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[bookmark: _Toc26642178][bookmark: _Toc30999255]Introduction 
The study of thermal diffusion is widely used in engineering design and optimisation. Prior to widespread digital computation, thermal diffusion problems were solved through a process of arduous hand calculations and experimentation. All of these processes were susceptible to huge calculation times and systematic errors due to the repetitive nature. In recent times, digital computation has revolutionised the way in which mathematicians, scientists and engineers solve such problems, including thermal diffusion, by automating the repetitive cycle. The use of  modern computers in mathematics, science and engineering has not only improved the analysis of problems that predate their creation, but also enabled new forms of numerical analysis which contain arrays much larger and more complex than previously conceived. 
[bookmark: _Toc478033173][bookmark: _Toc30999256]Aims 
This report aims to detail the creation of a MATLAB Model to solve time-dependent thermal diffusion equations using FDM (finite difference method) in order to calculate the temperature distribution within a two-dimensional plate. The Model will be evaluated for effectiveness and efficiency.
[bookmark: _Toc478033174][bookmark: _Toc30999257]Objectives
· Investigate and discuss the constitutive equation.
· Explain the numerical method used to discretise the constitutive equation.
· Discuss the boundary conditions for both linear and gaussian distributions.
· Give details of the model created to solve the heat diffusion problem.
· Analyse the scripts by varying the input variables and evaluating how this affects the outputted results.
· Discuss the benefits and  limitations of the model.
· Discuss potential improvements to the model, and how they may affect the results.
· Conclude the findings of the report.



[bookmark: _Toc30999258]Main Body 
[bookmark: _Toc30999259]The Constitutive Equation
[bookmark: _Hlk30019712]Throughout this report the constitutive equation is the thermal diffusion/heat equation, a partial differential that defines the heat distribution of a specific region of interest at a given time (Kirkwood, 2018). The heat equation is a specific type of the convection-diffusion equation, the convection-diffusion equation describes the transfer of thermal energy through a solid body with respect to time (Deville, 2014).
For  where the  is the time variable and  are cartesian spatial variables, the heat equation is expressed as;

[bookmark: _Hlk30082021][bookmark: _Hlk30082351][bookmark: _Hlk30162170]Where;  = Temperature with Respect to Space and Time, Heat Transfer Rate,     = Thermal Conductivity,  Density,  = Specific Heat Capacity.
[bookmark: _Hlk30348339]In this instance, this can be simplified to ;

[bookmark: _Hlk30075635]Assuming that; Two-dimensional plate cancels the change in temperature with regards to z and there is no internal heat generation (=0).
[bookmark: _Hlk30348484][bookmark: _Hlk30348433][bookmark: _Hlk30603876]Also, implementation of the Laplacian operator   and the thermal diffusivity equation further simplifies the heat equation to;

[bookmark: _Toc30999260]Derivation 
[bookmark: _Hlk30074001]In order to derive the heat equation, Fourier implemented both the laws of thermal conduction and conservation of energy to describe the diffusion of heat through a body with respect to space and time (Davies, 2018). The law of thermal conduction (Fourier’s Law), is a phenomenological equation in that it is proved experimentally. The law states that  through a material is proportional to the negative gradient of the  temperature (Me Mechanical , 2016).
Fourier’s law is denoted by (1-D);

Where;  = Heat Flux, Thermal Conductivity,  = Area,  Time.
[bookmark: _Toc30999261]Conservation of Energy 
[image: ]The first step in deriving the heat equation is to apply conservation laws, specifically the conservation of energy, below is a word equation that describes how the rate of heat energy changes with time;

In order to derive a mathematical representation of the word equation above, we must quantify each element in terms of factors that affect them with regards to space or time.
For the heat energy flow through boundaries (assuming the perimetral surface is perfectly insulated);
[bookmark: _Toc30986922]Figure 1: 1D Heat Energy Flow Diagram





If then no heat energy is gained or lost, energy flow in =, energy flow out = .

Hence using Taylor series expansion;

Where net energy flow = ;
[bookmark: _Hlk30343129]Net energy flow =  
Hence;

[image: ]This relation can also be applied to 3-dimensions, where;[bookmark: _Toc30986923]Figure 2: 3D Heat Energy Flow Diagram

    &       &  
[bookmark: _Hlk30163267]For the rate of change of heat energy (at point x) with respect to time (Assuming the material is homogenous);
[bookmark: _Hlk30342663][bookmark: _Hlk30342610][bookmark: _Hlk30341596][bookmark: _Hlk30342105]Rate of change of  energy =  
where   = internal energy per unit mass.
From the 1st law of thermodynamics;

Therefore;
[bookmark: _Hlk30344326][bookmark: _Hlk30342297][bookmark: _Hlk30347342]Rate of change of  energy =   

