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2D Diffusion Equation model using the Explicit Finite Difference Method
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1. [bookmark: _Toc157410805]Introduction
The Explicit Finite Difference Method (EFDM) is a widely practiced technique adapted to simulate and analyse complex systems, governed by partial differential equations. Used across many sectors, EFDM is used to simulate fluid dynamics as well as thermal conduction. This report examines the use of EFDM for precisely calculating thermal equilibrium reached within a medium, incorporating the Taylor expansion.
The desire for precise solutions to partial differential equations, drove the advancements of the method, aiding in advanced numerical methods widely adopted in heat transfer calculations where the approximations of derivatives are used. In this investigation, implementing the Taylor Series expansions, I will approach the task at hand which is calculating thermal equilibrium using EFDM.
Taylor expansion series is a mathematical backbone due to its fundamental role in analysis and application through many mathematical and scientifical sectors. Allowing an unknown derivative to be replaced by an approximation in an infinite sum of derivatives, the method is uniquely the foundations to many mathematical techniques.
Applying that technique in this report, to the EFDM basis, the target of the report is to calculate thermal equilibrium, understand how, and when this is done, considering variables which will contribute to the precision of the results. Exploring the theoretical foundations to the application of the defined methods and reviewing improvements and the most influencing factors. 
The aim of this assignment is to conduct temperature distribution within a medium through time, given relevant properties, based on EFDM, where results are to be validated and then tested against the given analytical solution of temperature at thermal equilibrium.
The theory will be written and executed via MATLAB.
The requirements of the code are as follows.
[image: ]




2. [bookmark: _Toc157410806]Constitutive Heat Equation
The governing equation, named the Heat Equation or Diffusion Equation, for the transient calculation of the temperature in a solid is:

[image: ]

Where,
· T is Temperature in °C;
· x,y are spatial dimensions
· α = k/(p.c) is thermal diffusivity (m2.s-1) 
· t is time in seconds. 							 (D. R. Croft, 1977)
The heat equation is partial differentiation equation used to describe how heat is distributed over time. The heat equation, developed by Jospeh Fourier who produced the Fourier’s number (Fo), a dimensionless parameter used in heat transfer equations where:
Fo = αt/L2
Where 
· α = k/(p.c) is thermal diffusivity (m2.s-1)
· t is time in seconds
· L is characteristic length			 (Kelleher, Shah, Screenivasan, & Joshi, 1993)
Fo represents time of heat exposure to time, dissimilar to the heat equation which is a PDE which describes the distribution of temperature in a solid over time through heat conduction.
Through discretion, we subdivide the plate into discrete locations that will define where the temperature is calculated. The temperature calculation of each node needs to be conducted in turn using the approximation of the derivatives which comes from EFDM.




3. [bookmark: _Toc157410807]Explicit Finite Difference form of Constitutive Equation
In order to use the heat equation in our calculations, it is essential that first, it is numerically converted into a linear equation using Explicit Finite Difference Method (EFDM) which is based on Taylor Series expansion. The conversion of the heat equation into a linear equation, frees the equation of its derivative terms by providing linear approximations to the first and second derivative terms.
[bookmark: _Toc157410808]Taylor Series
Mathematician Brook Taylor analysed how functions can be approximated by a polynomial which is considered close enough and is easy to integrate. Taylor defines the following: 
[image: ]
 (D. R. Croft, 1977)
Where x0 is the point of interest, and the polynomials’ functions elevations at certain locations of infinite number of sums, simplified to the below:
[image: ]		 (D. R. Croft, 1977)
Will give an approximation close to initial function f(x). The polynomial is easy to integrate, where sufficient number of terms can calculate area under a function precisely. 
The FDM is centred around the Taylor Series providing approximations for the second derivative terms and an approximation for the first derivative terms, substituted by a mathematical operator which isn’t dependent on differentiation, to substitute the into the equation from section 2 (below) to provide the linear equation required to solve the equation.
[image: ]					 (D. R. Croft, 1977)
X0 represents the location at which the polynomial is built around. X0 point of interest replaces the Cartesian system point of origin, and functions are measured with respect to the new point of interest. Measurements along the x-axis from the new origin will be noted as, h. 
This will give us the forward difference approximation to f’(x0).
[image: ]						(D. R. Croft, 1977)
Where the error term is present but not visible, and negligible to the approximation, when close to 0. As the value of h is smaller, the error term gets smaller, and the approximation gets more precise.

