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1 Introduction

This report will provide an overview of the 2D Diffusion Equation Model using the EFDM (Explicit
Finite Difference Method). More specifically, the temperature distribution within an aluminium plate
through time. The first section of this report will cover the governing equation for two-dimensional
parabolic heat transfer. Following this the numerical method for discretising the governing equation
will be covered in depth. Also covered in this report will be the initial boundary conditions that have
been setup and implementation of the analytical solution within the code. After reviewing the
previously mentioned points, sections of the code will be provided along with explanations regarding
the functionality. A sensitivity analysis will then be conducted on the code to illustrate how the
output differs in response to a change in grid spacing, time step and thermal equilibrium tolerance.

The limitations of the model will also be covered within this report. Whether these be limitations
with the numerical method applied or limitations due in relation to coding. Based on the previous
section, suggested improvements for the model can be made for future developments. Finally, the
conclusion will provide a brief overview of the report’s findings. Overall, the aim of this report is to
provide a detailed explanation of the 2D Diffusion Equation Model using the EFDM while critically
evaluating the solution.



2 Governing Equation

The Explicit Finite Difference Method can be applied when creating a mathematical model with the
purpose of analysing heat transfer between objects. Mathematical modelling is a technique often
deployed within industry to understand how a real-world application will perform through the means
of equations. There are multiple benefits of creating a mathematical model for a real-world problem
which include enabling Engineers to make predictions of how the application will perform and allow
them to optimise aspects before physically building a design. It also allows for the simulation of
different scenarios so the response of the application under varying conditions can be understood.
One of the drawbacks of mathematical modelling is that it is only as good as the parameter input,
which means it may not exactly simulate the real-world scenario.

For the mathematical model covered in this report will utilise the 2D Explicit Finite Difference
Method to simulate temperature distribution within an aluminium plate through time. The EFDM
model outputs an approximate solution for a given heat transfer scenario. Figure 1 below shows the
heat equation.

E.'ET_I_EJZT p-c, aT
axz  ay* k  at

Figure 1 - Parabolic Heat Equation (Croft D.R, Lilley D.G, 1977)

In the equation shown in Figure 1 the temperature (T) is a function of position (x, y) and time (t).
Other terms also include thermal conductivity (k), density (p) and the specific heat (c). Also taken
into consideration is thermal diffusivity (k/c.p). The heat equation is often used when analysing the
conduction properties of a material. It can also be applied to diffusion applications of solids and
fluids. Both reasons are contributing factors to what makes the heat equation important.

At the beginning of 2D EFDM mathematical model, a grid needs to be defined with nodes at each
intersection. An example of this can be found in Figure 2. The nodes at each intersection signify the
temperature at each point on the aluminium plate surface.

6m

50°C

0°C 0°C

6m

0°C
Figure 2 - 2D Finite Difference Method Grid



3 Numerical Method to Discretise Governing Equation

Now that the governing equation has been introduced the discretisation can take place to generate
parameters that will eventually be utilised within the mathematical model for heat transfer using the
2D Explicit Finite Difference Method. The first stage involves using the Taylor Series to create
difference approximations of the first and second derivatives.

3.1 Taylor Series

To generate the difference approximations for first and second derivatives Taylor Series expansions is
used. This is required for the forward, backward, central, and central to the second-order derivative
approximations.

3.1.1 Taylor Series Expansion

£ = 10 + 282 e —aoy LD (o gy ST LD gy

Employing the Taylor Series expression above, the equation can be modified to calculate the heat
transfer through the aluminium plate. This can be found below, for both the forward and backward
directions.

F0-+ ) = £(x0) = £(x0) + £'G0) 24 70y 2 Fr0)

FG0 = ) = £(x0) = FG0) + /(10) - + £ (x0) o+ Z et

3.1.2 Forward Difference Approximation

Following the introduction of the Taylor Series expression, a numerical technique must be adopted
that leverages the Finite Difference Method derived from the Taylor Series to construct a linear
equation. This is achieved by firstly making f! the subject of the equation, as shown below.

F(x0 + h) — F(x0) = f(x0)h + f”(xO)— +. Z f”(xO)—

Both sides of the equation must then be divided by h, as shown in the next equation.

f(x0 + h) — f(x0) h3
h

=flx 0)+f(x0) +f"(x0) +f'”(x0)—+

Finally, the equation for the forward difference approximation to the first derivative is generated.
This can be seen below. 0h in this equation represents the error value.

() = fxo + h;)l = f (o) + (0h)




3.1.3 Backward Difference Approximation
The same process must be completed for calculating the backward difference approximation for the
first derivative. The difference is that f (x0O — h) due to the opposing direction being calculated. As
done before, f1 is made the subject of the equation. This can be found below.
h? = "
FGO = B) = f(x0) = f' (O + 7 (x0) o+ -+ ) fH(x0) —
! o] !
Both sides of the equation must then be divided by h, as shown in the next equation.

f(0—h) — £(x0) _ N I L
n —f(x0)+f(x0)ﬁ+f (x0)§+f (x0)§+---

A linear equation, shown below, can then be derived. This represents the backwards difference
approximation for the first derivative.

f(xo) = f(xo —h)
h

f'(xo) = +(0h)

3.1.4 Central Difference Approximation

Now that the forward and backward difference approximations have been defined, the process can
be completed for the central difference approximation. This approximation considers both sides of a
chosen node, hence f(x0 + h) and f(x0 — h) both being incorporated into the equation.

3 4
f(x0+h) — f(x0—h) =2f"(x0)h + 2f’”(x0)% + Zf””(xO)% + -

Both sides must then be divided by 2h, as shown below.