[bookmark: _Hlk30162194][bookmark: _Hlk30162507]Where   = The amount of heat per unit mass required to raise the temperature by one unit of its temperature, J/kg.C ,   = Density, kg/m3, T = Temperature at point x, K.
For internal energy generation; 
[bookmark: _Hlk30344465]Rate of  energy generation = 
Therefore;
[bookmark: _Hlk30347763]Rate of  energy generation =  
[bookmark: _Toc30999262]Fourier’s law 
This section describes the relationship between temperature and heat energy flow.
In the conception of the law of conduction, Fourier made a series of observations, these include;
· If there is no heat energy flow then the temperature = 0.
· Heat flow is positive from Higher to lower temperature (temperature gradient lower to higher = ).
· Heat flow is proportional to the change in temperature.                         (Davies, 2018)

[bookmark: _Hlk30345429]The above observations can be expressed by;
       
[bookmark: _Hlk30346237] Hence;    
  
[bookmark: _Hlk30346201]Substitute into above relation );
    
Therefore; 
[bookmark: _Hlk30346861]   
Again, this relationship can be applied to 3-dimensions, thus 
[bookmark: _Hlk30346870]   
   
   

Finally, we can substitute all of the relationships deduced above into the word equation derived from conservation laws;
  =  
Thus;
  
Assuming material is homogenous;

In this instance, this can be simplified to (2-dimensions and no internal energy generation) ;

[bookmark: _Hlk30499415]Also, implementation of the Laplacian operator   and the thermal diffusivity equation further simplifies the heat equation to;

[bookmark: _Toc30999263]Numerical method chosen to discretise the constitutive equation.
It can be argued that differential equations are amongst the most important  form of mathematical analysis used in engineering. For instance, modelling of any problem that consists of a physical quantity that varies over space or time, be it stress, strain, pressure, temperature, displacement etc, can be calculated from differential equations (Xie, 2010).
Solving differential equations can be generalised into to main approaches; analytical and numerical methods. Put simply analytical methods for solving differential equations can be obtained exactly, however, for some functions, an exact solution can be either very difficult or even impossible (Valli, 1994). In such cases a numerical approach is required. Numerical solutions to differential equations are best described as approximations, however Numerical solutions can be very useful, one such use is in a scenario where the governing equations of the problem are functions of multiple different parameters, such as partial differential equations (Morton, 2005). 
[bookmark: _Toc30999264]Finite Difference Method
The constitutive equation (thermal diffusion equation) in this problem is a partial differential (PDE). Analytical solutions to PDE’s are functions that satisfy both the PDE and the initial and or boundary conditions. In this case and many cases involving PDE’s there is no analytical solution, meaning a numerical approximative approach is needed (causon, 2010). 
[bookmark: _Hlk30408337][bookmark: _Hlk30437250]One such approach is the finite difference method (FDM). Put simply, the finite difference method is a process of substituting the derivatives in PDE’s with difference equations, FDM uses a series of discretisation’s to approximate the differences, these can be backwards, forwards or central (Lewis, 2019).
[image: ]FDM is one of the earliest forms of numerical solutions to ODEs and PDEs. The method was first used by Euler, in around 1768 (Blazek, 2005). The FDM is applied to the differential form of the Constitutive equation. In this instance, the equation of thermal diffusivity with respect to space and time. The FDM uses the Taylor series expansion  in order to derive approximations of a function around (N,E,S,W) and at a given point P. (see figure 3). [bookmark: _Toc30986924]Figure 3: cartesian Coordinates Diagram


[bookmark: _Toc30999265]Taylor series expansion 

The Taylor series equation is shown below;

As mentioned above, the Taylor series can be derived for backwards, forwards or central differences for 1st order differentials.
Backwards Difference = 
Forward Difference = 
[bookmark: _Hlk30438379]Central Difference = 
For the scope of this problem, only the central difference equation is needed for second order differentials.
2nd order Central Difference = 
[bookmark: _Hlk30497591]In order to solve this diffusion problem, we need to apply a combination of the forward and 2nd order central difference equations to the thermal diffusion equation mentioned above;

[bookmark: _Hlk30497332]We need to substitute a difference equation into each differential, to solve the change in temperature over time  the forward difference equation is used;

[bookmark: _Hlk30499629]Substitute Taylor series expansion;


Hence,

we also need to apply the 2nd order central difference equations to the thermal diffusion equation mentioned above, we do this by applying the 2nd order difference equation into each differential within the Laplace operator, to solve the change in temperature over the spatial variable  the forward difference equation is used;

Hence,

Substitute Taylor series expansion;


Therefore,

 is unknown, thus rearrange,


[bookmark: _Hlk30503963]
[bookmark: _Hlk30608361]Substitute in the equation for Fourier’s number  where F0 is a  dimensionless ratio between the rate of heat conduction to the rate of heat storage;



