (2015) developing a generation of enthusiastic, confident, and engaged learners across Wales.  Chew (2010), further supported by Weimer (2017), discusses the impact of the many misconceptions learners harbour in relation to learners consolidating the link between the belief that learning is comprised of a series of isolated facts (Schommer-Aikins and Easter 2006), compounded by the barrier to learning often caused by multi-tasking (Fernandes & Moscovitch, 2000). Benassi, et al. (2014), categorise the learners’ belief in their own ability as a epistemological belief, citing Billett (2009) definition that learners’ own experiences depict their epistemological stance on learning and ability, however further emphasising the impact of further experience and development opportunities and the ability to reform and develop learners’ mindset alongside their ability (Schommer 1994; Perry, 1970; Belenky, et al. 1986; King & Kitchener, 1994; Baxter Magolda, 1992, cited in Bennassi, et al. 2009).  In addition, Donaldson (2015) refutes the stigma of learning as isolated topics and skills, acknowledging that learners in Wales must be empowered with the ability to learn confidently, and develop their stills to apply their knowledge and understanding across both academic and life skills.

Swan (2001) emphasises the importance of teaching and learning of mathematics to harness understanding and reasoning, specifically teaching the ‘why’ not just the ‘how’ as a fundamental part of addressing misconception. Although commonly identified as a limited teaching technique, learning by rote can sometimes be seen in classrooms, although often as a last resort discussed by Anderson et al., (2001). Swan (2001) agreed with this sentiment and although widely acknowledged that inclusion of more flexible teaching supports understanding (Benassi, et al. 2014; Swan, 2001) both teaching styles can also be heavily influenced by external environmental factors driving learners towards a higher order cognitive understanding (Benassi, et al. 2014). Thus, this could suggest the classroom environment is a priority in supporting learning and limiting the construction of misconceptions within mathematics (Chew, 2010).  Whilst many sources link misconceptions in mathematics to epistemological belief which can be developed and improved upon (Billet, 2009; Chew, 2010) the effects of ‘math anxiety’ can be seen in university age students (Croft, et al. 2007). Referencing the impact of students lack of conceptual understanding of the ‘basics’ including algebra, Croft et al. (2007) observed the priority to address and eradicate misconception by ‘math anxiety’ to support learners throughout education and lifelong learning, a priority in today’s classroom and culture (Donaldson, 2015). 

In short, learners often harbour extensive misconceptions within the mathematics classroom, and prior research often suggests that misconceptions can be vast (Booth; et al., 2016; Mulungye, et al., 2016). Mathematical misconceptions extend from a simple lack of understanding regarding the Equals sign (=), to a more specific conceptual misconception with regards to variables, functions and the application of BIDMAS in relation to the topic of Algebra (Booth, et al. 2016), will form the basis of this investigation.  

[image: ]Algebra has often been regarded as a challenging topic even for currently high attaining learners (Croft; at al. 2007). Booth, et al. (2016), investigates the occurrence of misconceptions within the topic of Algebra, specifically as a barrier to progression in the field of mathematics.  Before delving into algebra specifically, Booth; et al. (2016) highlight the equals sign as a core misconception within mathematics broadly. Citing Behr, et al. (1980), research findings held by children which found that many learners understand the role of the equals sign to always precede the answer and not it’s function as a symbol for equivalence, often identified a barrier to understanding (Booth; et al. 2016; Egodawatte, 2011; Jones and Prat, 2006).  Knuth; et al. (2008) further emphasise the importance of a firm understanding of the equals sign and its function, specifically highlighting the impact of the placement of the equals in the number sentence.  For this reason, I have chosen to include a question (Figure 1.1) to help assess learner’s understanding of the equals sign placing the equation or number sentence either side of the equals sign (=). 
Figure 1.1 – Question 5. Set to assess understanding of the meaning of the equals sign

Further to the understanding and therefore, interpreting the equals sign, a common misconception held by learners includes the application of the order of operations (Springer, 2016; Welder, 2006). Computational errors can be attributed to a misconception regarding the fundamental understanding of prior mathematical knowledge which can be aligned to the application of BIDMAS (Booth; et al. 2016; Welder, 2006). Learners often neglect to apply their prior knowledge and understanding of the order of operations when posed with an algebraic problem (Gardella, 2009; Kieran, 1979, cited in Springer, 2016). To identify this misconception Question 3 included a simple substitution question to evaluate the value of an expression [image: ]shown in Figure 1.2.
Figure 1.2 – Question 3. Set to assess prevalence of misconception regarding the order of operations.

[image: ]Although a core procedural mathematical skill held by most pupils working at Level 5 (Welsh Government, 2015) calculating using negative numbers can often be considered a widely challenging concept for pupils in the classroom, specifically within algebra (Booth; et al. 2016). Widely supported by numerous pieces of research and investigations, pupils often ignore, miscalculate or disregard negative numbers, signs or assume an answer is incorrect when a negative ‘solution’ is found (Booth; et al. 2016; Ojose, 2015, Booth & Koedinger, 2008 & Linchevski & Williams, 1999 cited in Booth; et al. 2016). McGowen (2017) further discusses the misconception in relation to negative numbers finding that many pupils struggle to understand the role the negative sign plays in an expression. Figure1.3 and 1.4 address this misconception, allowing an opportunity for pupils produce negative solutions to expressions allowing the opportunity to assess a pupils procedural skills in multiplying positive and negative numbers. 
Figure1.3 – Question 1 – Set to assess pupils understanding of multiplying negative numbers and obtaining a negative ‘solution’ in addition to further assessing the pupils understanding of the ‘invisible multiplication sign’. 



