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An Investigation of Common Misconceptions in Fractions
This research project was undertaken in a year 7, mixed-gender, set 2 class, over a series of 5 one-hour lessons. While regarded as ‘bright’ pupils, their inexperience of the secondary setting in mathematics, all but guarantees a misconception has followed them from primary school. The lack of mathematics specialists in primary schools (Giles, 2015) could very well be to blame here, but regardless the prevalence of mathematical misconceptions, especially in fractions, is noted by Sealy (2019) and demonstrated by the National Assessment of Educational Progress (NAEP) tests, conducted in the U.S.A. (Sowder & Wearne, 2006; Wearne and Kouba, 2000). I have decided to research the area further, in order to gain a more thorough understanding of the issue, and use this new insight to inform my future practice.
	While there is no specific reference to the combat of misconceptions in school x’s policy or their year 7 scheme of work, there are statements which directly target issues that when addressed, would hopefully eradicate many of the misconceptions found in the school. For example, the school’s statement on ‘Teaching and Learning’ highlights their high quality and supportive classrooms, and emphasises their use of feedback being vital in pupil progress. Marzano, Pickering, and Pollock (2001) concur that feedback is essential for pupils to develop their understanding of a concept – but they call for timely feedback, which is specific and corrects students with regards to subject knowledge, something the school recognises and demonstrates in its policy on assessment. If this feedback really does play a key role in pupil progress and understanding concepts, one might see how, if done effectively, misconceptions would indeed be minimised. 
Skemp (1976) discusses two types of understanding – instrumental (which he describes as ‘rules without reason’) and relational (a deeper understanding of not just what, but why?). Skemp continues, a student who has a relational understanding of a concept, is more likely to remember that concept, whereas a student who only remembers the rule, may forget, and due to a disconnection in his or her schema, apply further rules incorrectly, leading to a misconception – The scheme of work for school x calls for students to be able to explain and justify their solutions. This is something which would certainly be easier for someone with a relational understanding, and thus implies lessons should be taught in a relational manner. Furthermore, the scheme of works insists students should be able to interpret their answer’s sensibility. If a child finds  but recognises  then they can apply this knowledge to their answer and refute its credibility. However, this is unlikely when a student is blindly applying incorrect rules; it will be a lot more likely for someone who connects his or her concepts, as in a relational understanding. In summary, the scheme of work seems to imply a relational understanding is necessary for its students, and in teaching this way, misconceptions will be less common.
The class chosen for this research was done so by the use of convenience sampling, as the researcher was already timetabled with the class, and the class were due to move on to fractions as their next topic. Dudovskiy (no date) argues that this method is simple to do, and allows for a swift gathering of information. However, it is faulted in that it can often give unreliable data due to selection bias. Bornstein, Jager, and Putnick (2013) agree the selection bias is so great that any results cannot be generalised, and can only be assumed within the sample – in this case, a high mathematics set in a perhaps a year 7 or 8 class. Moreover, a control group is a replica of the research group, except they do not experience one variable which is to be investigated. Pithon (2013) describes the control group as being essential, and thus, the absence of a control group in this investigation again hinders the reliability and usability of its findings. For example, if an improvement is made in a test score, we cannot be certain that this is due to the style of lessons delivered, as there is no control group – perhaps an improvement would have been made regardless.
The research conducted involves a pre-intervention test (pre-test) and a post-intervention test (post-test), with the intervention consisting of several hours of teaching and learning techniques. While Dartmouth College (no date) recognise a pre-test validates any findings considerably more than a research project with no such test, due to the possibility of a comparison, they recognise it is far from perfect. Knapp (2016) asks why one-group pre-test-post-tests are still used as he analyses the numerous disadvantages. For example, while exposed to the intervention stage, there may be multiple reasons for of an improvement in a grade, but they may not be considered in the evaluation. Simply an exposure to fractions, for example. Marsden and Torgerson (2012) argue the need for a control group to account for this. Given that the pre and post-test in this instance is identical, any improvement may be down to practice over intervention (Knapp, 2016). Specifically, certain questions may cause participants to remember the intervention stage, but perhaps with a different question, the misconception may have still been demonstrated (Marsden and Torgerson, 2012). Another phenomena that affects nearly all pre-test experiments, when repeated data is collected, is ‘Regression to the Mean’ or RTM. This