


[bookmark: _Toc220678540]Summary
This coursework investigates transient heat conduction in a two-dimensional aluminium plate using a numerical approach based on the explicit finite difference method. The objective is to model the temporal evolution of the temperature field under prescribed boundary conditions, determine the time required for the system to reach thermal equilibrium, and assess the accuracy of the numerical solution through comparison with an analytical steady-state solution.
The governing two-dimensional heat equation is discretised in space using second-order central difference schemes and advanced in time using a first-order explicit time-marching method. A uniform Cartesian grid is employed, and numerical stability is ensured by enforcing the Fourier number criterion associated with the explicit scheme. Input validation is implemented to guarantee physically meaningful and numerically stable parameters.
The numerical model successfully captures the transient diffusion of heat from the heated boundary into the plate and demonstrates physically consistent behaviour throughout the simulation. Thermal equilibrium is detected using a convergence criterion based on the maximum temperature change between successive time steps, allowing the equilibrium time to be reported in appropriate physical units.
To validate the numerical implementation, the steady-state temperature distribution obtained from the simulation is compared with an analytical solution of the corresponding boundary-value problem. The comparison shows good agreement between numerical and analytical results, with relatively small maximum absolute error and root mean square error values. The largest discrepancies occur near boundaries where temperature gradients are highest, which is consistent with expectations for finite difference approximations.
Overall, the results demonstrate that the explicit finite difference method provides an accurate and reliable means of modelling two-dimensional transient heat conduction problems, provided that appropriate discretisation parameters are selected. The coursework highlights both the strengths and limitations of the explicit approach and confirms its suitability for introductory computational heat transfer analysis.
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[bookmark: _Toc220678542]Introduction
This coursework investigates the transient heat conduction within a two-dimensional aluminium plate using a numerical approach. The problem is governed by the two-dimensional heat equation and is solved using an explicit finite difference method (EFDM). The aim is to model how temperature evolves within the plate over time, subject to prescribed boundary conditions, and to determine the time required for the system to reach thermal equilibrium.
Numerical methods are required because analytical solutions to the transient heat equation are generally difficult to obtain, particularly for two-dimensional domains. The explicit finite difference method offers a simple and intuitive approach, allowing the temperature at each node in the spatial grid to be updated iteratively based on neighbouring values from the previous time step.
In this coursework, the plate is discretised into a uniform grid, and the temperature field is computed at each node as time progresses. Stability constraints associated with the explicit scheme are enforced through the Fourier number criterion. Once thermal equilibrium is reached, the numerical steady-state solution is validated by comparison with a known analytical solution for the same boundary conditions.
The objectives of this coursework are therefore to:
· implement a stable explicit finite difference scheme for the two-dimensional heat equation,
· simulate the transient temperature distribution within the plate,
· determine the time taken for the system to reach thermal equilibrium, and
· assess the accuracy of the numerical solution by comparison with the analytical steady-state solution.




[bookmark: _Toc220678543]Governing Equation and Problem Description
Heat transfer within the aluminium plate is described by the two-dimensional transient heat conduction equation. This equation models the diffusion of heat within a solid and is widely used in engineering heat transfer analysis (Incropera et al., 2017).
Assuming constant material properties, isotropic behaviour, and the absence of internal heat generation, the governing equation may be written as: 

where is the temperature distribution, t is time, and α is the thermal diffusivity of the material. Thermal diffusivity is defined as:

with k representing the thermal conductivity, ρ the density, and ​ the specific heat capacity. These assumptions are appropriate for metallic materials such as aluminium, for which thermal properties may be treated as constant over moderate temperature ranges (Özisik, 1993).
The physical domain considered is a rectangular plate of width  ​ and height  ​. Heat transfer is assumed to occur only within the plane of the plate, allowing the problem to be treated as two-dimensional. This approximation is valid when temperature gradients through the thickness are negligible compared to those in the x and y directions (Incropera et al., 2017).
The governing equation is solved subject to the following boundary conditions:
· South boundary 

· East boundary 

· North boundary 

· West boundary

The west boundary therefore represents an insulated edge with zero heat flux, while the remaining boundaries are maintained at fixed temperatures. This combination of Dirichlet and Neumann boundary conditions is commonly encountered in conduction problems involving partially insulated surfaces (Özisik, 1993).
The initial condition assumes that the plate is initially at a uniform temperature:

The purpose of the numerical model is to solve the above governing equation subject to these initial and boundary conditions, predict the transient temperature distribution within the plate, and determine the time required for the system to reach thermal equilibrium.
[bookmark: _Toc220678544]Finite Difference Discretisation
To solve the governing heat conduction equation numerically, the explicit finite difference method (EFDM) is employed. This method approximates the spatial and temporal derivatives in the governing equation using finite differences evaluated on a discrete grid. The explicit approach is particularly attractive due to its simplicity and ease of implementation, although it is conditionally stable (Incropera et al., 2017).
[bookmark: _Toc220678545]Spatial Discretisation
The rectangular plate is discretised into a uniform Cartesian grid with constant spacing  in both the - and -directions. The temperature is evaluated at discrete grid points, referred to as nodes. Each interior node has four immediate neighbours: east, west, north, and south.
The second-order spatial derivatives in the governing equation are approximated using central difference schemes. At an interior node the second derivative with respect to is approximated as:

Similarly, the second derivative with respect to  is approximated as:

These approximations are second-order accurate in space and are commonly used in finite difference formulations of diffusion problems (Özisik, 1993).
[bookmark: _Toc220678546]Temporal Discretisation
Time is discretised into uniform increments of size . The first-order time derivative is approximated using a forward difference scheme, such that:

where the superscript n denotes the current time level and denotes the next time level. This forward difference approximation leads to an explicit time-marching scheme, where the temperature at the next time step can be computed directly from known values at the current time step.
[bookmark: _Toc220678547]Explicit Finite Difference Update Equation
Substituting the finite difference approximations for the spatial and temporal derivatives into the governing heat equation yields the explicit update formula for an interior node:

where the Fourier number is defined as:

This expression shows that the temperature at each interior node at the next time step is obtained from a weighted combination of the temperature at the current node and its four neighbouring nodes.
[bookmark: _Toc220678548]Stability Requirement
The explicit finite difference method is conditionally stable. For the two-dimensional heat equation, stability requires that the Fourier number satisfies the condition:

If this condition is violated, numerical errors grow rapidly and the solution becomes unstable. Consequently, the time step must be chosen carefully based on the grid spacing and material properties (Incropera et al., 2017).
[bookmark: _Toc220678549]Boundary and Interior Nodes
The finite difference update equation is applied only at interior nodes. Boundary nodes are treated separately and are assigned fixed values according to the prescribed boundary conditions. This ensures that the physical constraints of the problem are enforced throughout the simulation.

[bookmark: _Toc220678550]Numerical Algorithm and Implementation
The finite difference formulation derived in Question 2 is implemented in MATLAB using an explicit time-marching algorithm. The purpose of the algorithm is to compute the transient temperature distribution within the plate and to determine the time required for the system to reach thermal equilibrium.

[bookmark: _Toc220678551]Grid Construction and Initialisation
The spatial domain is discretised using a uniform Cartesian grid with spacing  in both the - and  directions. The total number of grid nodes in each direction is calculated as:
	 
This ensures that the grid aligns exactly with the physical dimensions of the plate. Prior to the simulation, the temperature field is initialised to zero at all nodes, corresponding to the prescribed initial condition 

[bookmark: _Toc220678552]Input Validation and Stability Enforcement
To ensure numerical correctness and robustness, user inputs are validated before the simulation begins. The plate dimensions  and ​ are required to be strictly positive. The grid spacing must also be strictly positive, smaller than both plate dimensions, and divide evenly into each dimension so that interior grid nodes are generated.
The time step is validated using the stability criterion associated with the explicit finite difference method. The Fourier number is computed as:

For the two-dimensional heat equation, numerical stability requires ​ (Incropera et al., 2017). If this condition is violated, the user is prompted to re-enter a smaller time step, and the maximum allowable stable time step is displayed to guide the choice.
[bookmark: _Toc220678553]Time-Stepping Procedure
The temperature field is advanced in time using a while-loop that continues until thermal equilibrium is reached. At each time step, the temperature at interior nodes is updated using the explicit finite difference update equation derived in Question 2. Boundary nodes are treated separately and are not included in the interior update stencil.
The west boundary is insulated, corresponding to a zero heat-flux (Neumann) condition. This is enforced numerically using a mirror condition, whereby the temperature at the boundary node is set equal to the adjacent interior node. Since this condition depends on the evolving interior temperatures, it must be enforced at every time step. In contrast, the Dirichlet boundary conditions on the remaining edges are constant and do not change with time.