[image: ]Figure 1.4 – Question 10 – Set to assess pupils understanding of multiplying negative numbers, and obtaining a negative ‘solution’

Considering Question 1 (Figure 1.3), Egodawatte, (2011), discusses the common misconception or disregard of the multiplication function in expressions such as ‘ab’ or ‘7b’ with many pupils considering ‘ab’ to be an alphabetical expression similar to the numerical ‘12’ for example, not in fact, a x b. Welder (2006) cites Kieran (1988), findings that often the concept of the addition and a lack of comprehensive understanding of the equals sign often contributes to this error, as pupils are used to an arithmetic understanding that “2 + ½ = 2½ whereas 2 + a does not = 2a” (Welder, 2006). Question 1 will help understand the presence of pupils’ misconceptions in relation to this expression and procedural skill, further to this, a further multiplication procedural substitution was included for Question 7, although the primary focus was to address a similar misconception or avoidance of a decimal solution to an expression. 
McGowen, (2017) considered fractions and decimals to be an equally common misconception as the avoidance and neglect of negative numbers and notation. As discussed by Coughlan, (n.d.), the misconception that a solution can take a decimal or fraction form can often be a tightly held belief for pupils. Booth; et al. (2016) suggest that the fundamental understanding of procedural mathematical conceptions must be fully understood by pupils in order to prevent this misconception transitioning though from a simple arithmatic misconception to complex algebraic misconception. Question 4 (Figure1.5), and Question 7 (Figure1.6) are both used to identify these misconceptions as well as highlight any arithmetic misconceptions held by the pupils. The questions allow the assessment of both the substitution, understanding of algebraic operations and the arithmetic in evaluating fraction and decimal solutions. 
[image: ]Figure1.5 – Question 4 – Set to assess evaluating the value of ‘t’ when the solution results in a decimal (or fraction)
[image: ]
Figure1.6 – Question 7 – Set to assess evaluating the value of ‘k’ addressing the multiplication misconception in addition to evaluating the solution which results in a decimal (or fraction)

Booth; et al. (2016) identify numerous procedural mathematical misconceptions which litter the teaching and learning of Algebra. The inclusion and testing of these misconceptions is included throughout the questions previously identified and are further supported by more specifically ‘algebraic’ misconceptions in further questions. Further discussed by Booth and Koedinger (2008), the procedurals errors often seen within algebra also include collecting non-like terms (Booth; et al. 2016, Ojose, 2015). Question 2 (Figure1.7) was designed with this misconception in mind. It is suggested that pupils can often ‘forget’ or disregard their understanding of the variables and the operation performed, for example combining 2b + 2k = 4bk (Booth; et al. 2016, Booth & Koedinger; 2008; Ojose, 2015; Swan 2001). Whilst the simplification of expressions or collecting like terms can pose a challenge for some learners, (Booth; et al. 2016, Booth & Koedinger; 2008; Ojose, 2015; Swan 2001) the opportunity to assess a learner’s understanding of the operation in conjunction with this is key. Inclusion of a question to identify the function and simplification of a simple multiplied expression can allow the misconception to be identified and addressed to manage the misconception and gain a greater understand of where it lies, regarding simple or conjoined errors (Makonye, 2016). However, considering potential computational errors (Booth; et al. 2016) is suggested in this context, as discussed by Alibali; et al (2001), pupils prior ability or knowledge of simple multiplication or division can often be a barrier to understanding in the teaching and learning of Algebra (Booth; et al. 2016; Booth, J and Koedinger, K., 2008). Question 6, Figure1.8 allows the opportunity for computational understanding alongside conceptual knowledge and understanding of algebraic expressions to be assessed. 

[image: ]
 Figure1.7 – Question 2 – Set to assess learners understanding of simplifying and collecting ‘like terms’.

[image: ]Figure1.8 – Question 6 – Designed to assess learners understanding of simplifying expressions alongside computational understanding of the operations implied.

This misconception is further tested in Question 8 (Figure1.9) which presents the opportunity for collecting non-like terms along side the misconception for cancelling out terms discussed by Makonye (2016). Makonye (2016), suggests pupils often ‘conjoin errors’, many of which include non-sensical cancelling of terms and discusses a further misunderstanding of the procedural operation as identified by Booth & Koedinger (2008). Suggested by McGowen (2017), negative functions often are disregarded or ‘ignored’ by pupils when considering algebraic equations, hence, this question (Figure1.9) allows for assessment of this in conjunction with the diagnostic opportunity for accumulated errors (Makonye, 2016). 

[image: ]
Figure1.9 – Question 8 – set to help identify misconceptions in collecting like terms in addition to ‘cancelling’ terms, and conjoined errors.

Whilst computational and procedural errors in Algebra can be vast, and often shrouded in prior numerical misconceptions (Booth; et al. 2016, Booth & Koedinger, 2008 & Linchevski & Williams, 1999 cited in Booth; et al. 2016, Alibali; et al, 2001), its recognised that the use of brackets within Algebra itself holds specific misconception (Welder, 2006). Discussed by Welder (2006) although the order of operations provides the cornerstone of mathematic mastery (Gardella, 2009; Kieran, 1979, cited in Springer, 2016), expanding brackets within expressions or equations requires the learner to adopt a greater, more flexible understanding of brackets in order to solve (Welder, 2006; Coughlan, n.d.).  Question 9 (Figure1.10) seeks to assess learners understanding with regards to the expansion of brackets in line with this, simply allowing pupils to consider the ‘lots of’ concept discussed by Coughlan (n.d.). 