phenomena is heightened if some data is particularly high or low scoring when compared to the mean (Cook and Campbell, 1979; Barnett, van der Pols, and Dobson, 2005). Barnett, van der Pols, and Dobson (2005) note RTM occurs due to random error – here this means a student may perform particularly poorly in the pre-test for whatever reason (an illness or distraction, for example) and in the post-test it is more likely a pupil will tend towards the mean than to move further away from it. Thorndike (1942) too, argues that RTM does affect research, particularly in education. Instead the Solomon four-group design is recommended (Marsden and Torgerson, 2012). This design involves two control groups and two experimental groups. All groups are subject to a post-test, but only one control and one experimental group sit the pre-test. By having a group who do not sit the pre-test, Marsden and Togerson (2012) argue the effects of the familiarity of the pre-test can be evaluated, and as aforementioned, the use of the control group is essential (Pithon, 2013). Furthermore, Barnett, van der Pols, and Dobson (2005) suggest that if these groups are selected randomly, the effect of RTM would be present in both the intervention and control group (that sat the pre-test) and thus any differences between each group would more likely be down to the intervention. However, Shuttleworth (2009) reasons that this method is very complex and to have access to four separate classes, in the same context (age, ability etc.) would not be expected, so the one-class pre-test-post-test method is preferred here.
The research also involved the observation of students throughout the 5-lesson period. One of the disadvantages of this method, Bell (2005) tells us, is danger of bias or misinterpretation – especially when the observer, as in this case, is on their own. Yet still, the method gives solid qualitative data on the research topic that might have been otherwise left undiscovered; here, this specifically refers to student comments and attitudes. Even an interview would not necessarily reflect the truth of how each student interacts with the topic but rather how they perceive their interaction; an observation gives the researcher a chance to see what actually happens (Nisbet and Watt, 1980).
Ojose (2015) states that misconceptions are common in various mathematical concepts, across all levels. Fractions, in particular, are a concern, as students struggle to comprehend individual fractions as numbers; it is often that students identify a fraction as a simple division or in perhaps the worst case scenario, two separate, natural numbers (Cramer and Whitney, 2010). One reason for the confusion regarding rational numbers might be put down to the numerous ways of expression; for example, by a ratio or parts of a whole. Students apply complex rules to fractional calculations, with often little understanding of the rule, and it is feasible that the difficulty students have in relating fractions to their daily lives plays its part in this (Alghazo and Alghazo, 2017). This is exactly what Skemp (1976) means when he discusses the need for a relational understanding – a well-developed schema will help students to connect their knowledge, so when more information is absorbed, it will slowly find its place in the existing schema, and then rules will not be applied without a good understanding so misconceptions are less likely.
Siebert and Gaskin (2006) suggest that visual representation in developing fractional concepts is of utmost importance, yet Hodges, Cady, and Collins (2008) find that textbooks will very rarely incorporate a pictorial model, and even when they do, the standard area model is preferred (e.g. 3/4 of a circle or 1/5 of a rectangle is shaded). But why, when research indicates physical models are vital in developing a concept (Cramer & Whitney, 2010), are visual tools not being used more to build understanding of fraction and prevent misconceptions? Models include the area model, as well as a number line and a subset of objects relating to the whole set (set model), but perhaps due to the lack of mathematics specialists in primary schools (Giles, 2015) these modelling tools are not being used, and students are relying on limited knowledge to aid their answering of Question 1 of the diagnostic test. The question concentrates on the area model. The final circle is split into 6 non-equal parts and is designed to test understanding of fractions as being equal parts of the whole. Wong and Evans (2011) note that this concept is frequently misunderstood amongst pupils. Furthermore, Siegler et al. (2010) suggest that sharing and proportionality should be used to aid students in their understanding of fractions consisting of equal parts but the question is included to see if students can connect this knowledge to a visual model or whether a misconception has arisen.
[image: ]	Van der Walle, Karp, and Bay-Williams (2016) warn that a common misconception regarding the set model is that students interpret the size of each subset as being the fraction, as opposed to how the subset relates to the whole. While similar to what is previously mentioned (Wong and Evans, 2011; Siegler et al., 2010) this specific model relates to ratios in fractions. What is interesting is when given Figure 1 (Van der Walle, Karp, and Bay-Williams, 2016), we might expect a student to note 6/9 or 2/3 of the vehicles are cars, or that the ratio of lorry to car is 1:2, but when asked to write 1:2 as a ratio (without any real life context) the answer of 1/2 might be given due to the misconception already discussed.