F(x0 + ) — f(x0 — h)
2.h

h3 h*
=fl(x0) +f”’(x0)§+f””(XO)Z+

After dividing both sides by 2h the central difference approximation for the first derivative can be
equated. This can be found below.

fGo+h) = flxo—h)

0h)?
2.h + (0

f'(xo) =

Now that the three approximations for the forward, backward and central differences have been
determined for the first derivative, the central difference approximation can now be utilised further.
This is due to the error value (0h?) being smaller, making it a more accurate estimation. The next
stage is to apply the central difference approximation for the second derivative of the heat transfer
equation. Doing so will provide greater accuracy of the temperature changing through the aluminium
plate, due to the method considering the temperature of nodes either side of the selected point.



3.1.5 Central (Second Derivative) Difference Approximation

As mentioned previously, the central difference approximation provides greater accuracy when
calculating the heat transfer through the aluminium plate. To do so, the forward difference
approximation must be added to the backwards difference approximation. This can be seen below.

h? = "
FGO+h) = f(x0) + [ (xOh + £ (x0) -+ - Z frx0)
n=0

h2 - R
FGO = h) = f(x0) = f' (O + f(x0) o+ -+ ) fH(x0) —
n=0

2 4
F(x0 + h) — f(x0 — h) = 2.f'(x0)h + 2.f”(x0)% + 2.f””(x0)% + o

To equate the central difference approximation for the second derivative, 2f1(x0) must be taken to
the other side of the equation, as shown below.
4

f(x0+h) = 2.f1(x0) + f(x0 — h) = f"(x0)h? + Z.f””(xO)% +

The above equation must then be divided by h?, which is displayed in the following equation.

f(x0+h) —2.f1(x0) + f(x0 — h) _

= F"(x0)h? + Oh?

Finally, the central difference approximation for the second derivative can be generated. This
equation can be found below.

flro +h) =2.f(x) + f(xo = H)
h2

fHxo) = + (0h)?



3.2 Explicit Finite Difference Scheme

The following section breaks down the discretisation for the spatial and temporal domains. Below is
the discretised form of the heat equation, which will be employed within the heat transfer
mathematical model.

0°Tp 0%Tp 1 0T
9*Tp  9°Tp 1 09Tp
ox%?  dy? 9 ot
3.2.1 Replace Temporal First Derivative by Forward Difference Approximations

Shown below is the equation that will be utilised to replace the temporal first derivative with forward
difference approximations.

t+At t
o Tt
ot At
Overall, the above equation expresses how the temperature at a specific point change over time. The
change in temperature at a chosen node is based on the difference in temperature at different times.

3.2.2 Replace Spatial Second Derivative by Forward Difference Approximations
The below equations replace the spatial second derivative with forward difference approximations,
for the X and Y axis respectively.

0%t Ty —2T,+Ty

ax2 h?
0%t Ty — 2T, +Ts
ay? h?

Temperature distribution is essentially calculated utilising the above equations, by computing the
difference in temperature between two points. Once the differences are calculated between the two
points, the value is divided by h?, which is the spatial step size.

3.2.3 Derive the Explicit Finite Difference Form Introducing the Fourier Number
The equations derived above can now be substituted back into the heat equation, which is displayed
at the beginning of this chapter.

Tg' — 2T,° + Ty* s Ty' —2T," +T5 1 T, T,
h? h? S At

Factorising the above equation by h? introduces the spatial domain into the equation. This can be
seen below.

1
— t+At
ﬁ(TE+TW+TN+T5—4Tp)_Tp - T,



3.2.4 Fourier Number

The Fourier number indicates the relationship between the rate of heat transfer and storage within
the aluminium plate, making it an essential aspect of the mathematical simulation. This is defined in
the below equation.

< At
fo="z
Following the definition of the Fourier number, it can subsequently be integrated into the heat
equation, which is displayed below.

1 t+At

After the integration of the Fourier number into the heat transfer equation, it must be made normal
by multiplying and diving by Tpt. This can be found in the equation below.

1 t+At
fO(TE+TW+TN+TS_Tp(4_f_O) =Tp

The heat equation derived above, that utilises the Explicit Finite Difference Method, can now be
employed in the simulation model to equate the heat transfer through the specified material, until
thermal equilibrium is reached.

3.2.5 Define the Stability Criterion

For this mathematical model, the stability criterion ensures that the result of the simulation remains
accurate. If the conditions of the stability criterion are not met, the simulation will become unstable,
making it a critical element of the model.

O<F <1
0=7%



3.2.6 Discretise the Spatial Domain
The spatial domain is discretised as follows:

x = Nx
y =Ny
The grid spacing for the spatial domains is defined as follows:
x =Lx
y=Ly
The grid points for the spatial domain are discretised as follows:

Where, x =i

Then, Nx — 1
Where,y = j
Then, Ny — 1

3.2.7 Discretise the Temporal Domain
The temporal domain is discretised as follows:

t =Nt
The time step for the temporal domain is defined as follows:

t=dt

10



4 Initial Domain, Boundary Conditions and Analytical Solution

4.1 Initial Domain Conditions
This section of the report defines the initial boundary conditions to be considered within the
mathematical model. The initial domain condition can be found below:

T=0xy0=0for0<x<6&0<y<6

The above condition details the initial temperature parameters of the 6x6 metre aluminium plate.
This is achieved by defining the temperature as 0°C at every point within the plate. As this is the
initial domain condition, no heating temperatures have been applied to the object at this point.