[image: ]
Figure1.10 – Question 9 – set to assess learners ability to expand brackets.
Though it is commonly agreed that the misconceptions within the mathematics classroom and algebra more specifically; are wide reaching (Booth; et al. 2016, & Swan, 2001), Alibali; et al (2001, citing Fuson, 1988; Karmiloff-Smith, 1992; Siegler & Stern, 1998) suggest that pupils’ learning journeys must be considered when diagnosing and addressing any identified misconceptions. Pupils’ own development forming conceptual understanding from continued exposure and application of procedural knowledge is a vital tool to address misconceptions (Alibali; et al. 2001). However, Booth and Koedinger (2007) further discuss that pupils’ prior knowledge may provide the key to misconceptions, it may often be the culprit supported by McGowen (2017), Croft; et al. (2007). For this reason, consideration within research will be given to the departmental scheme of work, prerequisite topics taught and procedural understanding within the topic, as discussed by Egodawatte (2011), reinforced by Coughlan (n.d.). Whilst methods and consideration of prior knowledge are limitless, Swan (2001) highlights Piaget (1970) and the inclusion of discussion, the articulation of thought processes. Furthermore, the consideration of (Vygotsky, 1896 - 1934), concept of the Zone of Proximal Development (ZPD) as a crucial tool to evaluate, challenge and consolidate learners understanding and application of mathematics on a broad scale (Swan, 2001), further supported by Li and Li, (2008 & Wood, 1988, cited in Swan, 2001). 







SCHOOL POLICY AND PRACTICE

Within the school there is no specific policy to address misconceptions, however great consideration has been given to the organisation and structure of the Scheme of work for each Year Group, Tier and Key Stage. The school bands pupils into two core ability tiers, each with tailored schemes of work aligned with the National Curriculum (Welsh Government, 2015). The Department have structured the scheme of work into 5 key units apportioned across the academic year, each of which follows a natural bias to number work in the Autumn/Winter term, leading to application of numeracy in the Spring/Summer term. The structure of the over-arching scheme of work allows for procedural skills to be refined logically. Supporting the notion discussed by Alibali; et al. (2001) the progression and consolidation of pupils’ knowledge is considered and logical to support application and conceptual understanding and higher order cognitive skills (Booth and Koedinger; 2007). 
Consideration and planning is carried out by each class teacher to adapt and tailor the scheme of work to their class to address current attainment levels in order to support appropriate and adequate progression. As identified by Swan (2001), further supported by Booth; et al. (2016) the focus and development of procedural practice and refinement supports the introduction of new, applied topics (Booth and Koedinger, 2007). With regards to the class considered in this investigation, amendments had previously been made to the scheme of work to include Algebra in early Summer Term to allow learners to be introduced to Algebra as one fluid topic from the concept of collecting like terms, understanding operational functions, and values expressed by algebraic terms towards a further ‘light’ introduction to expanding brackets. Within lessons specifically departmental policy is set to include a starter based on Activating Prior Knowledge (APK). Widely agreed that the inclusion and priority given to activating prior knowledge can be beneficial to learners conceptual understanding of a topic (Booth; et al, 2016; Egodawatte, 2011; Swan; 2001 and Coughlan; n.d.) the structure, style and context of the starter is flexible within the department. Allowing teachers to tailor the approach and guise of the starter to fit the lesson, and the learners’ needs does support the obstacle within any classroom identified by Welder (2004).   Overall, the structure of the scheme of work supports many of the logical considerations for the teaching and learning of algebra identified by Booth and Koedinger (2007), namely developing a sound conceptual understanding of algebra before progressing to the challenge of solving equations, the topic identified in the scheme of work for this investigation. A limitation or consideration of this however is the pace of the progression and allowing time for discussion and higher order thinking to promote learning supporting Vygotsky, (1896 - 1934), concept, allowing learners the time allowing lesson structure to support learner’s ability to learn within the Zone of Proximal Development, in turn developing a more sound, conceptual understanding of any topic and in this instance, Algebra. 
There is an overwhelming priority given to Assessment for Learning (AfL) across the mathematics department, widely acknowledged as a fundamental strategy for use in the teaching and learning of any topic or subject (Welsh Government, 2010; Black and Wiliam, 1998). Pupils are encouraged to evaluate their own current level of attainment at the end of each half term, and open questioning and Red, Amber, Green cards and notations are used effectively. Earl (2012) suggests the teaching within sufficient assessment for learning strategies not only allows misconceptions to go unnoticed, but in turn allows them to develop and obstruct future understanding and application of knowledge, supporting the emphasis given towards prior knowledge validation and consideration discussed by Welder (2004). 


METHODOLOGY AND ETHICS

This study takes place over a period of four hour-long lessons with a top tier, year 7 class of pupils. Consideration was paid to the existing scheme of work in place within the department, aligning priorities with the department and class progression and ability, solving simple equations was selected as a suitable topic to form the basis of this investigation. Pupils had previously been exposed to introductory algebra earlier in the academic year, and were familiar with the concept of expressions, however summative half-termly assessment had been considered adequate, rather than exceptional. Whilst the topic of Algebra is considered vast, the research methods available to evaluate this investigation are even more so. Coe; et al (2017) discusses the phenomena in the ongoing debate and conflict with regards to the most effective research tool or strategy. Whilst Coe; et al (2017) support the notion that methods are wide reaching, highlighted by many, a pre and post-test research method; aligned with closely followed intervention can be an effective tool when assessing impact of said intervention (Cohen; et al, 2013). Cohen; et al (2013), further suggest that the limitations and considerations applied to a pre and post-test research method does hold limitations, as agreed by Dugard and Todman (1995) citing the effectiveness lies solely in the application of the given intervention, with the considered test group at a specific time. Focus Groups or pupil view questioning, were considered as a research tool for this investigation, a tool discussed by Coe; et al (2017). The inclusion of such methods would have allowed pupils the opportunity to discuss and share their perceptions and coincidentally, their misconceptions within algebra and admittedly would have presented the opportunity to assess their confidence within the topic with correct questioning (Coe; et al, 2017). However, in turn, such methods would have presented limitations and challenges, with interpretation of answers being more subjective, or influenced by the interviewer, a less effective tool to evaluate pre and post-intervention research methods (Coe; et al. 2017). For this reason, carefully designed pre and post-testing was included as an assessment and research tool. Further to the limitations identified with regards to Focus Groups and interview, the decision was made to assess pupils’ own perception of attainment and understanding would be investigated throughout the intervention through the use of a range of Assessment for Learning techniques, involving discussion, group work and assessment and oracy based reasoning, techniques. 