                         Figure 1



Question 2 in the test is designed to uncover this misconception, and a shading exercise has accompanied the question. The point of this added task was to encourage pupils to check their answer in both the written and visual form, but also for those pupils which Saundry and Nicol (2006) describe; students who use pictures as their primary method for problem solving, in order to “support the thinking process.” 
Question 3 is designed to test numerous misconceptions on the size and comparison of fractions. Van der Walle, Karp, and Bay-Williams (2016) believe the reader has more than likely learned a set of rules to be used when comparing fractions, and the question tests whether these rules have been taught with context and by the use of models, as Chubb (2016) recommends, or if they are stand-alone rules that are being forgotten or misapplied. Each answer provided is unique in terms of the misconception it might reveal: 9/10 is clearly correct. The Australian Association of Mathematics Teachers (aamt) (no date) state that an incorrect response here, might be that 2/3 is the biggest, as thirds are bigger than any other denominator of the five possible answers – in other words, students do not recognise that the numerator must also be taken into consideration as this will refer to the number of parts, and not just the size of those parts; this could very well be down to the lack of clarity when moving from the comparison of unit fractions to more complicated ones and the need to access this prior knowledge in order to build on it is described by Wenk (2017), so if not done effectively, might this cause a student to choose 2/3? Figure 2 is a further example that aamt (no date) give of a common misconception that may result in the answer of 2/3. America’s Choice (no date) note it is often that students apply their natural number concepts to fractions, hence the inclusion of 15/19 and 5/25; a student might choose these if he or she is merely comparing numerators or denominators, and 13/24 if they are adding the two and comparing.
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Figure 2


Question 4 is similar to Question 3, but it concentrates on unit fractions, and gives students a chance to extend their thinking, via the use of explanation or picture, for the benefit of the researcher. Aksoy and Yazlik (2017) investigate a similar question, where they found 10% of participants failed the question, and of those 10%, the majority were wrong due to the thinking that the bigger the denominator the bigger the number. Mack (1995) mirrors these findings with an example of student thinking: “Seven is more than four, so sevenths should be bigger than fourths.” Many attempted to model their solution but did so incorrectly, as their partitioning of their shape did not result in equal pieces, perhaps due to a lack of understanding or poor drawing skills. Aliustaoğlu, Tuna, and Biber (2018) too, found a misconception in this area; a student explains that in a fraction where the denominators are equal, the smaller the “nominator,” the larger the fraction. One might argue that this child was taught ‘if the denominators are equal, the smaller the numerator, the smaller the fraction’ but without an underpinning context, the child may have mixed up this idea with ‘the smaller the denominator, the larger the pieces.’ Question 4 was set up in a similar way to this research, to further investigate the issue.
Question 5 is taken from Wong and Evans (2011) who identify two types of tasks – procedural and conceptual. Procedural tasks test a skill that is related to the application of routine knowledge whereas conceptual tasks test if that knowledge can be transferred and applied. They find that in most cases, students are comfortable comparing numerator and denominator to determine if a fraction equals 1 (although not always!), but even for those who recognise this, and therefore complete the procedural task correctly, they can struggle with the conceptual task. Individual student responses correctly declare 2/2 is equal to the whole but when faced with the conceptual task (Question 5) many students resort to a part-to-part visualisation of a fraction (Van der Walle, Karp, and Bay-Williams, 2016) and thus shade only half of the 4 pieces. Given the fact that a misconception seemed to go ‘under the radar’ in the procedural task, the researcher has decided to only include the conceptual task here.
Durkin and Rittle-Johnson (2015) studied pupil misconceptions in mathematics, and found most students were unable to place a number on a number line. Students struggle with this type of activity, as they may fail to see fractions as real numbers on a number line, but instead they are seen as a set of numbers with their own rules (Alghazo and Alghazo, 2017). Question 6 is designed such that an incorrect answer will reveal if students do have this misconception that fractions are somehow different, and don’t classify as standalone numbers. Aliustaoğlu, Tuna, and Biber (2018) gave an interesting example, whereby students had to mark 2/3 on a number line that went from 0 to 6. Over half of participants in the study failed this question, and one answer given was to mark where 4 should be, presumably because this is two thirds of 6. A standard fraction wall model given in Figure 3 (tes, 2017) shows how a number line is often used to aid learning. The pupils in this study would have more than likely marked the correct location on this number line, but when the number 1 is changed to a 6, they fail to conceptualise the problem. Siegler et al. (2010) state a number line is a useful tool in helping students visualise fractions as real numbers, but the research has indicated that even this can lead to misconceptions, and Question 6 will further test this.
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Figure 3