[bookmark: _Toc220678554]Convergence and Thermal Equilibrium
Thermal equilibrium is defined as the point at which the temperature field no longer changes significantly between successive time steps. This is quantified using the maximum absolute difference between the temperature matrices at two consecutive time levels:

When this value falls below a prescribed tolerance, the simulation is terminated and the system is considered to have reached steady state. This approach provides a simple and effective criterion for detecting convergence in transient diffusion problems (Özisik, 1993).
The elapsed physical time is accumulated during the simulation, allowing the time taken to reach thermal equilibrium to be reported in appropriate units.

[bookmark: _Toc220678555]Output and Visualisation
To illustrate the transient behaviour of the temperature field, the numerical solution is visualised during the simulation using a time-stepping animation. The temperature distribution is updated periodically rather than at every iteration to avoid unnecessary computational overhead.
Once thermal equilibrium is reached, a final comparison figure is generated consisting of three subplots: the numerical steady-state temperature field, the analytical steady-state solution, and the absolute error distribution. This allows both qualitative and quantitative assessment of the numerical method.
Key numerical results, including the final temperature matrices and error metrics, are also displayed in the Command Window to provide transparent numerical evidence supporting the graphical output.
[bookmark: _Toc220678556]Results and Discussion
This section presents and discusses the numerical results obtained from the explicit finite difference simulation of transient heat conduction within the aluminium plate. The evolution of the temperature field over time is examined, followed by a discussion of the steady-state solution and the physical behaviour observed.
[bookmark: _Toc220678557]Effect of Grid Spacing on Thermal Equilibrium Time
The effect of spatial discretisation on the predicted thermal equilibrium time was investigated by performing a grid refinement study while keeping the time step and convergence tolerance fixed. The results of this study are presented in Table 1, where the grid spacing  is varied from 4 down to 0.2, while the time step is held constant at 150 and the tolerance at .
[image: ]
[bookmark: _Toc220678394]Table 1 - Matlab Results Table
For coarse grids, corresponding to larger values of , the predicted thermal equilibrium time exhibits noticeable variation. At and , the equilibrium time is approximately 5.187 seconds. As the grid is refined, the equilibrium time initially increases, reaching 5.257 seconds at . This behaviour reflects the improved resolution of temperature gradients within the plate as the spatial discretisation becomes finer.
Beyond this point, further grid refinement leads to progressively smaller changes in the predicted equilibrium time. For grid spacings below approximately  the equilibrium time stabilises around a value of 5.23 seconds. For the finest grids considered, between  and , the equilibrium time converges to approximately 5.229 seconds, with negligible variation between successive refinements.
This convergence indicates that the numerical solution becomes effectively grid independent for sufficiently small values of . Once grid independence is achieved, further refinement does not significantly improve the accuracy of the solution but increases computational cost. The observed behaviour is consistent with expectations for finite difference discretisations of diffusion-dominated problems, where spatial discretisation error decreases as the grid is refined (Smith, 1985; Morton and Mayers, 2005).
Overall, these results demonstrate that a grid spacing of approximately  or smaller is sufficient to obtain a stable and reliable estimate of the thermal equilibrium time for this problem. The convergence of the equilibrium time provides confidence that the numerical results presented are not significantly influenced by spatial discretisation error (Chapra and Canale, 2015).
[bookmark: _Toc220678558]Transient Temperature Evolution
At the start of the simulation, the temperature throughout the plate is uniform and equal to the initial condition, . As time progresses, heat is introduced through the north boundary, which is maintained at a constant temperature  This causes heat to diffuse into the interior of the plate, producing a temperature gradient primarily in the vertical direction.
The transient temperature evolution is illustrated using a time-stepping animation, which shows how thermal energy propagates from the heated boundary into the plate. Initially, the temperature rise is confined to regions close to the north boundary. As time increases, the influence of the boundary condition extends further into the interior until the entire plate is affected. This behaviour is characteristic of diffusion-dominated heat transfer processes and is consistent with classical heat conduction theory (Incropera et al., 2017).
Due to the insulated west boundary, no heat is lost through this edge. As a result, temperature gradients normal to the west boundary are minimal, and isotherms tend to align parallel to this boundary. In contrast, the east and south boundaries are held at zero temperature, leading to steeper temperature gradients near these edges. This asymmetry in boundary conditions results in a non-uniform steady-state temperature distribution across the plate.
[bookmark: _Toc220678559]Steady-State Temperature Distribution
Once thermal equilibrium is reached, the numerical temperature field represents the steady-state solution of the heat conduction problem. The steady-state temperature distribution exhibits a smooth spatial variation, with the highest temperatures located near the north boundary and lower temperatures near the east and south boundaries.
The influence of the insulated west boundary is evident in the steady-state solution. Since no heat is lost through this edge, temperatures near the west boundary are generally higher than those near the east boundary, where the temperature is fixed at zero. This results in a temperature field that is skewed towards the insulated side of the plate.
The smoothness of the steady-state solution indicates that the explicit finite difference method has successfully resolved the temperature gradients without introducing numerical oscillations or instabilities. This confirms that the chosen time step satisfies the stability criterion and that the grid resolution is sufficient to capture the dominant features of the temperature field.
[bookmark: _Toc220678560]Numerical Behaviour and Physical Interpretation
The numerical results demonstrate behaviour that is physically consistent with the underlying heat transfer mechanisms. Heat flows from regions of higher temperature to regions of lower temperature, and the insulated boundary prevents heat loss in the horizontal direction. The explicit finite difference scheme captures these effects effectively, provided that the stability condition is respected.
The transient and steady-state results together illustrate the suitability of the explicit finite difference method for modelling two-dimensional heat conduction problems. While the method requires relatively small-time steps for stability, it provides a clear and intuitive representation of the diffusion process and allows direct observation of the system’s approach to equilibrium.