Supporting the limitations and considerations outlined by Dugard and Todman (1995), Boyas; et al (2012), discuss an imperative consideration often impacting on the usefulness of any pre and post-test research method as the limited knowledge and exposure to the subject or topic prior to the pre-test. With this in mind, following inspection and planning in line with the department scheme of work, attention was paid to the introductory algebraic sub topics taught to the pupils in the research group. These topics, supported by the common misconceptions cited by Booth; et al, (2017), Booth and Keodinger (2007) and Welder (2006) among others.  The topic for this investigation is one which pupils have recent experience with to help address the limitation of effectiveness (Boyas; et al, 2012). 
The research question was presented to the pupils in the sample class before pre-test, and subsequent intervention commenced. In line with BERA (2011), educational research guidelines, pupils were given the opportunity to withdraw from the research should they wish, ensuring that all pupils who engaged in this project did so with informed, voluntary consent. Pupils were presented with a letter of consent, (Shown in Appendix 1.1), and reminded of their right to withdraw at any time. Great consideration was given to the appropriate level of anonymity of all participants within the sample group, pupils were each issued with a participant number, and all materials issued and collected inline with the pre and post test were completed with this number in place of any name, or personal identifier. Coe; et al (2017) cite the preservation of anonymity as a core priority in any educational research project, supported by BERA (2011) guidelines, this method allowed for pupil to feel empowered and confident that their participation in the research was dealt with appropriately and further provided a tool which somewhat addressed a limitation to the pre and post test assessment tool, associating assessment anxiety to performance in assessments, (Croft et al., 2007).
A limitation which must be considered in this research must be my personal ‘dual’ role as the Teacher-Researcher, BERA (2011). Welsh Government (2009) include research, innovation and the ability to reflect on teaching and understanding as a key element to the Qualified Teacher Status Standards (2009). Hammersley (1993) suggests the expectation of any teacher to embody the role of a researcher within the classroom has been seen since the early 1950s and although often considered by some to contradict the ‘priority’ of a teacher to teach pupils in any given subject, it is perhaps the most important function to continually reflect and learn from assessment of understanding of pupils, and ones’ own performance in the classroom.  

Throughout the planned intervention which will form the basis of evaluation for this research, strategies to reduce and address misconceptions are vast Li and Li (2008), cite Piaget (1970), theory of developing logical reasoning as a step towards reducing misconceptions within mathematics. The opportunity to foster discussions, develop reasoning skills and develop higher order cognitive understanding which can in turn reduce procedural, and therefore conceptual misconceptions within mathematics (Piaget, 1970; Swan, 2001; Li and Li, 2008; Booth, et al. 2017). Li and Li (2008) further discuss the contradiction in the misconceptions or mistakes that pupils make and consider whether these are due to a misconception or simply due to an overload in working memory. Discussed by Hadie and Yusoff (2016) Cognitive Load Theory, takes many forms. It is suggested that the impact of activating prior knowledge to identifying and hence, resolving misconceptions, must always be considered and investigated, further supported by Alibali; et al. (2001) (Hadie and Yusoff, 2016). McGowen (2017) further cites the challenge in pre-college mathematics and how the fragmented teaching of mathematics can often be considered a consideration for the inability of pupils to draw on prior knowledge, namely within the topic of algebra at post-secondary level. Whilst McGowen (2017) discusses the impact identified by prior knowledge, or lack thereof, Croft; et al. (2007) highlight the assumptions often made within the classroom with regards to students’ prior knowledge which can be considered a limiting factor in alleviating misconceptions within the classroom. Swan (2001) refers to Piaget (1970), definition of cognitive change; organisation and adaptation and the importance of discussion and reasoning. Berk (1997, cited within Swan, 2001) relays the impact of cognitive change to support pupils to align previous knowledge whilst engaging in a socio-constructivist theory discussed by (Vygotsky, 1896 - 1934), (cited by Berk 1997, cited within Swan, 2001) and the impact of simply reading and discussing aloud.  Supporting this ethos, Swan (2006) cites the importance of a collaborative approach to learning in a mathematics classroom, building upon prior knowledge and experience, equipping pupils with the confidence and desire to think logically and challenge their own understanding, assessment for learning and reflection within this research study will be paramount with many of strategies discussed included in each lesson. 

Whilst the applied strategy to assess the effectiveness of the planned intervention will sit within the pre and post-test method, the test itself will include a catalogue of misconception diagnostic questions. Typically, learners who hold misconceptions in algebra seldom hold just one (Booth; et al. 2016, Makonye 2016). The inclusion of a variety of diagnostic questions will further allow for the tailoring and consideration for the planned intervention. Addressing frequent flaw in pre and post-test research, the intervention follows the pre-test almost immediately, improving the validity of the research and evaluation of the intervention strategy, although it must still be considered that the nature of the research itself is a limitation, identifying the strategies, implementation and results to be somewhat bespoke to the particular intervention group, within the given school, at this specifically identified point in their academic career (Coe; et al, 2017; Cohen; et al, 2013). 
EVALUATOIN
The following results and evaluations are drawn from a pre-test (Appendix 2.1) completed by a top tier, Year 7 class of pupils in the lesson immediately preceding the planned intervention which was to span 4, one-hour lessons. The Table 1.1 shows a Question Level Assessment table detailing the summative assessment of the pupils following the pre-test. Pupils who were absent for the pre or post-test were removed from this pool to provide an accurate comparison for evaluation shown in Table 1.2. 
[image: ]Table 1.1 – Question Level Assessment Data for Pre-Test.
[image: ]
Table 1.2 – Question Level Assessment Data for Pre and Post Test Comparison.