Trivena et al. (2017) investigate the addition of fractions. They conclude that many of students misconceptions come in this area of fractions, and more research should be done as a result. In particular, the addition of fractions, especially when the denominators are different, leads to students adding numerators and denominators separately, in order to find the answer (Aksoy and Yazlik, 2017; Alghazo and Alghazo, 2017). Daro (2014) highlights a reason for this: Figure 4 shows the “butterfly method” for solving addition of fractions; the method, if learnt by rote would of course give you the answer, but Daro argues the answer is not what is important. In fact, he gives an example of his daughter who, when in high school, was not interested in learning, but only wanted to know how to get the right answer. While it may work for some, others who choose to learn through instrumental means (e.g. the butterfly method) or are only given the option to learn in such a way, may suffer as a result of forgetting or mixing up rules. A child taught in this manner might not even know how to add three or more fractions (Also Daro, 2014) due to rigidity of the model. Question 7 is chosen to obtain a greater depth of the issue, and to investigate whether the students try to apply their knowledge of natural numbers to the rationals, as Ojose (2015) records. 
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Figure 4


“Students cannot be successful in fraction computation without a strong understanding of fraction equivalence” (Van der Walle, Karp, and Bay-Williams, 2016). Yet in an italk2learn (2014) study, a common misconception in 9-11 year olds was to take a fraction a/b and try to simplify it by 1/ab. The concept of the equivalent fraction should be emphasized (Aliustaoğlu, Tuna, and Biber, 2018) but perhaps this was not the case for the children of the study, as they hold a misconception which would not even hold for a simple case; for example, 2/4 ≠ 1/8. A second misconception held in this important area is that 6/10 = 5/9 as 6 – 1 = 5 and 10 – 1 = 9 (America’s Choice, no date). Furthermore, a simple search on Google for “simplifying fraction strategies” gives a well presented education blog with a plethora of tips. Perhaps most importantly, Camden (2019) gives several instructions on simplifying fractions and checking the fraction is actually in its simplest form. Of course, if used to aid learning, with a variety of models, to enhance a student’s conceptual understanding, then the benefits might outweigh the possible drawbacks (Chubb, no date; Skemp, 1976). But despite pupils consistently meeting fractional operations in their school life, they often forget how to “do them” as when they do try to learn them, they do so by memorising formulas and algorithms (Şiap and Duru, 2004). So any teacher who comes across Camden’s site might misinterpret the point of the blog and thus deliver a lesson which traps students in this cycle Siap and Duru describe. For example, Camden states in her class they “like to just say, ‘divide them both in half’ and see what that leaves us as our fraction” but this leads to misconceptions which the researcher has seen first-hand such as 5/10 being 2.5/5 in its simplest form. Question 8 focuses on the issue of equivalence of fractions.
	Question 9 is a test of student understanding, by Skemp’s (1976) definition. The question in not a standard question, so requires students to use what they know about fractions, and the rules and models they should be familiar with, in order solve the relatively simple problem. Donaldson (2015) believes children should have the knowledge and competence to solve a range of mathematical problems, and it can be argued that those students who incorrectly answer this question do not have this knowledge or competence. As a result, the researcher aims to compare data between pupils who successfully answer Question 9 and those who do not, to see if those who fail to transfer their knowledge to an unseen question perhaps hold more misconceptions, possibly due to an instrumental learning technique.
The final question (Question 10) is a typical fraction of an amount question. America’s Choice (no date) find several misconceptions in this area, including: pupils who ignore the denominator and find 3/4 of 12 to be 3 objects out of 12, and those who are likely told the denominator is the number of total parts and misapply the idea, hence visualising 3/4 of 12 as 3/12 of 4 total parts and simply put 3/12 as the answer. Usiskin (2007) has found that this topic is not being pushed enough in school, and this is disappointing given the importance of the concept in further areas of mathematics (Johanning, 2008). Barton (2018) finds a further misconception in finding a fraction of a fractional amount, but given the age of the sample, this area will not be explored here. 
A danger, Taylor (2017) writes, of actively addressing a misconception, is that you can actually end up reinforcing it for your students. Therefore, she suggests the best way to teach is to first focus on the facts, in order to establish why ‘right is right.’ In this case, that might involve using a variety of models and contexts, or putting a greater emphasis on number sense and the meaning of a fraction, as opposed to giving a rule to learn (Van der Walle, Karp, and Bay-Williams, 2016). Once that has been established, it is okay to discuss the misconception, and why in fact it is a misconception, or in other words why ‘wrong is wrong.’ If you start with the misconception, students will more likely remember it and then switch off during the correction, or in some cases repeat back the correct information, but forget it shortly after, therefore returning to the misconception (Skurnik et al., 2005; Danielson, Sinatra, and Kendeou, 2016). Taylor (2017) continues, that as you expel the misconception, you must bridge the new gap in knowledge with the correct information, before finally reaching the ‘inoculation’ stage. Ideally here, the researcher discusses the reasons for why the misconception was held and refutes them, using the new information provided, in order to prevent any further misconception arising in this area. Where possible, this model was followed throughout the intervention stage.