Error is defined by: 
[image: ]						(D. R. Croft, 1977)
Reviewing the decreasing value, the yields rearranged give the backward difference approximation, simplified below. 
 [image: ]						(D. R. Croft, 1977)

Combining the forward and backward difference approximations, will give us the central difference approximation. 
[image: ]						 (D. R. Croft, 1977)

Constructing the central difference approximation for to the 2nd derivative:
[image: ]						 (D. R. Croft, 1977)
[bookmark: _Toc157410809]Explicit Finite Difference Method 
The Explicit Finite Difference Method involves using the first derivative in the heat equation by the forward difference approximations & replacing the second derivative by the central difference approximation.
[image: ] Forward difference Approximation used for first derivatives.
[image: ] Central difference approximation used for second derivatives.
(D. R. Croft, 1977)
[bookmark: _Toc157410810]Stability Criterion
Stability criterion may not be fulfilled if the Fo number is not in line with requirements as in section 2. Fo number is impacted by the timestep and thermal diffusivity, which is dependent on the conductivity, density, and specific heat of the plate.


4. [bookmark: _Toc157410811]Initial Boundary Conditions
The initial boundary conditions for the plate are given as follows:
[image: ]


The linear distribution equations define the Dirichlet condition implemented at the northern boundary are highlighted.
Illustrated below as a visual aid.
[image: ]
Figure 1 illustrating aluminium plate






 

5. [bookmark: _Toc157410812]Review of code details
Clearing the screen and closing all open tabs, to start on a blank screen.
 [image: ]

Then defining all the terms given in the brief ensuring SI unit used and adding the alpha formula for later use in Fourier’s number.
[image: ]

The aluminium plates dimension parameter are defined (x,y) and the user is prompted to enter a value for the mesh grid spacing, h, in code line 14. 
[image: ]

Lines 19 to 23 ensure h, fully divides the plate dimension, is greater than 0 and less than the plate dimensions (x&y) 6 meters)). 
If the fundamental conditions aren’t met, the user is asked to input a value that falls within the calculation’s limits.
	[image: ]
The user is asked to provide a timestep, with a while loop ensuring the timestep entered, gives a Fourier number of 0 < Fo > 0.25. If the user provides a timestep that generates a Fourier number outside of that stability range, the code prompt the user to enter a different time step. The Fo number is defined as Fo=alpha*timestep/h2 there the max timestep allowed is h2/4*alpha which is displayed to help the user to make an informed decision when asked to reinput the timestep. 
[image: ]



Define matrix size from row and columns from h dimension as follows.
[image: ]

Initialise matrix using zeros function to populate matrix.
 [image: ]
. 
Setting the boundary conditions, through a series of loops to determine which of the following given expressions to use for f(x) to apply appropriate heat to the boundary.
 [image: ]

[image: ] 
The counter for the time taken to reach equilibrium and iteration count is added on line 49.
[image: ]
Setting the plate up in a while loop to keep recalculating the temperature of each node in turn until thermal equilibrium to an accuracy of the maximum difference to be 0.01 of a degree is reached (line 60).
Line 63 ensuring temperature after each count is maintained, not reset back to 0°C.
[image: ] 
Colour figure to be displayed with formatting to be correct orientation, have a labelled colourbar and labelled x & y-axis.
	[image: ]

Time taken for iterations and number of iterations calculated from line 49 initial value and line 79 and displayed for user to know.
	[image: ]


Analytical review
Ta to initialise the matrix for temperature analytical. [image: ]
Copying boundary conditions from initialised boundary conditions including calculation for which expression to use of f(x).
	[image: ] 
Redefining TA to be flipped for consistency.
	[image: ]
Application of the analytical solution, calculating temperature in each direction using the equation below.
[image: ] (D. R. Croft, 1977)
Instead of using the sum of infinity, we limit the value of n to 200, which is sufficient.
[image: ]

Displaying the results from the analytical solution and formatting the graph for quantitative analysis.
[image: ]

Displaying the temperature differences to allow for analytical review and qualitative analysis, ensuring the absolute function is used for temperature differences in positive numbers.
[image: ]
Produce and display Figure 3 showing the temperature differences in a graph form to aid quantitative analysis, adding the ‘clim’ feature to ensure the colorbar key is precise.
[image: ] 

6. [bookmark: _Toc157410813]Validation of code
[image: ]The results below are from user input h, mesh value of 1, and timestep value entered of 3600 seconds.