Whilst it is clear from the data presented in Table 1.1, it is evident that where learners held lesser understanding or misconceptions within certain aspects of Algebraic questions. However, with only 2 out of the 10 questions showing acceptable levels of response this lead to development of a scheme of work which took learners ‘back to square one’ to address current weaknesses. Considering prior knowledge (Booth et al; 2016, Welder, 2006, Alibali, et al; 2001) alongside the pupils’ procedural mathematical knowledge, this decision not only allowed pupils to refamiliarize themselves with prior algebraic concepts they had met previously, but also build confidence in a less familiar field of mathematics. Allowing 4, one-hour lessons to address the misconceptions, Table 1.1 allowed priorities to be assessed and addressed logically throughout the scheme of work, a primary focus overarching the scheme of work intended to build pupils’ and awareness of potential ‘multiple’ misconceptions, neglecting prior computational and procedural skills when attempting to solve algebraic problems (Booth; et al. 2016, Makonye 2016). As seen in Table 1.1, few learners displayed a misconception in relation to collecting like terms, however when simplifying expressions with multiplication operation applied to the same variable misconceptions were cast. The aim of the first lesson was to facilitate discussion highlighting strengths and areas of sound understanding amongst learners, towards applying this to weaker areas of understanding in relation to the understanding of operations and more than one variable in algebraic expressions.  
[image: ]A foremost priority was to build the confidence and facilitate discussion amongst pupils in the class. Following department strategy and acknowledging that pupils have been presented with algebraic problems previously the use of a ‘simplify’ starter activity, slide shown in Figure 2.1. 
Figure 2.1 – Activating Prior Knowledge Starter Slide for Lesson 1. Mini White Boards Used

Although forming part of the lesson as a departmental policy, supporting activating prior knowledge is widely acknowledged as a highly effective tool to support the eradication of misconceptions (Alibali; et al. 2001), as well as a tool to engage higher order cognitive understanding (Benassi, et al. 2014). However, this activity must be carefully considered as Booth and Koedinger (2007) further discuss that pupils’ prior knowledge may provide the key to misconceptions, it may often be the reason for the misconception (McGowen, 2017), Croft; et al., 2007). Therefore, this starter activity was planned with consideration given to allowing ample time for discussion, peer reasoning and class wide justification of correct procedures to support this. The inclusion of a ‘misconception’ response allows pupils the opportunity to experience cognitive conflict, the role of the teacher in this instance was to facilitate only, allowing pupils to develop their own understanding and reasoning through discussion and reasoning (Piaget, 1970).  This structure allowed learners to discuss, consider and problem solve with misconceptions presented as ‘options’ in multiple choice solutions as part of the lesson, an example of which can be seen in Figure 2.2.
[image: ]
Figure 2.2 – Multiple Choice - Simplifying expressions with mixed operations

Open questioning and Mini White Board activities were used throughout the starter and exposition activities with the role of the teacher to simply facilitate discussion and reasoning. As expected, some pupils displayed the same misconceptions seen in Question 8 of the pre-test at first, however the inclusion of simplifying like terms with simple addition operations which were well answered in the pre-test allowed pupils the opportunity to apply their logic and reasoning and explore discussion around what operation is being performed in relation to the variable to develop a further understanding and reasoning to a lesser understood problem (Hadie and Yusoff, 2016). When considering the post-test results in relation to Question 2, 100% of pupils collect like terms correctly. However, when considering Question 8 although a 125% increase in correct answers can be seen, a significant proportion of pupils still displayed a conceptual error in relation to the cancelling of ‘b’ (Figure1.9). Although in pre-test, a large proportion of incorrect answers included a computational error in relations to indices, displaying in place of . If the computational errors in relation to the simplification of the multiplied variables were considered in isolation, pupils perform well, however similarly to that seen by Makonye (2016), pupils often display error when cancelling terms, often performing non-sensical cancellation or ignoring the negative or positive value of the variable entirely. For this reason, further inclusion of ‘cancelling terms’ would be recommended for future lesson planning and consideration.

When evaluating the further questions included in the post test, it was clear that pupils had no issue understanding terminology with regards to substitution. Identifying this as a strategy to support topics where success was more limited. Pupils were presented with ‘two step’ substitution expressions, building upon the confidence and knowledge applied with addition of like terms, towards multiplication including two variables. Alike the strategy identified by Mcgowen, (2017) and Coughlan (n.d.), pupils understood the computational task of ‘substituting’ in a value for a given variable, however throughout Questions 3, 4, 7 and 10, the process of substitution was completed effectively, the operations performed within the evaluations presented as a clear misconception throughout the class. Again, facilitating discussion amongst the learners was priority within the lesson. Alibali; et al. (2001) discusses the importance of allowing learners develop procedural understanding before applying this understanding to conceptual ideas, a concept supported by Swan (2005), allowing pupils time to create their own ‘BIDMAS’, problems allowed ample segway opportunities to attribute this logic to evaluating more complex algebraic terms, similar to that seen in Question 3 (Figure1.2). A numerical question was set by a pupil, the remaining pupils then calculated and presented their solution on mini white boards, allowed ample thinking time (Piaget, 1970) and discussion was facilitated class wide as to provide reasoning and clarification across the classroom. Supporting the socio-constructivist mindset discussed by (Vygotsky, 1896 - 1934), this allowed me to evaluate learners understanding through discussion and pitch algebraic problems in line with the questions created to engage and support learners, a valuable technique as discussed by Swan, (2001), further supported by Li and Li, (2008 & Wood, 1988, cited in Swan, 2001). An example of the algebraic Think-Pair-Share activities can be seen in Figure 2.3. 
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Figure 2.3 – Think-Pair-Share Activity, used to challenge misconceptions and spark discussion amongst learners