Given the importance of expressing fractions through the use of various models (Van der Walle, Karp, and Bay-Williams, 2016), the researcher and class first discussed what ways a fraction could be thought of. Horn (1937) argued the importance of student’s prior knowledge in accepting new ideas, and more modern research seems to corroborate; Given that people “learn information in the context of their prior knowledge,” Sidney and Alibali (2015) find that drawing on a child’s prior knowledge certainly supports them in their intake of new concepts in some contexts. However, van Loon et al. (2013) suggest that an activation of inaccurate prior knowledge can actually be detrimental to their learning as they might discard future concepts in favour of their inaccurate prior knowledge.  (Here, this might refer to a misconception). Thus, as suggested by van Loon et al., care was taken, to the best of the researcher’s abilities, in detecting any inaccuracies in prior knowledge, in order to prevent any negative effects in future learning. Once the discussion had taken place, Figure 5 was created and issued to all students, to glue in their books, as a reference point for future concepts.
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Question 1 of the pre-test indicated two areas of interest – the misconception that 1/6 always means 1 out of 6 parts, regardless of the size of the parts, and the inability to express an equivalent fraction in visual form. Given that equivalent fractions are related to a later question, discussion will be omitted here. Van der Walle, Karp, and Bay-Williams (2016) recommend students create their own representations of fractions to combat the first misconception here. They also suggest examples be given where parts are unequal. The researcher spent approximately 10 minutes straight after the pre-test on a similar activity, where the need for a partition leading to equal pieces was stressed and a variety of examples were given. From pre to post-test there was a 0% improvement in this misconception, with the number of correct answers (from a possible 27) staying at 5. While the suggestion of Van der Walle, Karp, and Bay-Williams (2016) was taken, the time for independent study was not given. Students did not have ample opportunity to create and compare their own examples and as such there was minimal room for exploration of the topic and students could be regarded as fairly passive in their own learning (Steed, 2013). This, coupled with a week long period before the post-test could have led to the absence of any improvement.
The relationship between fractions and ratios was also discussed directly after the pre-test. Immediately, the misconception became apparent, and this was confirmed with just 2 out of the 27 students getting the correct answer in Question 2. Kobrin (2015) declares the teacher’s responsibility, with regards to misconceptions, is to guide and challenge their students, in the hope of causing a conceptual change. One strategy suggested is that of cognitive conflict. Kang, Scharmann, and Noh (2004) explain that many agree the concept is “indispensable” to learning. Class discussion is a good means for this, due to the combined knowledge of the class being greater than that of any individual (Sayce, 2010) so that method was preferred. However, in the post-test only 4 students had put the correct answer. The improvement here was minor, and might be put down to limited opportunity for cognitive conflict. Sayce (2010) tells us, where possible, students should be exposed to this conflict in various scenarios, including individual and group work, but again due to time constraints, class discussion was the only method used. While this one experience may have worked for a minor misconception, the magnitude of the issue was clear here, and longer time for conflict to occur might have wielded better results.
A lack of understanding is often cause for students to blindly apply rules (aamt, no date) and that has been demonstrated. 10 students correctly answered Question 3 of the pre-test, but of those that didn’t, it was common for pupils to turn to one method they were more than likely taught to use in more simple cases – namely, drawing a segmented circle. When dealing with denominators as large as 25, there is no wonder mistakes were made. It appears students were not equipped with various methods for comparison of non-unit fractions. Strategies should be used regularly in lesson, in order for students to be able to use them confidently and creatively (aamt, no date). As discussed by Van der Walle, Karp, and Bay-Williams (2016), the standard approach to find a common denominator, and cross-multiply, while giving the correct answer, does not give students any sense of fraction size and may not be the most appropriate method; for example, 5/25, when compared to 1/2, can instantly be disregarded, before using the cross-multiply method. This is in line with America’s Choice (no date) who declare students will often lead to guessing or doing difficult computations when faced with these questions. This research was used in the intervention period, as a variety of strategies for comparison were debated amongst the group, including pros and cons of each. Little opportunity was given to test out these strategies, and as aamt (no date) explain, there is little use of teaching the strategies, without giving students a chance to see how and why, hence the post-test only showed 13 correct answers, an improvement of 3. Every type of incorrect answer was given, in both tests, but by far the most common was 2/3, possibly due to students ignoring the numerator and noticing the denominator gives the biggest pieces, as is quite common (aamt, no date).
[image: ]Teacher Education through School-based Support in India (TESS India) (no date) believe children should be taught to ask ‘a fraction of what?’ when given a fraction, as a half of x may be smaller than a quarter of y. However, student B, whom incorrectly answered both Question 3 and 4 raised a concern during the pre-test. “Sir, what does Question 4 mean? A third of what?” It appears this child was taught as TESS India suggest, but this in itself has caused a misconception that America’s Choice (no date) pick up on – a student’s conception of fractions is restricted to a certain model or situation. Here, student B struggles to imagine a fraction as being a single number, but instead sees fractions as operators. Student C correctly obtained the answer, but Figure 6 shows the method given. While seemingly correct reasoning, the drawing demonstrates that this student may not recognise these Figure 6