4.2 Boundary Conditions

Now that the initial domain conditions have been explained, it is time to look at the boundary
conditions that need to be applied throughout the simulation. The conditions for the y axis
boundaries can be found below:

T@,y,t)=0
T(6,y,t)=0

The conditions above provide the parameters for the left and right boundaries. Based on this
condition the boundaries conditions remain the same over time and does not fluctuate. The
conditions for the x axis can be found below:

T(x,0,t) = f(x)
T(x,6,t) =0

for0 <y <6and0 <t < Thermal Equilibrium

for0<x <6and 0 <t < Thermal Equilibrium

Based on the boundary conditions provided above, it can be determined that a varying temperature
condition is allowable for the top boundary due to the function included. This is not the case for the
bottom boundary, which remains a constant temperature as time progresses. The function provided
for the top boundary is as follows:

2
12.5x ifOSxS(§><6)
f() )

—25x + 150 if(§><6)<xS6

As mentioned previously, the above function provides the top boundary condition. If x is within the
first range specified, a linear increase in temperature will be seen across the top boundary. If x is
within the second range specified, a linear decrease in temperature will be seen across the top
boundary. The rate in which the temperature increases or decreases is determined by 12.5 and -25
respectively.

4.3  Analytical Solution

T(x,v) =

0 (8
Z(nz smh(n T) "sin (n : x)-smh(n z }))

Figure 3 - Analytical Solution Equation of the Temperature at Thermal Equilibrium (Daileda, 2012)

Figure 3 shows the analytical solution equation which the code will be tested against. This equation
utilises sine functions while taking into consideration the variation in direction between the x and y
axis. This allows for computing of the temperature distribution throughout the aluminium plate.

11



5 Code Details and Explanations

The code details and explanations will be covered in this section of the report. Aspects previously
covered within this report have been incorporated into the code solution to achieve the appropriate
outcome.

% Material properties for aluminum

k = 143; % Thermal conductivity (W/m.C)
rho = 2.8e3; X% Density (kg/m"3)

cp = 79%; % Specific heat (1/kg.C)

% Calculate thermal diffusivity
i

alpha = / (rho * cp);

% Plate dimensions

Lx = 6; % Length of the plate in the x-direction
Ly = 6; % Length of the plate in the y-direction

Figure 4 - MATLAB Code Section 1

The first section of the code, displayed above in Figure 4, defines a few of the initial parameters for
the mathematical model. Firstly, the material properties for the aluminium plate. These properties
being the thermal conductivity, density, and specific heat. All these properties are then subsequently
used to calculate the thermal diffusivity of the material. This is defined as alpha within the code.
Finally, this section of the code defines the plate dimensions of the aluminium plate. As per the
geometry requirements, the plate dimensions are defined as 6x6 metres.

% Prompt user for grid spacing

validGrid = false;
while ~validGrid

gridspacing = input('Enter the grid spacing (must comply with plate dimensions): '};
if gridSpacing <= 8 || gridSpacing > min{Lx, Ly)
disp('Invalid grid spacing. Pleases choose 3 wvalus within the plate dimensiens.’);

else
validGrid = true;
end
end

% Grid parameters
N (Lx / gridspacing) + 1; & Number of grid points in the x-direction

My = (Ly / gridspacing) + 1; % Mumber of grid points in the y-direction
dx = Lx / (Mx - 1); % aGrid spacing in the x-direction
dy = Ly / (Ny - 1); % arid spacing in the y-direction

Figure 5 - MATLAB Code Section 2

The next section of this report covers the grid parameters. A valid grid flag is set to false before a
while loop is initialised. During this loop the user is asked to enter a grid spacing value, if the value
enter is less than or equal to zero, and if the grid spacing value is greater than the plate dimensions
then an error message will be displayed. The user will then be asked to enter another value. If a valid
grid spacing value is entered the flag will be set to true and the code will progress. Following this the
number of grid points in the x and y direction are setup and the grid spacing is defined.

12



% Time parameters
dt = input({'Enter Time Step Value: ");

¥

% Time step

# Calculate stability criterion

stabilityCriterion = alpha * dt / (gridSpacing”2);

% Check if the stability criterion is met

if stabilityCriterion > 8.25
disp('Warning: Stability criterion may not be fulfilled. Consider choosiing a smaller time step.');
% You may choose to prompt the user to enter & different time step or hpndle it accordingly.

end

Figure 6 - MATLAB Code Section 3

In the code displayed in Figure 6, the user is asked to enter a time step value. This value is then used
within the stability criterion calculation which also incorporates the grid spacing value. If the
outcome of the stability criterion calculation is greater than 0.25 a warning will be displayed to the
user, and they will be asked to enter a smaller time step.

% Initialize temperature field with boundary conditions
T = zeros(Nx, Ny);

% set left, right, and bottom boundaries to zero

T(:, [1, end]) = @; ¥ Left and right boundaries

T(1, :) = 8; % Bottom boundary

% set interior of the matrix to zero

T(2:Nx-1, 2:Ny-1) = @;

% Function for the top boundary condition T(x, @, t) = f(x)

dx = Lx / (Nx - 1); % Grid spacing in the x-direction

¥_values = linspace(®, Lx, Nx); X% Use linspace for x values

f_top = @(x) 12.5 * x .* (@ <= x) .* (x <= 2/3 * Lx) + (-25 * x + 158) .* ((2/3 * Lx) < x) .* (x <= Lx);
T(1l, 2:Ny-1) = f_top(x_values{2:Nx-1));