Aligning classroom activities with the importance towards effective, formative assessment as discussed by, Black and Wiliam, (1998) this activity paired a familiar area of mathematics, where many pupils felt confident with an algebraic problem which in turn, provoked cognitive conflict amongst learners. Red, Amber, Green challenge questions were used within all lessons to allow pupils to select their comfortable challenge level, as well as supporting pupils to build confidence, choosing appropriate level of questioning and allowing me to assess understanding, pace of the lesson and appropriate opportunity to progress with subsequent lessons (Swan, 2005; Coe; et al, 2017). Few pupils chose Green tiered questions, mostly comprising as single step substitution evaluations, with the majority of pupils completed Amber Tier questions with some progressing to Red challenge. Answers were sought randomly from pupils with open questioning used continually to support Assessment for Learning (Black and Wiliam, 1998).  When we consider Question 3 (Figure1.2) in isolation, there was a 45% increase in correct answers amongst learners, however this does of course show that 36% of learners answered incorrectly, it must be considered that Welder (2006) cites, Rotman (1991) and Bottoms (2003), where learners continue to apply computational errors at College level. For this reason, it would be reasonable to consider application of Booth (1986) recommendation to build upon the provision of algebra as a way to represent general relationships, allowing pupils to attribute understanding, reason and synthesise further (Swan, 2005). 
Lesson content further addressed the misconceptions aligning with negative numbers identified in the pre-test, namely Question 1 and 10 specifically. Question 10, was designed to aid the diagnosis of multiple misconceptions (Makonye, 2016), emphasis was placed on computational questions in relation to negative numbers, pupils we able to recall their method of negative number multiplication when questioned and challenged peers with reasoning where appropriate. Question 1 and Question 10 saw in increase by 25% and 57% respectively, with 80% and 88% of learners answering correctly in the post test verses pre-test scores of 64% and 56%. Considering Booth and Koedinger (2008), findings, with regards to pupils who grasp the concept and calculate using negative numbers as those more akin to solving equations effectively, it could be considered that ensuring a solid fundamental understanding is imperative for all pupils when progressing within algebra. 
Success was seen in developing pupils understanding of expressed operations within the classroom however, computational errors must be considered when regarding success of Question 4 and 7 (Fig. 1.5 and 1.6 respectively). When we drill down the responses, although pupils substitute correctly and apply the majority apply appropriate operation to the equations, many pupils stumble at the point of simply calculating fractions. Whist priority for lesson content was given to understanding operations, and fractions were primarily addressed when learners were introduced to solving equations, it would be suggested that further lesson time and assessment should be allocated towards fractions as a computational priority to prepare pupils when dealing with fractions within algebra, and in particular, top heavy fractions. Supporting findings from Makonye, (2016), pupils who expressed a misconception when substituting and computing values in the pre-test, when correctly producing a fraction as an answer many either flipped the fraction, proceeding to divide the denominator by the numerator, neglected the fraction in its entirety, with a few proceeding to apply column addition or subtraction when identifying one value over another, and with some crossing out their answer suggesting their misconception that a fraction, or top heavy fraction would  not be a reasonable solution. Welder (2006) cites Kieran (1988) where pupils who had studied algebra over a substantial period of time still exhibited misconceptions when encountering fractions and division within algebra. It could be suggested that this reflects the opinion held by learners identified by Schoomer-Aikins and Easter (2006), where learners consider differing topics of mathematics to be taught, and dealt with in isolation and in turn, not correctly seeking to apply prior knowledge.
The Scheme of work followed throughout this investigation led towards Solving Equations, conscious effort was made to allow pupils to steer the direction of the lessons dependant on results and evaluated progression in terms of assessment for learning. The majority of pupils were confident when applying their understanding of simplifying expressions when multiplying, 4f x 6g, for example. However, prior to solving equations, following consolidation of learning in relation to BIDMAS, and following evaluation in relation to expansion of brackets in Question 9 (Figure1.10), pupils generally lacked confidence and held a tendency to disregard knowledge of operation when considering expressions within brackets. A lesson was dedicated to challenging pupils with expanding brackets, and then further reflected on when considering solving equations in a future lesson. Pupils initially appeared far less confident when presented with a request to expand brackets with many producing an outcome as below:
When asked to expand 5(b + 5)
Pupils responded with 5b + 5 or 10b
Pupils initially disregarded the operation applied by the multiplier outside the bracket. Open questioning was used as the exposition and mini white boards were used in ‘show me’ activities to provide assessment for learning. Reasoning was sough from pupils with both correct and incorrect answers which supported pupils arriving at their own conclusion where the multiplier outside the bracket indicates how many ‘lots’ of the expression inside the bracket. Little input from the teacher was needed for this part of the exposition, pupils responded well to each-others contribution and conversation supported pupils applying their procedural knowledge of ‘lots of’ in reference to multiplication and applying it to higher order cognitive skills (Benassi, et al. 2014; Swan, 2001) required to solve more complex problems such as expanding brackets. 
Regular links were made to simplifying which was completed successfully in relation to Question 6 (Figure1.8) which supported pupils’ developing confidence in their ability to evaluate expressions, calculate substitutions and further lead to increased confidence (Chew; et al, 2010; Dweck, 2002) when approaching solving equations. 
Reflecting on the scheme of work, and basis for the research, pupils were expected to hold the ability to solve one and two step equations within the lessons available. Fundamentally, pupils must have a sound understanding of the equals sign (=). Core to mathematics, the equals sign often hosts many learners’ misconceptions (Booth; et al., 2016; Mulungye, et al., 2016). Question 5 (Figure1.1) identified that only 60% of the class identified a correct equation when the ‘answer’ was presented to the left of the equals sign. Mulungye; et al (2016) suggests that pupils regard the equals sign as a directional sign towards the solution rather than a symbol of equivalence. To explore this, pupils were introduced to a familiar expression (Figure 2.4) which they could evaluate, and further introduced to the concept of ‘scales’ to symbolise equivalence (Figure 2.5).
[image: ][image: ]Figure 2.4 – Recap on equivalence starter expression.
Figure 2.5 – Introduction of scales to illustrate equivalence