[bookmark: _Toc220678561]Validation and Error Analysis
To assess the accuracy of the numerical solution obtained using the explicit finite difference method, the steady-state temperature distribution is compared with an analytical solution of the governing equation. This validation step is essential in establishing the reliability of the numerical model and quantifying the errors introduced by spatial and temporal discretisation.
[bookmark: _Toc220678562]Analytical Steady-State Solution
At thermal equilibrium, the temperature field no longer varies with time, and the governing equation reduces to Laplace’s equation:

An analytical steady-state solution exists for this equation under the same boundary conditions used in the numerical model, namely fixed temperatures on the north, east, and south boundaries and an insulated west boundary. The analytical solution is obtained using separation of variables and expressed as an infinite series. In practice, this series must be truncated to a finite number of terms, introducing a small approximation error (Özisik, 1993).
The analytical temperature field is evaluated at the same grid points as the numerical solution to allow a direct, node-by-node comparison.

[bookmark: _Toc220678563]Definition of the Error Metrics
The difference between the numerical and analytical solutions is quantified using the absolute error matrix, defined as:

where is the numerical steady-state temperature matrix and  is the analytical steady-state temperature matrix. The absolute value is taken element-wise at each grid node.
From this error matrix, two global error measures are computed:
· Maximum absolute error, which identifies the largest discrepancy between the numerical and analytical solutions anywhere in the domain.
· Root Mean Square Error (RMSE), which provides a measure of the overall error magnitude across all grid nodes and is less sensitive to localised extremes.
These metrics are commonly used in numerical heat transfer studies to assess both local and global accuracy (Incropera et al., 2017).

[bookmark: _Toc220678564]Comparison of Numerical and Analytical Solutions
The numerical steady-state temperature field shows excellent agreement with the analytical solution across the majority of the domain. The overall shape and magnitude of the temperature distribution are well captured, indicating that the explicit finite difference scheme has been implemented correctly and that the stability criterion has been satisfied.
The absolute error distribution reveals that the largest errors typically occur near the boundaries, where temperature gradients are steepest. This behaviour is expected, as finite difference approximations are less accurate in regions of high curvature and near boundaries where stencil symmetry is reduced. In contrast, the interior of the domain exhibits relatively small errors, demonstrating good spatial accuracy.