Figure 7 - MATLAB Code Section 4

Figure 7 initialises the boundary conditions and sets up a function for the temperature response at
the top boundary. Firstly, a matrix of zeros is initialised where the grid points in the x and y direction
are represented respectively. The left, right and bottom boundary conditions are set by indexing the
value zero to the appropriate point in the matrix. Next, the interior domain of the matrix is set to by
specifying the point grid points in both the x and y direction. Finally, a function for the top boundary
is defined by determining the grid spacing in the x direction, then using the ‘linspace’ function in
MATLAB to specify values between to linear points. This will subsequently calculate the difference
between the start and stop points and generate the points required. The following lines define the
provided function and where it should be applied to in the matrix.
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y the initial temperature matrix

itial Temperature Matrix:');

% Initialize the change in temperature
delta T = Inf;

% Initialize iteration counter
iterstions = 0;

% Run the simulation until thermal equilibrium is reached
while delta_T > le-4
T_ne T
for 2:hx-1
for § = 2:Ny-1
T_new(i, j) = T(i, j) + alpha * dt * ((T(i+1, ) - 2*T(i, 3) + T(i-1, 3)) / dx*2 + (T(i, j+1) - 2*T(i, ) + T(i, j-1)) / dy*2);
end

end

Figure 8 - MATLAB Code Section 5

In Figure 8, the code displays the initial temperature matrix to the user to ensure it has been setup
correctly. The next step initialises a variable that is equal to infinity. This is used later to establish if
thermal equilibrium has been reached. The iterations counter is set to zero at the beginning of the
while loop, this counter tracks how many times the loop is run. The while loop will then run until
thermal equilibrium is reached. Using the finite difference method, the matrix is iterated repeatedly.
The 2D Explicit Finite Difference Method allows for the temperature at each grid point to be updated.

% Calculate the maximum change in temperature
delta T = max(max(abs({T_new - T)));

% Update the temperature matrix
T = T_new;
o

% Increment iteration counter
iterations = iterations + 1;

end

% Calculate the time taken for the simulation

total time = iterations * dt;

Figure 9 - MATLAB Code Section 6

When the while loop is running the maximum change in temperature is calculated, using the ‘max’
and ‘abs’ functions within MATLAB. These functions are used to take the maximum absolute values
from the two different matrixes and the values are subtracted to work out the difference. After this,
the temperature matrix is updated, and the iterations counter is incremented. Finally, after leaving
the while loop, the total time is calculated by multiplying the number of iterations by the time step.
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% Initialize temperature field with boundary conditions
analytical solution_matrix = zeros(Mx, Ny);

% set left, right, and top boundaries to zero
analytical_solution_matrix(:, [1, end]) = @;
analytical_solution_matrix{1, :) = @;

Left and right boundaries
Top boundary

% Set interior of the matrix to zero
analytical_solution_matrix(2:Mx-1, 2:Ny-1) = @;

% Function for the top boundary condition T(x, @, t) = f(x)

dx = Lx / (Nx - 1); % Grid spacing in the x-direction

x_values = linspace(®@, Lx, Nx); &% Use linspace for x values

f_top = @(x) 12.5 * x .* (@ <= x) .* (x <= 2/3 * Lx) + (-25 % »x + 158) .* ((2/3 * Lx) < %} .* (x <= Lx);
analytical_solution_matrix({l, 2:My-1) = f_top(x_values(2:Nx-1));

% Display the initial temperature matrix
disp('Initial Analytical Temperature Matrix:');
disp({analytical_solution_matrix);

Figure 10 - MATLAB Code Section 7

In the section of code displayed in Figure 10, a new matrix is initialised to process the analytical
solution. The method of doing so is the same as for the Explicit Finite Difference Method section of
the code. After the matrix is initialised, it is then displayed to the user to clarify that it has been done
so correctly.

% Iterate through the interior elements of the matrix
for i = 2ilix-1
for § = 2:liy-1
% Calculate the
for n = 1:200 %
snalytical_solution_matrix(i, 3) = analytical_solution_matrik(i, 3) + (sin{(2 * n * pi} / 3) / (n"2 * sinn(n * pi})) * (sin{(n * pi * i) / 6)) * (sinh{(n * pi * §) / 6));
end
analytical _solution_matrix(i, j) = analytical_solution_matrix(i,|j) * 458 / pi~2;

lue usi

g the given formula
just the upper limit of n based on youf requirements

Figure 11 - MATLAB Code Section 8

This section of the code processes the analytical solution by iterating over the interior elements of
the analytical solution matrix. This iteration process will be carried out two hundred times before it is
completed. The final matrix is then scaled after the two hundred iterations are completed.

% Disp
disp([

/ the time it takes to reach thermal equilibrium
ime to reach thermzl equilibrium: ' num2str(total_time) ' seconds']);

% Display the temperature matrix at equilibrium
disp (" Temperature Matrix at Thermal Equilibrium: ');
disp(T);

temperature matrix at equilibrium
disp(’Analytical Temperatu ix: "3
disp(analytical_solution_matr

% Plot the final temperature distribution

figure;

imagesc(linspace(®, Ly, Ny), linspace(d, Lx, Nx}, T);

colorbar;

title('Temperature Distribution in the Aluminum Plate (Thermal Equilibrium)');
xlabel H

ylabel( "y '3

% Plot the final temperature distribution (analytical)

figure;

imagesc(linspace(®, Ly, Ny), linspace(d, Lx, Nx}, analytical_solution_matrix);
colorbar;

Figure 12 - MATLAB Code Section 9

Figure 12 shows the final section of the code, in which results of both the numerical and analytical
solutions are displayed to the user. Firstly, the total time to reach thermal equilibrium is converted
from a number to a string before being displayed. Then both the final numerical and analytical
temperature matrixes are displayed to the user. Finally, a 2D graph is created for both the numerical
and analytical solutions.
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6 Analysis of Code Results

Now that the code has been outlined and explained, analysis and validation can be completed to
examine the behaviour of the code. Included in the validation will be a sensitivity analysis, to
determine how the code responds to changing the input parameters. The input parameters that will
be focused on are the grid spacing, time step and thermal equilibrium tolerance.