[bookmark: _Toc157410814]Quantitative Analysis 
[image: ] 

Here the numerical calculations results are displayed in a temperature map. 
Thermal equilibrium was achieved using this analytical code in 104400 seconds, through 29 iterations of recalculating.




[image: ]Figure 2- Numerical Calculation





The analytical solution displayed in a temperature map.






Figure 3 - Analytical Calculation

The behaviours of the temperature graphs of the analytical calculation (figure 3) and the numerical calculation (figure 2) show the heat diffusion through the top third of the plate, up to 20 °C, with the heat centred around matrix row number 5, with the remaining plate having minor temperature diffusion – less than 1°C change in most of the area of the plate.
The behaviours of both graphs are identical with no differences, other than any negligible differences in terms of the temperature brackets. Such differences are displayed in figure 4 illustrating the absolute temperature differences.
 [image: ]
Figure 4 - Temperature Difference Colormap

The temperature difference colormap (figure 4) indicates the maximum temperature difference to 1.9564 °C at (6:5), with smaller temperature differences moving away from the heat source, the temperature difference being mostly 0.4 °C either side away from rows 4 & 6.
The qualitative analysis of the same results will give us a clearer understanding of the precise temperature differences, for numerical technique verification.
[bookmark: _Toc157410815]Qualitative Analysis
[image: ]
Figure 5 - Temperature Matrix extracted from Matlab code
The quantitative results reiterate the qualitative analysis findings, identifying the maximum temperature difference (figure 5)  of 1.9564°C at location 5:2, which when flipped, is inline with the observations made of the temperature differences in the qualitative analysis.
Through the above results produced by the calculations, quantitative analysis comparison between the numerical and analytical calculations shows identical results and the qualitative analysis identical, this entirely validifying the numerical calculation.  


7. [bookmark: _Toc157410816]Sensitivity Analysis of code (20 marks)
[bookmark: _Toc157410817]Testing under different instances
Sensitivity testing and analysis are crucial stages of any engineering process, particularly when validifying calculations. Systematically altering variables to assess the sensitivity of a model’s output based on user input parameters. Testing the sensitivity of the parameters helps develop understanding to review the results most influencing factors. By performing the sensitivity testing, assumptions and predictions can be made through the process to highlight any anomalies and any mistakes from the predictions.
To review the sensitivity of the code, the first input variable to test is the tolerance. 
Testing the tolerance with a fixed gird spacing value of 1, and a fixed timestep of 500s.
Whilst the tolerance is a variable, the option to change it is decided by the code writer, not the user inputting.
[image: ]
Figure 6 - Tolerance Variable Sensitivity Testing
The results from the sensitivity testing indicate the direct correlation between time taken to reach thermal equilibrium and the tolerance. The smaller the tolerance factor the longer it takes the model to achieve thermal equilibrium. 

Reviewing the influence of the user input timestep next, under fixed tolerance value of 0.0001 and fixed grid spacing of 0.75. It is evident that as the timesteps get smaller, the time taken to reach thermal equilibrium is smaller too.
[image: ]
Figure 7 - Timestep Variable Sensitivity Testing

Final sensitivity testing concludes with grid spacing variable testing. Fixed values for timestep at 150s and tolerance of 0.001. The line graph of figure 8 shows a clear relationship between testing time and grid spacing that as the grid spacing is reduced, the time to reach thermal equilibrium is smaller in turn too. Through review of the 
[image: ]
Figure 8 - Grid Spacing Variable Sensitivity Testing
Upon review of the grid spacing variable analysis, there is a clear indication that inline with discoveries regarding h values discussed in Section 3, that this isn’t a result that’s typically expected. What we should be getting through the analysis of the grid spacing variable is a line which oscillates as the value of h is larger. Though the lack of oscillation does indicate that the time taken is similar to what we would expect for a true result.