[bookmark: _Toc220678565]Sources of Numerical Error
Several factors contribute to the discrepancy between the numerical and analytical solutions:
1. Spatial discretisation error
The finite difference approximation introduces truncation errors that depend on the grid spacing. A coarser grid leads to larger discretisation errors, particularly near boundaries.
2. Temporal discretisation error
Although the steady-state solution is independent of time, the transient approach to equilibrium is influenced by the choice of time step. Using a time step close to the stability limit increases numerical diffusion.
3. Series truncation error in the analytical solution
The analytical solution is represented by a truncated series. While increasing the number of terms improves accuracy, it also increases computational cost.
4. Equilibrium tolerance
The simulation is terminated when the change in temperature between successive time steps falls below a specified tolerance. A non-zero tolerance introduces a small residual error in the steady-state solution.

The relatively small values of the maximum absolute error and RMSE indicate that the numerical solution provides an accurate approximation of the analytical steady-state temperature field. The observed error levels are consistent with expectations for a second-order spatial discretisation combined with a first-order explicit time integration scheme.
This validation confirms that the explicit finite difference method is suitable for modelling transient heat conduction in two-dimensional plates, provided that appropriate grid spacing and time step values are selected.


[bookmark: _Toc220678566]Conclusion
This coursework has investigated transient heat conduction in a two-dimensional aluminium plate using an explicit finite difference method. Starting from the governing heat equation, the problem was formulated with a combination of Dirichlet and Neumann boundary conditions and solved numerically on a uniform Cartesian grid.
The explicit finite difference scheme was derived and implemented successfully, with careful attention paid to numerical stability through enforcement of the Fourier number criterion. Input validation ensured that physically meaningful and numerically stable parameters were used, while the time-marching algorithm captured the transient evolution of the temperature field until thermal equilibrium was reached.
The numerical results demonstrated physically realistic behaviour, with heat diffusing from the heated boundary into the plate and temperature gradients developing in response to the imposed boundary conditions. The influence of the insulated boundary was clearly visible in both the transient and steady-state temperature distributions, confirming that the boundary conditions were implemented correctly.
Validation against an analytical steady-state solution showed good agreement between the numerical and analytical temperature fields. The absolute error distribution indicated that discrepancies were generally small and primarily concentrated near boundaries where temperature gradients are largest. The calculated maximum absolute error and root mean square error confirmed that the numerical solution provides an accurate approximation of the analytical result.
Overall, this coursework demonstrates that the explicit finite difference method is an effective and reliable approach for modelling two-dimensional transient heat conduction problems, provided that appropriate discretisation parameters are chosen. While the method is conditionally stable and requires relatively small-time steps, it offers simplicity, transparency, and clear physical interpretation, making it well suited for introductory computational heat transfer analyses (Incropera et al., 2017; Özisik, 1993).






[bookmark: _Toc220678567]References
Incropera, F.P., DeWitt, D.P., Bergman, T.L. and Lavine, A.S. (2017)
Fundamentals of Heat and Mass Transfer. 8th edn. Hoboken, NJ: John Wiley & Sons.
Özisik, M.N. (1993)
Heat Conduction. 2nd edn. New York: John Wiley & Sons.
Smith, G.D. (1985)
Numerical Solution of Partial Differential Equations: Finite Difference Methods. 3rd edn. Oxford: Oxford University Press.
Chapra, S.C. and Canale, R.P. (2015)
Numerical Methods for Engineers. 7th edn. New York: McGraw-Hill Education.
Morton, K.W. and Mayers, D.F. (2005)
Numerical Solution of Partial Differential Equations: An Introduction. 2nd edn. Cambridge: Cambridge University Press.
Versteeg, H.K. and Malalasekera, W. (2007)
An Introduction to Computational Fluid Dynamics: The Finite Volume Method. 2nd edn. Harlow: Pearson Education.

















