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 Abstract
As we all know, solving a differential equation by using pen and paper is challenging, and sometimes the analytical solution does not exist. People can also get some insights into these complex problems using graphical solution, which always is used in two-dimension heat transfer problems. But now the development of computer and numerical computing make it possible to solve complex heat transfer problem rapidly. Numerical method includes three types of method, finite-difference analysis, finite-element analysis and finite-volume analysis. 
This report will show how to use finite difference method in MATLAB to solve the time-dependent thermal diffusion equation and calculate the temperature distribution within a rectangular plate with prescribed initial and boundary conditions. And the influence of changing the parameter in the program will be discussed after getting the result. Some experience that author went through during the process of programming such as the troubles or findings will also be shared. Finally, there will be a reflection on the program and some advice to improve it.
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1. [bookmark: _Toc22728_WPSOffice_Level1]Thermal Problem
1.1. [bookmark: _Toc6595_WPSOffice_Level2]Introduction
Conduction is a way for solid to exchange energy with other items when they have direct physical contact, which can also happen within an item as long as there is an inter temperature difference. This is the result of the phenomenon of lattice vibration and migration of free electrons in the molecular and atomic level. And the French mathematician Jean Baptiste Joseph Fourier gave it precise mathematical expression in 1882, what is called Fourier’s law of heat conduction.
In steady state, the relation is
 
· The derivative term  is called the temperature gradient.
· k is called the thermal conductivity which is a material property.
A material with a large thermal conductivity is known as thermal conductor, and one with a small value of k as a thermal insulator.
·  is the surface area of the material considered.
·  is the steady heat flow rate through the material, i.e. the amount of heat transferred, i.e. heat leakage, i.e. heat loss.
And when the heat transfer happens, it can be described by the following thermal diffusion equation.






Where is the Laplacian defined by,and t is time, T is the temperature, is the thermal diffusivity [].
The question that this report will focus on is to calculate the heat diffusion with given initial and boundary conditions. The initial condition is the temperature of every point of this plate at time t=0, and the boundary condition is the equation that the temperature of boundary need to satisfy when t >= 0.  The material is Aluminum, and its conductivity k=143W/m.C, density ρ=2.8x10^3 kg/m^3, and the specific heat c=795 J/kg.C.
And the initial and boundary condition are shown as follows             
[image: N8(K`1CC{U[8YEARN1Z]J@7]picture 1 thermal diffusion problem
1.2. [bookmark: _Toc6247_WPSOffice_Level2]Methods to solve the problem
To solve the second order differential equation with given initial and boundary conditions, according to Croft and Stone (1989), there are some methods can be used, each of which has own traits.
· Analytical method, it can be used in certain initial and boundary conditions, and simple geometric figures, the form of the result always is infinite series or an integral. Even not every problem has an analytical answer, it can demonstrate the role of parameters.
· Graphical method, it is based on characteristic field equations and numerical principles, its advantage is that it can give an approximation to the required solution quickly.
· Experimental method, it can be used for detailed prediction purposes or identifying the main characteristic of the problem. Analogy between heat transfer problem and other similar field phenomena can be used to create the experiment.
· Numerical method, it will give an approximate solution of partial differential equation, but can get to high level of accuracy using computers. But the role of parameter is obscure in this method.
2. [bookmark: _Toc6595_WPSOffice_Level1]Finite Difference Method
2.1. [bookmark: _Toc5608_WPSOffice_Level2]Basic knowledge
  To use the MATLAB to solve this differential equation, it needed to be converted to a matrix problem which MATLAB is good at dealing with. To achieve this goal, there are some deduction we need to do.

According to Taylor series expansion of f(x) about the point x=,

which can also be written as


Let ,and we can get 

We can rearrange the above to get

and this can be used to make the forward difference approximation to  thus 
To make this approximation as accurate as possible, the h needs to be as small as possible, because the error is an infinitesimal of the same order with h.
And the second order derivatives can be deducted through similar procedure.






Therefore


 the approximation of the second order derivatives is


Similarly, the error is an infinitesimal of the same order with .
With these approximations, differential equation can be solved using numerical method conveniently.
2.2. [bookmark: _Toc22220_WPSOffice_Level2]Schemes for the heat equation
 There are three kinds of method to apply the finite difference method to the heat diffuse equation.
[image: BWYQ(DVFTZNCXHRX2ND1~HN]
Picture 2 schemes for the heat equation 
  The FTCS is to approximate the time derivative with a forward difference, and the BTCS is with a backward difference. In these two cases the temporal errors and the spatial errors have different orders. When time-accurate solutions are important, the Crank-Nicolson scheme has significant advantages. The right side of the equation is approximated with the backward time difference and the right hand side of the heat equation is approximated with the average of central difference scheme evaluated at the current and previous time step.(W.Recktenwald, 2011,)
2.3. [bookmark: _Toc14042_WPSOffice_Level2]Application to the thermal problem
    The procedure of finite-difference method is as following.
· 

