Formulae Sheet

Vector Operations
Vector Length (Magnitude)
The length of a vector a is written using the notation |a| The formula for the length of a two

dimensional vector is |a| :1/X2 + y2 and in three dimensions it is |a| :wlxz + y2 +2%.

A vector can be normalised (its length made equal to one) by dividing it by its length. The direction

remains the same, of course. The notation is 4 = ﬁ For example, if vector ais (0,6,8) it’s length is

10 and the normalised vector, & = (0/10, 6/10,8/10).

Dot product

Another common vector operation is the scalar product, usually called the dot product and written
aeb . Itisdefined thus:

Ifa=(x1,y1,z1)and b = (x2, y2,z2) then aeb = (x1*x2+ y1*y2 + z1*z2).
It is also equivalent to

aeb = |al|.|b].cos¢ where ¢ is the angle between the vectors.

Cross product

The cross product of two vectors is written

axb =(a,b, —a,b,,a,b, —ab,,a,b, —a,b)

A handy way of remembering the cross product is to write it as a matrix and to see it as a
determinant, that is:

i i k
di dz ds
b, b, b;

where i, jand k are the three orthogonal unit basis vectors in the x, y and z directions.

The result of a cross product is a vector.
The length of the vector cross product can be determined by:

|axb| = |a|.|b].sing where ¢ is the angle between aand b.



Matrix Operations

The determinant of a matrix A is given by| A|= x(a,b, —a;b,) — y(a,b, —a,b,) + z(a;b,

Where the matrix A=

Multiplication of a (4x4) matrix by another (4x4) is:-
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(a1 bys+ a1, byy + @iz bay + aiq bay)
(321 bia+ @z by + @z b3y + @z bay)
(@31 b11+ @3z b2y + @3z bsy + @z bai)
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(a11 b1z + a1 by + a3 bs, + a1 bay)
(az1 bia+ @ by + @ bz, + @ ba))
(331 b1+ @s; by + @33 bs, + a3q bay)

(221 b1z + @z by, + as3 bsy + agq bay)
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(a11 bis+a bas + az bss + a1 bas)
(221 biz+ @ bz + a3 bsz + @z bas)
(331 biz+as; b3+ a3z bz + ass bas)

(as1 biz+as bas+ ass bss + ags bas)

Multiplication of a (4x4) matrix by a (4x1) matrix is:
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(11 byi+ @35 byy + @33 by
(321 by + @z byy + a3 by
(231 by + a3, byy + a3z by

(241 by +ag; byy + ag3 by
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(211 bia+ a1 bya + as3 bag + a1q bag)
(21 bia+ @z bas + a3 bas + @24 bad)
(331 b1a+ @32 bag + @3z bss + azg bad)

(221 bia+as; bag + ass bss + ass bad)
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Transformations:

(Assuming a right handed system and points represented by a column vector)

Rotation about the x-axis:
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Rotation about the y-axis:
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Lighting

Ambient:
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Calculations:

lamb = Ka la

Diffuse:

Idiff = Kd Ip cos(0)

Translation:
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Specular:

lgpec = K 1,C08"(9)



Plane equation:

The equation of a plane is:

ackng + a*ng+a,*n, +d=0

or equivalently:

an +d=0

where a.n is the dot product of a with n and a=(ay, ay, a,) and n=(n, ny,n).

Here a is any point on the plane and n is the normal to the plane, and d = -x.n is the dot product of x
and n where x is any other point on the plane and n is the normal to the plane.

If n is normalized and a is not on the plane then a.n + d gives the shortest distance of the point a
from the plane.