pieces need to be equal in order to make the comparison, hence they may get the correct answer, but still hold the misconception that Wong and Evans (2011) report. Given the nature of Question 3 and 4, the intervention stage was identical. Interestingly though, the improvement on Question 4 was more evident. Student B gave a perfect answer while student C correctly converted the two fractions into fifteenths and compared them, in this more effective manner.
	25 pupils correctly answered Question 5, in both the pre and post-test. Of the two incorrect answers, 2/4 of the shape was shaded, as expected (Wong and Evans, 2011; Van der Walle, Karp, and Bay-Williams, 2016). Sealy (2019) discusses the importance of the relationship between the numerator and denominator, in developing number sense in pupils. A think, pair, share activity was used, with pupils physically moving around the classroom, in order to promote clear thinking (as Sayce (2010) suggests). The aim was to allow cognitive conflict to occur in those that incorrectly answered the pre-test question, but also benefit those that correctly answered as “repetition helps to improve speed, increases confidence, and strengthens the connections in the brain that help children learn” (Nemours, no date). However, on completion of the post-test, it was noted that while 25 pupils still answered correctly, these were not the same 25 pupils. Gneezy (2005) states the prevalence of academic dishonesty, and it is highly likely, given that the two incorrect answers given in the pre-test were from students sitting next to each other, that one influenced the other in some way, and thus it is difficult to assess the misconceptions associated with this question any further.
Question 6 explores fractions on a number line. Taylor’s (2017) model of addressing a misconception was demonstrated here, as students were given the opportunity to add quarters on a number line that stretched beyond the number 1, so the class could see 1/4 did not necessarily mean 1/4 of the line. Next, in an effort to focus on why wrong is wrong the researcher asked where one half would lie on the number line and one student still held the misconception that it would be half way across the line. The researcher explained 1/2 is 1 divided by 2, which is of course 0.5, so would actually be between 0 and 1. Finally, the researcher moved back to the example of adding fractions across the number line to solidify the fact that one half would be at the start of the number line given, not half way. 
	Unlike the previous misconceptions, a total of 1 hour was spent on adding fractions and the results of Question 7 reflect this well. An improvement of 3, to 20 correct answers. More impressively, two pupils missed the lesson on addition of fractions and both retained their misconception (adding both the numerator and denominator separately), and a third student appeared to overcome their misconception but simply made a numerical error, which differs from a misconception in that is just a deviation from accuracy (Bala, 2013). Sealy (2019) suggests that content is not rushed through, if a misconception is to be overcome, and the evidence here shows that when more time is spent on a misconception (which was very strongly held by the participants) then the intervention is a lot more effective. The researcher heavily relied on questioning to gage where the students were, in terms of their misconception, and used this to encourage a cognitive conflict. The resource used is provided in Figure 7. By building on the common knowledge that a half plus a half is a whole, the researcher was able to dispel the idea that 1/2 + 2/3 could be less than 1 as most students presumed, thanks to their misconception. From here, pupils were able to explore the area further, via a worksheet, a chance which they did not have with previous misconceptions, possibly leading to this change in conception (Ojose, 2015). 
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Figure 7