6.1 Code Validation

6.1.1 Grid Spacing

The first input parameter to cover in the validation is the grid spacing. To determine the effect that
an increase and decrease in the grid spacing has on the simulation, the value will be increased and
decreased by 0.5. After doing so the following outcomes were achieved:

Temperature Matrix at Thermal Equilibrium:

0 12.5000 25.0000 37.5000 50.0000 25.0000 Q
i} 5.8574 17.0857 23.5718 25.551¢ 14.7144 0
0 5.8503 10.9250 14.1627 13.9316 6.3124 0
0 3.6301 6.6205 8.2450 T.7190 4.6149 Q
0 2.0624 3.7044 4.5037 4.1068 2.4412 Q0
0 0.9265 1.68502 1.9809 1.7827 1.0544 i}
0 Q Q Q Q [+] Q0

Figure 13 - Output Response Grid Spacing of 1 (Matrix)

Temperature Distribution in the Aluminum Plate (Thermal Equilibriungg

0

0 1 2 3 4 5 6
X-axis

Figure 14 - Output Response Grid Spacing of 1 (Graph)

Temperature Matrix at Thermal Eguilibrium:

0 15.7500 37T.5000 37.5000 9]
o] 10.4383 17.8778 15.4608 o]
o] 5.1546 8.1535 6.493% 4]
0 2.0678 3.1457 2.4026 o]
0 0 o] 9] 9]

Figure 15 - Output Response Grid Spacing of 1.5 (Matrix)

16



Temperature Distribution in the Aluml num Plate [The rmmal Equilibrium)

35
30
23
20
3

15
10
0

X-axis
Figure 16 - Output Response Grid Spacing of 1.5 (Graph)
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Figure 17 - Output Response Grid Spacing of 0.5 (Matrix)
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Figure 18 - Output Response Grid Spacing of 0.5 (Graph)

After increasing and decreasing the grid spacing, it can be determined that a smaller grid spacing
lead to an increased resolution whereas an increased grid spacing lead to a lower resolution. To run
the simulation with a smaller grid spacing, a decreased time step was also required.

It is important to note that the grid spacing has a critical affect on the accuracy of the solution.
Truncation errors can be introduced, depending on the value of grid spacing entered (Smith, 2003).
These errors can be reduced by decreasing the grid spacing value, hence the error being more
prevalent in coarser grids. Truncation errors occur during the discretisation of equations that are
applied to a grid, making them applicable to the Explicit Finite Difference Method.
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6.1.2 Time Step

It can be determined from the mathematical model that smaller time steps resulted in the simulation
being of a higher accuracy. The “time step size has a significant effect on accuracy and performance”
(SIMION, 2021). Generally, “smaller steps generally improve accuracy but take longer to compute
because there are more steps” (SIMION, 2021). This is also supported by the output of the
simulation. See below for the results:

Temperature Matrix at Thermal Equilibriuom:

Q 12.5000 25.0000 37.5000 50.0000 25.0000 0
0 8.8693 17.1063 23.5556 25.5722 14.7263 0
Q 5.8708 10.5606 14.203%9 13.59673 §.3330 0
0 3.6539 6.6617 8.25926 7.7602 4.6387 0
Q 2.0830 3.7400 4.,5445 4.,1425 2.4613 0
Q 0.5384 1.&707 2.0047 1.8033 1.0663 0
Q 0 0 Q Q Q 0
Figure 19 - Output Matrix (Time Step - 3600)
Temperature Matrix at Thermal Equilibrium:
Q 12.5000 25.0000 37.5000 50.0000 25.0000 0
L] 8.8574 17.0857 23.5718 25.551& 14.7144 0
Q 5.8503 10.8250 14.1&627 13.58316 8.3124 0
L] 3.6301 6.68205 8.2450 T.7180 4.6149 0
Q 2.0624 3.7044 4,5037 4,1068 2.4412 0
L] 0.9265 1.6502 1.5809 1.7827 1.0544 0
Q Q Q 0 Q Q 0

Figure 20 - Output Matrix (Time Step - 60)

Even though the accuracy is improved with the decrease in the time step, it can have a negative
effect on the time it takes for the simulation to compute. Ultimately the simulation will take longer to
complete with a smaller time step. It is important to consider the trade off between the
computational efficiency and the accuracy of the simulation. An increased computing duration could
be a small price to pay, if it means that the solution output by the simulation is of a much higher
accuracy. Computing efficiency can also be increased by changing the various hardware elements.