8. [bookmark: _Toc157410818]Model limitations
A number of assumptions were made during the calculation which can impact the error factor, such as the plate is under ideal assumptions of uniform specific heat, uniform density and thickness is negligible.
The use and application of EFDM modelling is a great tool and calculations can be done with great precision, provided a number of factors.
[bookmark: _Toc157410819]Limitations of the Numerical Method
A main factor of limitation using EFDM Matlab modelling is the shape limitations. Being limited in terms of complex geometry unable to be modelled based on the EFDM method is based off the Cartesian system. 
Models with complex geometry such as curves, will require the use of alternative numerical technique to solve the PDEs, such as Finite Element Method (FEM), Finite Volume Method (FVM), or Boundary Element Method (BEM), reviewing the most suitable application for the task at hand.
Truncation error represents the discrepancy between the true mathematical solution and the numerical approximation of a differential equation. Truncation error comes from several factors within the process, firstly, the most significantly weighted, the error involved in the approximating the derivatives which are replaces by their finite difference counterparts. Other truncation error considerations are errors in the timestep selected. While seemingly minor, for the use on a larger transient calculation, the minor errors accumulate and contribute to the overall error factor.
Another important truncation error to highlight is the error from the Taylor Series expansion itself, any errors in the discretization process and the error factor ignored in the forward difference approximation.
Roundoff error occurs in the EFDM calculations, stemming from the computers’ precision, the storing of numbers on the software will automatically have a rounding factor built in, each storing inducing small errors which accumulate throughout the calculation. Roundoff errors occur during the user defined tolerances, as reviewed in section 7, the tolerance significantly impacts the calculation results, and it would be naïve to ignore any round off errors through the tolerance factor.

[bookmark: _Toc157410820]Coding Limitations
Stability constraints limit the model calculation and precision, the stability criterion may mean a large timestep may be used, where instability issues arise, contributing to the overall error factor. The trial and error around a timestep accuracy and stability analysis is time consuming also.
Thermal equilibrium modelling isn’t always an accurate representation. Limitations arise around the quantitative analysis doesn’t capture the extents of the calculation and the behaviours accurately, due to the thermal equilibrium definition of the minimum difference between temperatures at the given nodes, as opposed to thermal equilibrium of the object as a whole remaining constant over time.




9. [bookmark: _Toc157410821]Suggested improvements and future developments
[bookmark: _Toc157410822]Finite Volume Method (FVM) 
As discussed in section 8, there are alternate methods to calculating thermal diffusion numerically. Some other methods include Finite Element Method (FEM), Finite Volume Method (FVM), Finite Difference Method (FDM) or Boundary Element Method (BEM). 
Depending on the aims of the model and considering the strengths and weaknesses of each software, the alternatives listed above can help achieve results from the derived set of simultaneous equations. As the solving of simultaneous equations is a more time consuming and considered a negative, the abilities of solving irregular boundary geometric shapes and other behaviours still make them advantageous to use.
Finite Volume Method (FVM) is similar to EFDM in the sense of the best suited for modelling heat transfer, but advantageous over EFDM due to its complex shape abilities, unlike EFDM’s cartesian shape limitations. FVM uses a set of linear equations and its good stability for transient calculations. Using FDM would overcome the stability issue that requires Fo number to be 0 < Fo > 0.25 as noted in section 5.
[bookmark: _Toc157410823]Improvements and Developments
Some improvements to apply to the EFDM model may be to use FDM. FDM discretizes the domain by approximating through finite difference approximation, like EFDM, but this produces a set of algebraic equations at the discrete points, instead of one singular linear equation from EFDM. Through the simultaneous equations by FDM, explicit or implicit equations, allowing for larger model calculations.
Improvements to the EFDM used could be a threshold or percentage for the tolerance for equilibrium instead of a fixed value. Decreasing the timestep would improve stability and accuracy which allows for more transient behaviour, if precision is the goal and the computational method time isn’t a factor of concern.
 

10. [bookmark: _Toc157410824]Conclusion
This report reviewed the computational method code of the implementation of Taylor Series expansion of EFDM to calculate thermal diffusion and the solid reaching thermal equilibrium. Converting the heat equation to a linear equation and applying it to a Matlab computational model to simulate diffusion. The code was analysed and reviewed before verifying the results from the numerical calculation to the given analytical equation. The results of the colormaps gave a visual representation of the results. While the option was there to use another methods such as FEM, FDM, the results proved valid and correct.  
The code achieves all of the aims in the objective and listed in the introduction and the model behaves appropriately. 
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