Question 8 was answered fairly well in the pre-test (15 students) but an improvement was still made in the post-test (20 students). Again, one hour of intervention was used to work on fraction equivalence, so an improvement is more likely than if less time was spent (Sealy, 2019). Mini whiteboards were used in order to engage pupils, something which Martin (2001) believes is key to academic success. However, some pupils still appeared to hold a misconception – aamt (no date) state “A lack of understanding of how and why a procedure works is usually the underlying cause” of a misconception, and this can lead to the blind application of rules. Here, this was shown as students divided top and bottom by 2 and gave their answer as 4.5/18. Other students seemed to understand that dividing by 2 would not be appropriate, but still left their answer as 3/12, which is of course isn’t in its simplest form. While in general, an improvement was made, it seems more work is needed in helping these students understand the ‘why’s of the procedure, in order to develop their understanding of the concept, and further eradicate the misconceptions in this area.
	Figure 8 shows the comparison of student M and student B, two students who made the biggest improvements from pre to post-test. Due to the various tickbox options in Question 1, the student answers for Question 9 correspond to Question 13 in the graphs. A 1 indicates the correct response, and a 0, the incorrect response. You might recall that this question was designed to compare the overcoming of misconceptions, with the application of knowledge to an unseen question. Student M correctly answered Question 9 in both assessments, and also saw the greatest improvement. This may indicate that the student does hold the relational understanding Skemp (1976) discusses, but still appeared to slip into common misconceptions amongst the class, until his memory was refreshed during the intervention stage. Naep (2007) note the importance of revision of material in bettering one’s performance, and this is perhaps what occurred in this instance. Furthermore, student B, the very same who was unable to compare fractions in the pre-test, realised that 1/10 is not 2 lots of 1/5 but actually one half of it. They too, improved their performance dramatically, and would have further, if not for missing that 3/12 could be cancelled further in Question 8. This research indicates, as Skemp (1976) suggests, that those who develop a relational understanding of a concept, can apply their knowledge to new situations, and as a direct effect, are less likely to hold misconceptions.




















Figure 8


	18 students correctly answered Question 10 in the pre-test. It was difficult to evaluate the incorrect responses, due to a severe lack of workings from those who did put the wrong answer. However, the researcher developed an activity to combat any misunderstandings. Sayce (2010) tells us that group work is important as it takes the accountability from the individual, so pupils are more likely to put forth their ideas and engage with the learning; as a result, the activity involved groups of 3 or 4. The activity involved cutting up paper and using it to aid in solving 3/4 of 16. While the researcher had a particular way of doing this in mind, the creativity of solutions given was awe-inspiring. The United States Department of State (no date) state that if a child is having fun, they are a lot more likely to learn and retain information, as they are enjoying, so the experience becomes more memorable. Moreover, the activity stimulated kinaesthetic learning. Nepean Tutoring (no date) write: “Kinaesthetic learning has the advantage of letting children gain self-knowledge by letting them learn at their own comfort level, confidence level and with their own creative potentials. With this style of learning, children are also engaged in positive social interaction, develop problem solving skills and can apply creativity through self-expression.” While the article presents its arguments in terms of learners being either, visual, audio or kinaesthetic, an idea which has long been disproved (Franz, 2017), the benefits of multisensory learning are recognised by Shams and Seitz (2008) and thus it was important to include an activity such as this. Astonishingly, 26 out of the 27 students ended up correctly answering Question 10 in the post-test. The only who didn’t, omitted an answer on both occasions. This highlights the importance of well thought-out activities, consciously provided by the teacher, to eliminate misconceptions (Ojose, 2015).
	While the frequency of misconceptions in mathematics, and even just in fractions is too great to evaluate in this study (Ojose, 2015; Sealy, 2019; Sowder & Wearne, 2006; Wearne and Kouba, 2000), the most common seems to be that students conceptualise fractions as two separate numbers (Cramer and Whitney, 2010), possibly caused by the lack of models used in the teaching of mathematics (Hodges, Cady, and Collins, 2008), which is strange given the importance of physical models in learning (Siebert and Gaskin, 2006).
	The research has further strengthened this idea, as Question 7 (addition of fractions) showed over 80% of the sample held the misconception that you can add the top and bottom of a fraction separately. Furthermore, Question 6, which assesses the use of a more unfamiliar model confirmed Durkin and Rittle-Johnson’s (2015) study that most students were unable to place a number on a number line, possibly due to their conception that fractions aren’t standalone numbers so 2/3 must be two thirds of something (Alghazo and Alghazo, 2017).
	The study also highlights the importance of well thought-out, multisensory activities, discussed by Ojose (2015). When an activity was given of this type, the results were near-perfect in terms of a turnaround in misconception. Furthermore, with this activity, students had time to engage in the concept with their peers. Sealy (2019) advises teachers to not rush through material when hoping to eliminate a misconception, and Sayce (2010) confirms group work is a useful tool in cognitive conflict; the difference between improvement in Question 10 and Question 2, where pupils spent approximately 20 minutes in a group activity, and 3 minutes in a class discussion, respectively, cannot go untold. While a class discussion is of course useful due to the combined knowledge of the class, cognitive conflict best occurs when targeted in various forms (Also Sayce, 2010). In addressing Question 10, pupils had a chance for group work as well as to feedback to the class, and the result were reflected in line with Sayce’s theory. Steed (2013) also values the idea that students should be active in their learning, in order to explore and fully understand a topic, and where students were so (for example, when adding and simplifying fractions) the improvement was much greater than when students were seen to be more passive (for example, when comparing fractions).
However, it is important to remind ourselves of the circumstances of the study. Due to the necessity of a control group, it is difficult to gage the reliability of the findings without one (Pithon, 2013). Furthermore, the RTM phenomena discussed by Cook and Campbell (1979) and Barnett, van der Pols, and Dobson (2005) could very well play its part in the apparent improvement. For example, student D performed the worst in the pre-test with a score of 4 out of 14 (this includes the division of Question 1 into 5 sub-questions) whereas the mean was 7.25 – this child then achieved a score of 7 in the post-test, while the mean was closer to 9. It could be argued that the phenomena was demonstrated here, and that the student’s improvement was not as great as seems at first glance. It is also possible that the exposure and practice of fractions in general, was cause for this improvement (Knapp, 2016; Marsden and Torgerson, 2012). This might be shown in student U who, as previously mentioned, showed a good understanding of fractions, by correctly answering Question 9, but then overcame many more misconceptions than his or her peers – perhaps they were just reminded, as opposed to developing their concept of fractions entirely, via the techniques discussed in the previous paragraph.
 	The prevalence of academic dishonesty (Gneezy, 2005) is also good reason to refute the authenticity of the study’s findings, and the concern Evans and Wong (2011) hold for students giving a correct response but an incorrect reasoning should also be taken into consideration. For example, while asked to explain their answers to Question 4, many reasons did not quite match up with the final answer given, but the correct answer was often given so had to be included in the data.
	Sealy (2019) tells us “you can only overcome one misconception at a time” or there is a risk of cognitive overload, and this study hopes to address a plethora of misconceptions, in a topic which is riddled with them, in a limited time period (Ojose, 2015; Sealy, 2019; Sowder & Wearne, 2006; Wearne and Kouba, 2000), thus in the future the researcher hopes to break up the intervention, and spend more time in each area, so each child can be an active learner on their journey to overcome each misconception which of course Steed (2013) accentuates. If this approach is taken, and a second class is used as a control group, the researcher also hopes to develop a similar pre and post-test in different areas where misconceptions are rife (such as algebra and decimals (Ojose, 2015; America’s Choice, no date)). The researcher will also use the findings of this study to inform future practice. Examples include the use of multisensory activities, group tasks, class discussions, and when suiting the topic, a variety of models including set and number line models.
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Set Models