[bookmark: _Toc220678568]Appendix
clear; 
clc; 

%% 1. Physical properties (Aluminium)
k   = 143;        % W/(m·°C)
rho = 2.8e3;      % kg/m^3
cp  = 795;        % J/(kg·°C)
alpha = k/(rho*cp);

%% 2. Prompt user: plate dimensions (must be strictly positive)
Xdim = input('Enter plate width Xdim [m]: ');
while ~isscalar(Xdim) || ~isnumeric(Xdim) || Xdim <= 0
    fprintf('ERROR: Xdim must be a strictly positive number.\n');
    Xdim = input('Enter plate width Xdim [m]: ');
end

Ydim = input('Enter plate height Ydim [m]: ');
while ~isscalar(Ydim) || ~isnumeric(Ydim) || Ydim <= 0
    fprintf('ERROR: Ydim must be a strictly positive number.\n');
    Ydim = input('Enter plate height Ydim [m]: ');
end

%% 3. Prompt user: boundary temperature
T0 = input('Enter north boundary temperature T0 [°C]: ');
while ~isscalar(T0) || ~isnumeric(T0)
    fprintf('ERROR: T0 must be a numeric scalar.\n');
    T0 = input('Enter north boundary temperature T0 [°C]: ');
end

%% 4–5. Prompt user: grid spacing (must be positive, smaller than dims, and divide evenly)
valid_h = false;
while ~valid_h
    h = input('Enter grid spacing h [m]: ');

    if ~isscalar(h) || ~isnumeric(h) || h <= 0
        fprintf('ERROR: h must be a strictly positive number.\n');
        continue;
    end

    if h >= Xdim || h >= Ydim
        fprintf('ERROR: h must be strictly smaller than BOTH Xdim and Ydim (so interior nodes exist).\n');
        continue;
    end

    if mod(Xdim,h) ~= 0 || mod(Ydim,h) ~= 0
        fprintf('ERROR: h must divide Xdim and Ydim exactly.\n');
        continue;
    end

    valid_h = true;
end

Nx = Xdim/h + 1;
Ny = Ydim/h + 1;

x = 0:h:Xdim;
y = 0:h:Ydim;
[X, Y] = meshgrid(x, y);

%% 6–7. Prompt user: time step (must be positive and satisfy stability)
valid_dt = false;
dt_max = h^2/(4*alpha);

while ~valid_dt
    dt = input('Enter time step dt [s]: ');

    if ~isscalar(dt) || ~isnumeric(dt) || dt <= 0
        fprintf('ERROR: dt must be a strictly positive number.\n');
        continue;
    end

    Fo = alpha*dt/(h^2);
    fprintf('Fourier number Fo = %.5f\n', Fo);

    if Fo > 0.25
        fprintf('ERROR: Stability violated (Fo > 0.25).\n');
        fprintf('Maximum allowable dt for stability is dt_max = %.6f s\n', dt_max);
        fprintf('Please enter dt <= %.6f s\n', dt_max);
    else
        valid_dt = true;
    end
end

%% 8. Compute temperature at nodes each time step (transient evolution)
% Initial condition: T = 0 everywhere
T = zeros(Ny, Nx);

% Apply constant Dirichlet boundaries ONCE (no need to reapply each step)
% South (y=0)
T(1,:) = 0;
% North (y=Ydim)
T(end,:) = T0;
% East (x=Xdim)
T(:,end) = 0;

% West Neumann (x=0): dT/dx = 0 -> mirror, only for interior rows
T(2:Ny-1,1) = T(2:Ny-1,2);

%% 9. March in time until thermal equilibrium, return time taken
tol = 1e-2;     % equilibrium threshold [°C]
maxDiff = Inf;
time = 0;
step = 0;

% Output control (prevents command window spam)
printEvery = 25;     % progress text
plotEvery  = 5;      % animation update frequency

% Figure 1: transient animation
figure(1);
hImg = imagesc(x, y, T);
set(gca,'YDir','normal');  % ensures North is at the top
colorbar;
xlabel('x [m]'); ylabel('y [m]');
title('Transient temperature evolution');
drawnow;

fprintf('\nStarting simulation...\n');

while maxDiff > tol
    step = step + 1;
    time = time + dt;