When evaluating the use of the time step within the model, it is essential to consider the potential
errors that may arise. One of these is round off errors, which occur due to the computing via finite
precision arithmetic. When a computer processes calculations multiple times, round off errors will
likely accumulate, due to the results being rounded multiple times over. Steps could have potentially
been taken to mitigate the effects of round off errors within the simulation, such as specifying the
number of decimal places to compute the result to.
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6.1.3 Thermal Equilibrium Tolerance

When making the tolerance for thermal equilibrium tighter, the results output from the simulation
were of a higher accuracy. After opening the tolerance up, the simulation was less accurate and a
greater fluctuation in temperature could be seen. Both examples are shown below:

Temperature Matrix at Thermal Equilikbrium:

o} 12,5000 25.0000 37.5000 50.0000 25.0000 o]
a g.69689 16.8075 23.2502 25.2728 14,5533 a
a 5.5737 10.4455 13.6084 13.4511 5.0348 o]
o} 3.3128 6.0706 T.6095 T.1679 4.2966 o]
0 1.78%6 3.2315 3.8570 3.6330 2.1674 0
a 0.7695 1.3785 1.6670 1.5105 0.85971 o]
o} 0 o} 0 i} 0 i}
Figure 21 - Output Matrix (Tight Thermal Equilibrium Tolerance)
Tenperature Matrix at Thermal Egquilibrium:
a 12.5000 25.0000 37.5000 50.0000 25.0000 a
a 8.8653 17.1063 23.5556 25.5722 14.72E63 o]
i} 5.8709 10.9606 14.2035 13.9673 8.3330 i}
a 3.653%9 6.6617 8.2926 T.T7602 4.6387 a
i} 2.0830 3.7400 4,5448 4.1425 2.4618 i}
i} 0.9384 1.6707 2.0047 1.8033 1.0663 0
a 0 0 0 aQ a a

Figure 22 - Output Matrix (Open Thermal Equilibrium Tolerance)

Even though a higher accuracy was observed in this case, this outcome may not always be the
outcome. There are various factors which contribute to this, one of which being the lack of physical
realism within the simulation. For example, real world applications may not always achieve perfect
thermal equilibrium, whereas the model will do so. This results in unrealistic behaviours being
encountered.
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6.2 Sensitivity Analysis

Conducting a sensitivity analysis is a crucial step when analysing a mathematical simulation model. It
assists with understanding how the model output performs when the various input parameters, and
variables, are modified. The sensitivity analysis will also help with understanding the relationship
between the models input and output parameters, to determine if there are any trends in the data.
During the sensitivity analysis, the focus will be specifically on the grid spacing, time step and
thermal equilibrium tolerance, against the time taken to reach thermal equilibrium.

6.2.1 Grid Spacing Against Time to Reach Thermal Equilibrium

Grid Spacing (h) | Time Step (Seconds) Time to Reac(l'nsl'lc'nj;:sa)l Equilibrium Tolerance

3 150 209700 0.0001
1.5 150 190200 0.0001

1 150 187800 0.0001
0.75 150 185700 0.0001
0.5 150 185100 0.0001
0.25 150 184500 0.0001
0.1 150 58350 0.0001

Table 1 - Grid Spacing Versus Time Taken to Reach Thermal Equilibrium

Grid Spacing Versus Time Taken to Reach Thermal Equilibrium

250000

200000 \

150000

100000

Time to Reach Thermal Equilibrium (Seconds)

50000

3 15 1 0.75 05 0.25 0.1
Grid Spacing (h)

Figure 23 - Grid Spacing Versus Time Taken to Reach Thermal Equilibrium Plot

The above sensitivity analysis, performed on the grid spacing, shows that the time taken to reach
thermal equilibrium reduces as the grid spacing is decreased. This supports the conclusions made in
the previous section.
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6.2.2 Time Step Against Time to Reach Thermal Equilibrium

Grid Spacing (h) | Time Step (Seconds) Time to Reac?sl'rj;:sa)l Equilibrium Tolerance
1 2000 258000 0.0001
1 1000 240000 0.0001
1 500 222000 0.0001
1 250 202500 0.0001
1 100 176200 0.0001
1 50 156100 0.0001
1 25 136025 0.0001
Table 2 - Time Step Versus Time Taken to Reach Thermal Equilibrium
Time Step Versus Time Taken to Reach Thermal Equilibrium

£

£

g

Time Step (Seconds)

Figure 24 - Time Step Versus Time Taken to Reach Thermal Equilibrium Plot

Based on the above sensitivity analysis, of the time step, it can be determined that a decease in time
taken to reach thermal equilibrium is observed when the time step is lowered. As mentioned in the
previous section, it is important to consider the introduction of truncation errors when the time step
is decreased. Also, the trade offs associated with the computing times, which are discussed in the
previous chapter.

21



6.2.3 Thermal Equilibrium Tolerance Against Time to Reach Thermal Equilibrium

Grid Spacing (h) | Time Step (Seconds) Time to Reac?s:g;el::sa)l Equilibrium Tolerance
1 150 321300 0.000001
1 150 254550 0.00001
1 150 187800 0.0001
1 150 121050 0.001
1 150 54300 0.01
1 150 11250 0.1

Table 3 - Thermal Equilibrium Tolerance Versus Time Taken to Reach Thermal Equilibrium

Thermal Equilibrium Tolerance Versus Time Taken to Reach Thermal Equilibrium
350000

300000

250000

200000

150000

100000

Time to Reach Thermal Equilibrium (Seconds

50000

0.000001 0.00001 0.0001 0.001 0.01 01

Thermal Equilibrium Tolerance

Figure 25 - Thermal Equilibrium Tolerance Versus Time Taken to Reach Thermal Equilibrium Plot

Analysing the above information, a larger thermal equilibrium tolerance results in a decreased time
to reach thermal equilibrium. Even though the computational time is reduced with a larger
tolerance, the overall accuracy of the simulation will be lower. The trade-offs between the various
input parameters must be taken into consideration, to select the most appropriate values which
optimise the accuracy of the model, along with the computational efficiency.
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7 Model Limitations

Now that the results of the code have been analysed, it is time to identify areas of limitations with
the mathematical model. These limitations could be caused by various factors, which will be
discussed in the following section.