In set models, the whole is understood to be a set of objects,
and subsets of the whole make up fractional parts. For 12 makes 1 whole
example, 3 objects are one-fourth of a set of 12 objects. The
set of 12 in this example represents the unit, the whole or 1
The idea of referring to a collection of counters as a single
entity makes set models difficult for some students. Putting a
picce of yarn in a loop around the objects in the set to help

students “see” the whole. Figure 15.3 illustrates several set ounters Tuorcoler counters in

setsshowng 1] red arays. Rows and columns
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models for fractions

A common misconception with set models is to focus on
the size of a subset rather than the number of equal sets in the
whole. For example, if 12 counters make a whole, then a sub-
set of 4 counters is one-hird, not one-fourth, because 3 equal
sets make the whole. However, the set model helps establish
important connections with many real-world uses of fractions
and with ratio conceps.

Tiwo color counters are an effective set manipulative.
Counters can be fipped to change their color to model vari-
ous fractional parts of a whole set. Any countable abjects (e.g.,
a box of erayons) can be a set model (with one box being the
unit or whole). The following activity uses your students as
the whole set. It can be done as an energizer, warm-up, or full
lesson.

346 Chapter 15 Developing Fraction Concepts

Activity 15.3

Class Fractions

Use a group of students as the whole—for example, six students If you want to work on halves, thirds, and sixths. Inite them to.
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Students who automatically use the double-count strategy can be easily fooled by tasks such as this
Even though they know there should be equal parts, they are too focussed on counting parts to
visualise the missing dividing lines.

Put these fraction cards in order from
the smallest fraction to the largest.

TRRE

(Incorrect response)

When a fraction is perceived as consisting of two whole numbers,
size of the parts and just focus on the size of the numbers.

easy to forget about the relative

Which fraction is larger 7/s or /67
Explain how you know.

"They are the same because both have
just one more to make a whole”

(Incorrect response)

A sense of the relative size of fractions can be lacking in students who persist in seeing the numerator
and denominator as separate counts,
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get the answer, but in no way understand how the answer relates to
addends.
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On the other hand, teachers who teach relationally provide their students
with contexts, models (i.e, number lines, arrays...), manipulatives (ie.,
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