Represent the plate by a nodal network i.e., discretization of problem. As shown following, the plate is meshed with a pace and  which equal to h, a very small number.
[image: 无标题][image: 无标题 - 副本]                  picture 3 mesh of the plate
· At the point P, apply the approximation of derivatives to the heat diffusion equation.

             
and

Substituting these equations into thermal diffusion equation 

gets 


where  known as Fourier number

with the following stability criterion

· Solve the equation, with the given initial condition it is easy to get the temperature of every node at next time step.
· Do the first three step circularly until it arrives at the equilibrium condition.
3. [bookmark: _Toc6247_WPSOffice_Level1]Details of Program
To solve the problem, we need to use matrix to express it. With expressions in last chapter, it is easy to create a matrix with m rows and n columns corresponding to the mesh of the plate and whose value is the temperature of the plate at every point. And the matrix can have the third dimension to show the change of temperature over time.



And there is a little trick to calculate the temperature of boundary nodes, the equation which used to calculate the domain node cannot work well, because they do not have four nodes around them, so a fictitious row or column is needed to make it possible to use that equation and the value of the fictitious nodes need to satisfy the equation  or  to guarantee there is no heat transfer through the boundary. Considering that , letting the value of virtual nodes equal to the nodes which is at the other side of the boundary nodes can achieve that goal. 
To make it possible to get the correct equilibrium state, the result needed to be an integer when length or width divided by grid space, this is the place where should be noticed. And we need to prevent user choosing the inappropriate time step which cannot satisfy the convergence condition and causes the meaningless result. This program uses two while loop to realize this result. When people input the improper data, it will issue a warning message and require user to input another one until it is consistent with conditions.
The code can be seen in the appendix.
4. [bookmark: _Toc5608_WPSOffice_Level1]Analysis of The Result
There are some parameters provided by user. Changing different parameters can help to see different results and show some useful information.
4.1. [bookmark: _Toc432_WPSOffice_Level2]Changing h
[image: U3KPG)R[G45}7CW5{{T8_$T][image: H`W9N[JZ)UEGA{RGFN0HSCW]Under the stability criterion, changing the value of mesh length h can show us different results.
        Picture 4 result when h=0.01 L=1 t=1/3
These two pictures show the result when length is 1, and h=0.01, time step is 1/3. And the following picture is the result when h=0.1 and time step is 30.
[image: @KRIJX@HVM$(`%J83]2L}FW]Picture 5 equilibrium picture when L=1 h=0.1 t=30
It is apparent that the smaller the h is, the smoother the picture is, but at the same time more calculation need to be done in a single time step, causing a longer time spent to calculate all the process to equilibrium state.
4.2. [bookmark: _Toc9889_WPSOffice_Level2]Changing t
Under the stability criterion, when the value of time step is bigger, less time will be spent to get the equilibrium state. But, when it is so big and Fourier number is bigger than 0.25, it will get nothing but some weird pictures. The following picture is the result when length is 1, h=0.01, and time step is 2.
[image: C2$7T}J9(G3GS`YTJ]J3]5N]
picture 6 when L=1 h=0.01 t=2
This is a picture during the process of trying and error. After the program improved, it is impossible to get this result.
4.3. [bookmark: _Toc5155_WPSOffice_Level2]Changing err
In reality, the temperature will arrive at an equilibrium state, which means the temperature will not change over time. To decide when to stop the loop, in the program the permitted error is 0.0001, which means when the difference between result of this time step and that of last step is smaller than 0.0001, program will stop. However, if the value of permitted error is too big the program will break   before getting the equilibrium state. The picture 6 shows the final state when err=0.1.
[image: P~6C4S66ZXJ9AIH95[1J$XF]
Picture 7 when L=1 h=0.01 t=1/3 error=0.1
5. [bookmark: _Toc22220_WPSOffice_Level1]Discussion of This Model
   This program uses the finite difference method to solve the heat diffusion equation. Some property of this method can be shown through this process, and there is some more information about this method.
5.1. Error and accuracy 
· There are three types of error resources. Firstly, error is introduced when derivatives are replaced by difference. Secondly, computer can only store a limited number of digits to represent a number, and the truncation of numbers to a prescribed order of decimal digits causes the round-off error at each step of the calculation. (Croft and Stone, 1989, p99). Finally, the discretization error is inevitable, but can be decreased by refining the mesh.
· [bookmark: _GoBack]To improve accuracy, employing more accurate formula to replace derivatives can be a choice, at the price of increasing the number of calculations.
· Only the temperature of nodes is calculated by program, it represents the average temperature of its around region, and the temperature of other place can be got by interpolating these discrete nodes.
