
Partial Fractions

We use partial fractions to split a simple algebraic fraction into multiple, smaller fractions. 
This is very useful, particularly when we would like to integrate an algebraic fraction.

For example, converting:

into:


There are three methods, depending on the 'factor' in the denominator:

                  'linear factors'                         

                'repeated factors'                   

                 'quadratic factors'                 
  
(Where A, B and C are numbers).



Q1)     Express    as partial fractions.
We can write this as:


To find the values of A and B, we firstly multiply each fraction by the denominator of the first fraction, which in this case is (x+3)(x-1).



This may look complicated, and usually we would skip this step, but after having done this we can now cancel some brackets:



And so we end up with:

To find the values of A and B, we then substitute suitable values of x so that we can 'cancel' either A or B. For example, first we will substitute x=1, so that we can find B:







We will then substitute the value x=-3, so that we can cancel B and find the value of A:





We can now put these values of A and B back into our partial fractions that we initially wrote out, therefore the answer is:




Now let's try a 'repeated factor' question.
Q2) Express   as partial fractions.
Firstly, we can see that we have a 'repeated' factor in the denominator. This is due to the fact that we have a bracket that is all squared. As we saw earlier, we can write a repeated factor into partial fractions as:

Again, we multiply each fraction by the denominator of the original fraction:

And cancel the brackets that we can:



So we end up with:

We now need to find A, B and C. Firstly, we'll substitute x=1 in so that we can cancel A and B:





Next, we'll substitute x=-1 in so that we can cancel B and C:





For the final letter, we can substitute any number in as x. Naturally, the easiest number to pick is usually zero:



We now substitute in the values of A and C that we found, to find B:








We can now put these values back into our original partial fractions to get the answer:



                                                             Remember the negative here!

Of course, we can write this as:


Be careful with some particular repeated factor questions, for example:

Note that we do not rewrite this as:

If we used this method, there would be complications when we eventually substitute in values for x (both A and B would cancel out at the same time). To solve this equation we must write it as:





Next we'll try the final type of partial fraction method, involving 'Quadratic factors'.

Q5) Express  as partial fractions.
Remember that firstly, we can write this as:

And as usual, we multiply by the original denominator:

And cancel the relevant brackets:

Leaving us with:

We now need to substitute values for x, so that we can find A, B and C. Let's start with x=-1 so that we can cancel B and C out:




Now substitute in x=0, so that we can get rid of B:


We've already found A, so we can substitute that value in:




For the final letter, as usual, we can substitute any number in for x. We have already used -1 and 0, therefore now we can substitute in x=1:



We can now substitute our values for A and C in:




Therefore our final partial fractions are:

Which can be written as:
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