Identified by Booth; et al. (2016) and Steward (2016) as an effective tool to demonstrate equivalence, scales supported learners’ discussion and to develop a sound grasp of the equals. Equations were also included where each ‘side of the scale’ were not equal and which in turn would case the scales to appear imbalanced. Pupils were invited to suggest their own equations, discussion surrounded the operations implied by algebraic expressions, including multiplication, addition and subtraction which aided to help refute prior misconceptions and simply place onto the scale without solution. Pupils were observed creating their own, complex equations, including equations where peers were required to simplify expressions, which further provided opportunity for assessment for learning (Black and Wiliam, 1998), where learners would support and advise peers to ‘organise their scales as neatly as possible’ by collecting like terms and simplifying. This process in turn also supported further understanding for pupils who still showed some confusion with operations, presenting a scenario where pupils considered they’d already been given the answer meant many could ‘spot’ that ‘x’ would equal 4 from the example shown in Figure 2.5. Evaluating learners performance in relation to Question 5 (Figure1.1), there was a 33% uplift in correct responses, however 20% of learners still failed to identify all correct expressions.  Pupils were later presented with a curated ‘homework’ submission outlining some key misconceptions which were woven through discussion although these were discussed and addressed mostly be peer exposition and reasoning. The ‘Homework’ shown in Figure 2.6, allowed pupils the opportunity to correct Simon Silly Mistake’s work, taking the role of the teacher and writing, in their own words, why his work was incorrect and guidance to help him understand. Pupils were allowed ample time to discuss, considered where ‘Simon’ had gone wrong. Identified by Swan (2005) as an effective assessment tool, correcting errors allowed pupils to feel empowered in their own knowledge, developing comprehensive reasoning skills (Black and Wiliam, 1998).
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Figure 2.6 – Simon Silly Mistake Homework Correction Task

Considering the priorities outline following the pre-test, through the application and support of Assessment for Learning within the lessons prescribed by the results, pupils made considerable progress in relation to approaching algebra as a topic in itself. Discussed by Chew (2010) when introduced to the pre-test the vast majority of pupils proclaimed they ‘couldn’t do’ algebra or ‘didn’t get it’ an outcome identified throughout the investigation was to move learners towards Dweck (2002) suggested mindset where pupils acknowledge they work hard at mathematics but have the confidence and resilience to challenge themselves. The structure of lessons and interventions supported this objective, highlighting areas where pupils felt more confident (Li and Li, 2008) consolidating prior knowledge (Booth; et al. 2016) and further reflecting and applying said knowledge to more complex problems. Although the average score rose from 50% to 70%, pupils were able to articulate and evaluate reasoning within the classroom when facing algebraic problems which was vastly improved. The role of the teacher overall was to facilitate and ensure open questioning throughout while the use of familiar examples applied to an unfamiliar concept, such as solving equations or finding the value of ‘x’ not only allowed pupils to gain grater understanding in the field of algebra but allowed for appropriate scaffolding and structure of lessons to support higher order cognitive thinking. 