7.1 Limitations due to the Coding

One of the limitations with the coding that can be drawn is its inability to handle more complex
geometries. This is due to the fixed boundary conditions that are programmed. Another limitation
associated with the coding is that it does not fully capture the complexity of real-world physics of a
material reaching thermal equilibrium. As a result, the material behaviour during the heat transfer
process may not be entirely accurate.

7.2 Limitations due to Round Off Errors

Due to the employment of a computational model, round off errors will likely occur. This is due to the
inability to compute results to an infinite level of precision. When the simulation computes the
results over time, the errors will accumulate leading to inaccuracy in the final solution.
Unfortunately, these types of errors are not just specific to this application and are often present in
computational simulations.

7.3 Limitations due to Truncation Errors

Truncation errors occur during the discretisation of equations that are applied to a grid. As
mentioned in the analysis and validation section, decreasing the grid spacing value can reduce these
types of errors. Based on this fact, truncation errors are more prevalent in coarser grids compared to
ones of a finer resolution. Overall, this will achieve a higher accuracy simulation, which will also
increase the computational time.
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8 Improvements for Future Developments

There are multiple improvements that could be made for future developments of the code. One of
the ways in which an improvement could be made is by choosing a more complex numerical method
for the model to compute. More specifically, the Finite Element Method could be adopted instead.
The key differences between the EFDM and the FEM include the FEM being able to compute more
complex geometries and provide more accurate modelling. Figure 26 below displays a breakdown of
the evolution of numerical methods over the years.

| ENGINEERING MATHEMATICS |
Trial Finire
fumetions differences
Rayleigh 187072 Richardson 1910
Ritz 1908 Lichman 1918%
Southwell 19467
Vearfeerionnal Wi ghed
e tfods residinels
Rayleigh 18707 ~ Gauss 17955
Ritz 1908% /' Galerkin 1915*
\\\\ /  Biczeno-Koch 19235
4 2
Strucrural Piecewise
analogus ORI
snfatinenion triad fimctions
Hrenikoff 1941 Courant 19437
McHenry 19437 Prager-Synge 19479 +
Mewmark 1949 Argyris 1955
I Zienkiewicz 10647
TrecT PO
CONriRE R - _,I'Eran:n'e'
elemens \“‘--.x _’_.-"" differences
Turner ef al. 1956'7, L Varga 19627
~ - Wilkins 19647
FRESENT-DAY

FINITE ELEMENT METHOD

Figure 26 - History of Numerical Methods (Zienkiewicz, 2005)

Other advantages of FEM include being able to compute solutions for an unstructured mesh,
whereas this is a limitation with EFDM. It would also allow for analysis of non-linear scenarios unlike
the numerical method used within this scenario. Some of the simpler improvements that could be
made to the current solution include implementing a higher definition visualisation means. This is
due to the current animation being basic compared to what is available. Tools can also be utilised for
analysing the temperature post the visualisation being generated.

The Implicit Finite Difference Method (IFDM) could also be utilised in the future, as it is generally
considered to be the more stable and accurate numerical method. One of the reasons that the IFDM
is considered more stable than the EFDM, is that it does not require a strict stability criterion. It can
also handle larger time steps which provides a higher degree of accuracy. The code could also be
enhanced more complex boundary conditions, which would make the model more suitable for real
would scenarios. For example, the introduction of dynamic boundary conditions would further
improve the simulation.

Implementing the improvements suggested above would make the numerical model more robust,
along with increasing accuracy.
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9 Conclusion

To conclude this report, the Explicit Finite Difference Method has been successfully utilised to model
the temperature distribution within an aluminium plate over time. The governing equation, outlined
at the beginning of the report, was discretised employing Taylor Series expansions. This enabled the
implementation of forward, backward, and central difference approximations, which were
subsequently deployed in the computational model.

The analysis and validation section highlighted the impact of the input parameters, including grid
spacing, time step and thermal equilibrium tolerance, on the simulation’s accuracy. Smaller grid
spacing and time steps resulted in increased simulation accuracy but required greater computational
resource. Also included was the importance of the stability criterion, to achieve reliable results.

Even with the robustness of the EFDM, the limitations of the model were considered, such as
handling complex geometries and the potential for accumulating round off errors. Also, the potential
of truncation errors based on the grid spacing selected by the user. These limitations presented
opportunities for future improvements, such as the introduction of the Implicit Finite Difference
Method.

As a final point, the EFDM provided a useful tool for computationally simulating heat transfer in two
dimensional domains. Future developments could further improve this simulation, achieving a more
precise and higher accuracy mathematical simulation model.
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11 Appendix

% Material properties for aluminum

k = 143; % Thermal conductivity (W/m.C)
rho = 2.8e3; % Density (kg/m"3)

cp = 795; % Specific heat (J/kg.C)

$ Calculate thermal diffusivity
alpha = k / (rho * cp);

% Plate dimensions
Lx = 6; % Length of the plate in the x-direction
Ly = 6; % Length of the plate in the y-direction

% Prompt user for grid spacing
validGrid = false;
while ~validGrid
gridSpacing = input('Enter the grid spacing (must comply with plate dimensions):«
l);
if gridSpacing <= 0 || gridSpacing > min(Lx, Ly)
disp('Invalid grid spacing. Please choose a value within the platey
dimensions.');
else
validGrid = true;
end
end