· It is important to understand that the truncation error tells us how fast the error will decrease with mesh refinement, but is not an indicator of how high the error is on the current mesh.(Y.Murthy, 2002, P35) The number of nodes can affect the accuracy of the result, most times the more nodes, the more accurate the result is. But it also means the numbers of calculation will increase, so it is a compromise between accuracy and speed. People need to choose the number of node points according to the intuition and experience. There is a method to decide whether it is necessary to optimize the mesh grid, with the grid space halved, if the change of temperature is small compared with the temperature, then the calculations can stop, otherwise, it better to decrease the grid space to get a better result. (Croft and Stone, 1989, p1)
· This model uses the simple mesh, there are also triangular mesh network which can apply to the irregular part of the boundary (angled, curved, for example), and the part needs special treatment to get a higher accuracy or the part with strong variation (Croft and Stone, 1989, p81). When a complex subject is analyzed, different mesh shape can be used in different part, to get better result in shorter time.
5.2. The different method to get this model
  The equation in this model is got by replacing the derivatives in the differential equation directly. The same result can also be get using energy balance method, in which every node is taken as representative of a region, called a cell control volume, heat flows from the adjoining region will be considered to calculate the change of temperature in this region. Energy balance method is more useful when there are variable grids, convective boundary and odd-shaped regions. (Croft and Stone, 1989, p56)
5.3. Limitation of explicit finite difference method  
  This model uses the explicit method to derive the equation, which is straight forward and conceptually simpler than implicit method since it do not require the inverse of matrices, so it is more efficient to solve problem when there are many data to deal with. But the disadvantage is that the numerical solution does not necessarily converge to the solution of the differential equation as the time step tends to zero.(Hull and White, 1990) The time step need to be restraint to satisfy the condition of convergence. The implicit method can remove this constriction from time step, but need to solve a system of differential equation.
5.4. Limitation of this MATLAB code
   The parameter err which stands for the permitted error of the equilibrium state can have an impact on the final result as shown in the discussion of result, but there is no specific method to judge which number is appropriate to be the permitted error. 
6. [bookmark: _Toc14042_WPSOffice_Level1]Suggestions to Improve
This program uses a three-dimension matrix to represent the temperature over time, which is a straightforward way to do it, but also will occupy too much memory of the computer. Maybe it can be improved to be a more efficient one.
Another place to improve is to find a reasonable approach to specify the permitted error.
7. [bookmark: _Toc432_WPSOffice_Level1]Conclusion
This report shows how to solve thermal diffusion problem using explicit finite difference method, explains the mathematical basic of this method, discusses the result of this method and the limitations of this method and finally gives some advises to improve the matlab code. This is an example of 2-D question, but it is similar to solve 3-D questions. 
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[bookmark: _Toc5155_WPSOffice_Level1]Appendix : MATLAB code
%%
%m row and n column#
%x x dimension
%y y dimension
%t time step
%h grid space
clear all;
clc;
x=input('please input length of the plate ');
y=input('please input width of the plate ');
h=input('grid space ');
while rem(x/h,1)~=0||rem(y/h,1)~=0
    disp('x/h and y/h need to be a integer,please input h again');
    h=input('grid spce ');
end
n=x/h+1;
m=y/h+1;
T=zeros(m,n,10000);
xx=0:h:h*(n-1);
syms sigama;
% eqn=60*gaussmf(1,[sigama,n/2])==10;
eqn=60*exp(-(0-(x/2))^2/(2*sigama^2))==10;
fangcha=solve(eqn,sigama);
T(1,:,1)=60*gaussmf(xx,[fangcha(1,1),x/2]);
%%
k=143;%conductivity
p=2800;%density
c=795;%specific heat
err=0.0001;
alfa=k/p/c;
t0=0.25*h^2/alfa;
formatSpec=('time step must smaller than %4.2f,please input time step');
fprintf(formatSpec,t0);
t=input('time step ');
F0=alfa*t/h^2   %0<F0<0.25
%%
step=1;
while 1
    for i=2:m-1
        for j=2:n-1
            T(i,j,step+1)=F0*(T(i-1,j,step)+T(i,j-1,step)+T(i+1,j,step)+T(i,j+1,step)-T(i,j,step)*(4-1/F0));
        end
    end
    T(1,:,step+1)=T(1,:,step);
    for j=2:n-1
        T(m,j,step+1)=F0*(T(m-1,j,step)+T(m,j-1,step)+T(m-1,j,step)+T(m,j+1,step)-T(m,j,step)*(4-1/F0));
    end
    for i=2:m-1
        T(i,1,step+1)=F0*(T(i-1,1,step)+T(i,2,step)+T(i+1,1,step)+T(i,2,step)-T(i,1,step)*(4-1/F0));
        T(i,n,step+1)=F0*(T(i-1,n,step)+T(i,n-1,step)+T(i+1,n,step)+T(i,n-1,step)-T(i,n,step)*(4-1/F0));
    end
    T(m,1,step+1)=F0*(2*T(m-1,1,step)+2*T(m,2,step)-T(m,1,step)*(4-1/F0));
    T(m,n,step+1)=F0*(2*T(m-1,n,step)+2*T(m,n-1,step)-T(m,n,step)*(4-1/F0));
    % plot
    if (mod(step,10)==1)
       % imagesc(T(:,:,step));
        contourf(flip(T(:,:,step)));
        colorbar;   
        drawnow;
    end
    % how to stop
    if(max(T(:,:,step+1)-T(:,:,step))<err)
        break;
    else
        step=step+1;
    end
    
end
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