CONCLUSIONS

Throughout the investigation, learners’ progression and understanding were continually evaluated. Misconceptions identified within the pre-test were consistent with those identified in literature. Although, it is suggested that the misconceptions highlighted are those sought by considered selection of questions (Coe; et al, 2017) and it is likely that additional misconceptions can be identified should further questioning be carried out. Supporting findings detailed by Booth, et al; (2016), pre-test identified that many pupils held multiple misconceptions and were challenged when considering application of computational mathematical concepts and understanding to a challenging topic. This dictated the structure of lessons within the scheme of work, identifying areas of strength amongst pupils, and developing considered questioning and examples to drive understanding forward. As discussed by Booth and Koedinger (2008), it was imperative to refine learners’ computational skills before applying their understanding to higher order tasks. Pupils knowledge of operations, namely BIDMAS upheld a misconception detailed by McGowen (2017), further supported by Croft; et al. (2007). McGowen (2017) discusses where pupils prior knowledge supported their understanding of algebraic expressions however, it could also be considered as the root of a misconception. When considering expansion of brackets, the desire to ‘address brackets’ as a first priority led to pupils disregarding their procedural understanding of operations within algebra, and seek to combine elements within the bracket. The use of discussion, learner led reasoning and mini white board tasks allowed class wide assessment of understanding which identified the specific misconception within the context of the classroom. Allowing ample thinking time (Swan, 2001, Piaget 1970) saw pupils assessing their own responses more carefully, this, supported by the inclusion of Think-Pair-Share and further Assessment for Learning techniques (Black and Wiliam, 1998). 
Whilst the majority of results in the post-test saw an uplift, consideration must be given to the inclusion of fractions throughout exposition and classroom examples. Although the diagnostic results from the pre-test identified that learners exhibited misconceptions in the operations and therefore substitution of values in algebraic expressions. Thorough reflection observed via the post-test remains clear that there is a computational misconception held amongst learners in the sample group, namely surrounding division displayed as a fraction, top heavy fractions and fraction or decimal solutions. Similarly to that discussed by Booth; et al., (2016) and observed by Ojose, (2015), fractions and decimals present as a consistent misconception throughout mathematics and significantly so within higher order conceptual topics such as algebra, this could be considered as a future sub-topic for focus as a pre-requisite misconception investigation prior to the teaching and learning of Algebra. 
Although some misconceptions still remain within the post test, it is vital to continue the use of effective assessment for learning within every lesson to assess learners current understanding, as well as utilising opportunities to attribute correct understanding to topics which appear more challenging. The use of this method throughout this research alongside differentiated questionings and tasks designed to steer pupils into the Zone of Proximal Development allowed the assessment of pupils’ attainment outside of the post test to be considered and benchmarked as an approach to learning and understanding (Vygotsky, 1987; Piaget; 1970; Black and Wiliam, 1998).  It must also be considered that one pupil presents a decline in results in the post-test, it should be noted that this pupil refused to complete all bar two of the questions whilst their participation and engagement with the lesson content and classroom activities was of a high standard and therefore it could be considered that this is an inadequate representation of their post-test level of understanding. 
In light of this research, future recommendations would surround a thorough understanding of pupils’ prior knowledge. Identified as the key to further understanding, it is suggested that a pupils’ ability to apply computational understanding to any higher order mathematical topic lies solely in their understanding of the fundamental principles of procedural mathematics (Booth et al; 2016; McGowen, 2017; Croft; et al., 2007; and Booth and Koedinger; 2006). Allowing pupils’ adequate thinking time to dispel misconceptions which were seen within the classroom often as a result of an immediate response to questioning (Piaget, 1970). This was particularly insightful when introducing pupils’ to solving equations which allowed pupils to refine their understanding of the equals sign (Knuth, et al; 2008), which in turn facilitated discussion for pupils to ‘spot’ and then prove the value of a variable whilst developing their understanding of the operation expressed within algebraic notation. 


LIMITATIONS AND FUTURE DEVELOPMENT

Coe; et al, (2017) discuss wide reaching limitations which can be applied to most research studies. Considering this research study, the limitations are vast. The study was conducted with one particular group of Year 7 pupils, who had previously been introduced to algebra, in their recent academic study. The pre and post-test method holds numerous limitations which in itself limits the scope of its diagnostic function limiting the results to the topics for which it tests. As discussed by Cohen; et al (2013), the effectiveness of pre and post testing lies in the learners’ appropriate prior knowledge, (Dugard and Todman, 1995, Boyas; et al., 2012) which in this research study was adequate to support the level of questioning used, it must be considered that should this investigation be carried out with pupils with varying prior knowledge then the methods for questioning should be amended and therefore differing results could be expected. Should this research be repeated, a future improvement would be to involve a far wider ability range of learners, as the same group considered in this investigation should be considered as limited. There must also be caution applied to the impact of intervention within this research, limiting the consideration of a ‘one size fits all’ approach. The inclusion of Assessment for Learning techniques (Black and Wiliam, 1998) could be considered far more indicative as an indicator of understanding than that of the results within the pre and post-test. Coe; et al, (2017) discuss that single group testing in itself holds a significant caveat, namely that external learning factors, including maturity, mindset, cognitive load could all be attributed to performance changes in both pre and post test results. 
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In relation to further study of this subject, it would be advantageous to apply the same pre-test to a variety of learning groups at similar stages in their learning journey (Li and Li, 2008) to provide a broader audience for evaluation and hence further development of teaching techniques. It must also be considered that lack of a control group used with this research supports identified limitations and whilst improvements can be concluded from the results this must be considered. Alongside the limitations of the sample group, Coe; et all. (2017), identify the role of the Teacher Researcher as a further limitation, citing a teacher’s unconscious behaviour within the classroom as a limiting factor relating to terminology, exposition and steering learners.  Applying this teaching approach outside of the topic of algebra, the inclusion of pre-testing to support Assessment is a tool which could be considered as an ongoing assessment tool, careful consideration of questioning as starter activities or within an exposition supported by assessment for learning and facilitation of discussion can be invaluable to provide tailored, appropriate support to learners. 
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1. Evaluate the following when x = 7
—6x




image4.tmp
10. Evaluate the following whenp = 6
5-2p
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4. Find the value for t when s = 10
t=

3
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7. Find the value of k when g =6and h = 4
10—g

k=2
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2. Simplify
5 +31+2f
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6. Simplify
8g x Sh
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8. Simplify
aXaxaxa—b+b
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9. Expand the following
5(r+3)
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STARTER

Simplify the following.

la+a+a+a+a

2.a Xxaxaxa

3.b+c+d+c+b
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Simplifying Expressions

Can we simplify the following expression.

e+e+gxyg

2e + g* 2e +29
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Substitution

THINK-PAIR-SHARE
Can we evaluate the following whent = 6 B

2t? (2t)?

DM
AS
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Substitution

If x = 4 evaluate....

4x
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Solving 1 step equations

If we need to find x what can we do...?
4x =16
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Simon Silly Mistake

Can you give Simon some feedback on his homework - where has he gone wrong?

Steon Silly Mighakos |[STan | vsool athemateg

Simplify the following 7
1) axaxa

AX AXA= 36
X r0
Simplify the following

1)_’:-]\”! 3)

Expand the following

1 2b+5 OF 5'—5\9
2x5b=10b
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5. Circle the correct answer/answers when a = 2 (circle all those
answers you think are correct)

4=2a 10a=12 2a=4 12-4=10
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3. Evaluate the following when y = 2
4y?