% Grid parameters
Nx = (Lx / gridSpacing) + 1; % Number of grid points in the x-direction

Ny = (Ly / gridSpacing) + 1; % Number of grid points in the y-direction
dg =Lx / (Nx - 1); % Grid spacing in the x-direction
dy = Ly / (Ny - 1); $% Grid spacing in the y-direction

% Time parameters
dt = input('Enter Time Step Value: '); $% Time step

% Calculate stability criterion
stabilityCriterion = alpha * dt / (gridSpacing*2);

% Check if the stability criterion is met
if stabilityCriterion > 0.25

disp ('Warning: Stability criterion may not be fulfilled. Consider choosing aw
smaller time step.'):

$ You may choose to prompt the user to enter a different time step or handle it¥
accordingly.
end

I i i it i it i iiiiii it ittt ittt ii i it iit it i it i ittt it it ittt
TR T T R T R R R R TR R I L LRI TR LRSS IR ST TR LLR RIS R EIRRERYY

% Initialize temperature field with boundary conditions
T = zeros(Nx, Ny):

% Set left, right, and bottom boundaries to zero
T(:, [1, end]) = 0; % Left and right boundaries
T(1, :) = 0; $ Bottom boundary

Figure 27 - Code Page 1
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% Set interior of the matrix to zero
T(2:Nx-1, 2:Ny-1) = 0;

% Function for the top boundary condition T(x, 0, t) = £(x)

dx =Lx / (Nx - 1); % Grid spacing in the x-direction

X values = linspace(0, Lx, Nx); % Use linspace for x values

f top = @(x) 12.5 * X .*¥ (0 <= X) .* (x <= 2/3 * Lx) + (-25 * x + 150) .* ((2/3 * Lx)¢
< X) .* (x <= 1Lx);

T(1l, 2:Ny-1) = £ _top(x_values(2:Nx-1));

% Display the initial temperature matrix
disp('Initial Temperature Matrix:');
disp(T):

% Initialize the change in temperature
delta_T = Inf;

$ Initialize iteration counter
iterations = 0;

% Run the simulation until thermal egquilibrium is reached
while delta T > le-4
T_new = T;
for 1 = 2:Nx-1
for j = 2:Ny-1
T new(i, j) = T(i, j) + alpha * dt * ((T(i+l, 3J) - 2*T(i, j) + T(i-1, j))«
/ dx*2 + (T(i, j+1) - 2*T(1i, j) + T(i, 3-1)) / dy*2):
end
end

% Calculate the maximum change in temperature
delta T = max(max(abs(T_new - T)));

$ Update the temperature matrix
T = T_new;

$ Increment iteration counter
iterations = iterations + 1;

end

% Calculate the time taken for the simulation
total_time = iterations * dt;

e T4
TR I TR R T T T R I TR LS IR LA LSS T T L LRI TR LIL IS IRIRNNEYSY

% Initialize temperature field with boundary conditions
analytical solution matrix = zeros(Nx, Ny);

% Set left, right, and top boundaries to zero
analytical solution matrix(:, [1, end]) = 0; % Left and right boundaries

analytical solution matrix(l, :) = 0; % Top boundary

% Set interior of the matrix to zero
analytical_solution matrix(2:Nx-1, 2:Ny-1) = 0;

Figure 28 - Code Page 2

28



$ Function for the top boundary condition T(x, 0, t) = f£(x)

dx =Lx / (N - 1); % Grid spacing in the x-direction

X values = linspace(0, Lx, Nx); % Use linspace for x values

f top = @(x) 12.5 * x .* (0 <= x) .* (x <= 2/3 * Lx) + (-25 * x + 150) .* ((2/3 * Lx)¥
< X) .* (x <= Ix);

analytical_ solution matrix(l, 2:Ny-1) = £ _top(x_values(2:Nx-1));

% Display the initial temperature matrix
disp('Initial Analytical Temperature Matrix:'):;
disp(analytical_ solution_matrix):;

% Iterate through the interior elements of the matrix
for i = 2:Nx-1
for j = 2:Ny-1
$ Calculate the value using the given formula
for n = 1:200 % You can adjust the upper limit of n based on your requirements
analytical_solution matrix(i, j) = analytical solution matrix(i, j) + (sin¥
((2*n *pi) /3) / (n*2 * sinh(n * pi))) * (sin((n * pi * i) / €)) * (sinh((n * pi *¢
j) / &)):
end
analytical_solution matrix(i, j) = analytical_solution matrix(i, j) * 450 /¢
pir2;
end
end
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% Display the time it takes to reach thermal equilibrium
disp(['Time to reach thermal eguilibrium: ' num2str(total_time) ' seconds']):

% Display the temperature matrix at eguilibrium
disp('Temperature Matrix at Thermal Equilibrium: ');
disp(T):

% Display the temperature matrix at eguilibrium
disp('Analytical Temperature Matrix: ');
disp(analytical_solution_matrix);

% Plot the final temperature distribution

figure;

imagesc(linspace (0, Ly, Ny), linspace(0, Lx, Nx), T);

colorbar;

title('Temperature Distributicn in the Aluminum Plate (Thermal Equilibrium)');
xlabel ('x-axis');

ylabel ('y-axis');

% Plot the final temperature distribution (analytical)

figure;

imagesc(linspace(0, Ly, Ny), linspace(0, Lx, Nx), analytical_ solution _matrix);
colorbar;

title('Temperature Distribution in the Aluminum Plate (Analytical)'):

xlabel ('x-axis');

ylabel ('y-axis');
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