    Told = T;

    % Update interior nodes (explicit 5-point stencil)
    T(2:Ny-1, 2:Nx-1) = Told(2:Ny-1,2:Nx-1) + Fo * ( ...
        Told(2:Ny-1,3:Nx)     + ...   % East
        Told(2:Ny-1,1:Nx-2)   + ...   % West
        Told(3:Ny,  2:Nx-1)   + ...   % North
        Told(1:Ny-2,2:Nx-1)   - ...   % South
        4*Told(2:Ny-1,2:Nx-1) );

    % Apply ONLY the boundary conditions that must be enforced each step:
    % West Neumann depends on interior values, so update it every step.
    T(2:Ny-1,1) = T(2:Ny-1,2);

    % Dirichlet boundaries are constant and were not overwritten, but keep corners consistent:
    T(1,:)   = 0;
    T(end,:) = T0;
    T(:,end) = 0;

    % Convergence check
    maxDiff = max(abs(T(:) - Told(:)));

    % Managed Command Window output
    if mod(step, printEvery) == 0
        fprintf('Step %d, t = %.3f s, max |ΔT| = %.4f °C\n', step, time, maxDiff);
    end

    % Figure 1 animation
    if mod(step, plotEvery) == 0
        set(hImg, 'CData', T);
        title(sprintf('Transient temperature evolution (t = %.2f s)', time));
        drawnow;
    end
end

% Report time to equilibrium in appropriate units
fprintf('\nThermal equilibrium reached.\n');
fprintf('Steps taken: %d\n', step);
fprintf('Time to equilibrium: %s\n', formatTime(time));

%% 10. Analytical steady-state solution + validation
% Steady-state Laplace solution for:
% South=0, East=0, North=T0 (constant), West Neumann (insulated)
% λ_n = (2n+1)π/(2Xdim)
% TA(x,y)= Σ [A_n cos(λ_n x) sinh(λ_n y)/sinh(λ_n Ydim)]
% A_n = (4T0/((2n+1)π)) * (-1)^n
Nterms = 200;
TA = zeros(Ny, Nx);

for n = 0:Nterms
    lambda = (2*n + 1) * pi / (2*Xdim);
    An = (4*T0/((2*n + 1)*pi)) * ((-1)^n);

    TA = TA + An .* cos(lambda*X) .* (sinh(lambda*Y) ./ sinh(lambda*Ydim));
end

Eabs = abs(TA - T);
maxErr = max(Eabs(:));
RMSE   = sqrt(mean(Eabs(:).^2));

fprintf('\nValidation results:\n');
fprintf('Maximum absolute error = %.4f °C\n', maxErr);
fprintf('RMSE = %.4f °C\n', RMSE);

% Display key matrices in Command Window (flip so North appears at top)
fprintf('\nNumerical steady-state temperature matrix T (North at top):\n');
disp(flipud(T));

fprintf('Analytical steady-state temperature matrix TA (North at top):\n');
disp(flipud(TA));

fprintf('Absolute error matrix |E| = |TA - T| (North at top):\n');
disp(flipud(Eabs));

%% Figures
% Figure 2: final comparison (three subplots)
figure(2);

subplot(1,3,1);
imagesc(x, y, T);
set(gca,'YDir','normal'); colorbar;
title('Numerical (steady-state)');
xlabel('x [m]'); ylabel('y [m]');

subplot(1,3,2);
imagesc(x, y, TA);
set(gca,'YDir','normal'); colorbar;
title('Analytical (steady-state)');
xlabel('x [m]'); ylabel('y [m]');

subplot(1,3,3);
imagesc(x, y, Eabs);
set(gca,'YDir','normal'); colorbar;
title('|E| = |TA - T|');
xlabel('x [m]'); ylabel('y [m]');

%% --- Local helper: time formatting ---
function out = formatTime(tsec)
    if tsec < 60
        out = sprintf('%.2f seconds', tsec);
    elseif tsec < 3600
        out = sprintf('%.2f minutes', tsec/60);
    elseif tsec < 86400
        out = sprintf('%.2f hours', tsec/3600);
    else
        out = sprintf('%.2f days', tsec/86400);
    end
end
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