[bookmark: _Toc30999266]The initial and boundary conditions.
[bookmark: _Hlk30581356][bookmark: _Hlk30525974][bookmark: _Hlk30526021]Both initial and boundary conditions must be defined when solving transient Heat transfer problems, this is due to the derivatives with respect to the time and spatial variables in the heat transfer equation. Boundary conditions are dependent on the spatial derivatives, whereas the initial conditions are those that depend on time (Lewis, 2019). In heat transfer problems we must specify two boundary conditions for each spatial derivative, thus in 2 dimensional problems, 4 boundary conditions must be specified. There are 4 main types of boundary conditions used in heat diffusion problems, these include; Dirichlet, Neumann, Robin and Mixed (Croft, 1989). Dirichlet conditions are where the temperature at the boundary is known/specified. Neumann conditions are those where the rate of heat flow at the boundary is known, Robin conditions are where an energy balance is stated at the boundary. Mixed conditions are a combination of the aforementioned boundary conditions.
[image: ]The boundary conditions used in this problem are Dirichlet and Neumann conditions. [bookmark: _Toc30986925]Figure 4:Boundary and Initial Conditions

[bookmark: _Toc30999267]Dirichlet conditions 
The Dirichlet boundary condition  is used on the northmost boundary of the domain, it specifies the fixed temperature. This condition can be denoted mathematically by the following expression.

[bookmark: _Hlk30529903]Where Boundary Temperature.
Gaussian Distribution 
As shown in figure 4, the temperature of the northmost boundary follows the Gaussian/ normal distribution. The Gaussian distribution Is calculated from the following equation.

Where;
the vertical height of some point on the Gaussian distribution,
A= Amplitude,
 = standard deviation,
[bookmark: _Hlk30580669] = distance along x-axis,
 = Mean distribution.
[bookmark: _Toc30999268]Neumann conditions 
The Neumann conditions are applied to the east, west and south boundaries of the domain.  As mentioned above the Neumann condition describes a known rate of change of temperature at the boundary, in this problem the boundary is adiabatic, hence the condition can be expressed  using Fourier’s law;

Where Boundary heat flux, 

[bookmark: _Toc30999269]Initial conditions
[bookmark: _Hlk30582611]Due to the transient nature of the problem, initial conditions need to be specified. Initial conditions are defined as those that depend on the time derivative (Davies, 2018), in this problem, the initial conditions refer to the Temperature of all nodes within the domain at time = 0.  The initial conditions are stipulated in the assignment specification as 0oC. Using the Cartesian Coordinates the initial conditions can be expressed as follows;
[bookmark: _Hlk30967506]
Where;  Temperature,oC.  Time zero.

[bookmark: _Toc30999270]Linear Distribution model for Analysis
In order to validate the finite difference model, A model with linear Dirichlet boundary conditions is used. The Boundary conditions are as follows;
50 through 0 degrees applies linearly along the north and south boundary
50 degrees applied to the west boundary
0 degrees applied to the east boundary
The initial condition of the domain is the same as the gaussian distribution finite difference model.

[image: ]The boundary and initial conditions of the linear distribution test code are best described in the heat map bellow (figure 5).






[bookmark: _Toc30986926]Figure 5: Linear Distribution Boundary Conditions

When the matrix is in equilibrium, vertical bars matching the colour of the boundaries should propagate through the plate from the west boundary to the east boundary.
[image: ] figure 6 below shows how the  heat map will appear when the plate has reached equilibrium.
[bookmark: _Toc30986927]Figure 6:: Linear Distribution In Equilibrium

[bookmark: _Toc30999271]Details of  the Finite Difference Model 
This section gives details of the code developed to both solve and display the thermal diffusion problem detailed above. The main method behind developing the code involved increasing functionality in terms of the number of accepted plate sizes, grid spacings and time step combinations. Another important consideration in the development of the code was the optimisation of the solve time as well as usability.  The code was developed closely alongside the stipulated conditions set out in the assignment brief.
The model uses a series of functions to consolidate large chunks of code into sections, the only reason for this is it made the code, which was becoming sizable, easier to follow and troubleshoot during development.
[bookmark: _Toc30999272][image: ]User Inputted Values 
[image: ]Above is the line of code that calls the function for collecting plate size and the grid spacing values. There are no inputs to this function and the x dimension, y dimension and grid spacing are outputs.
[image: ]The plate x and y dimension values are collected using dialog boxes, in this instance named “xydata”.  Values outputted from dialog boxes in MATLAB are strings, hence the str2Double function is used to convert the x and y dimension to a numerical value. This entire section is within a ‘while true’ loop, this is simply to keep redisplaying the dialog box if the user enters an incorrect value. An if statement is used to check that the entered values are compatible, the if statement includes conditions such as not a number, smaller or equal to zero, isempty. As long as the user enters values that do not satisfy any of the if statement conditions, the while loop is broken and the code progresses.
[bookmark: _Hlk30601393][bookmark: _Hlk30601670][image: ]For 1x1 cm and above plates, the user can choose from a series of suggested grid spacings, this can be particularly useful when the user enters an incorrect value. The suggested values are calculated by creating a row vector (RngX/RngY) of every number between 1mm and the inputted x/y value, with a step off 1mm. A function that calculates the remainder after division is then used to create 2 vectors (RngXGrid/RngYGrid) of all the numbers that have a remainder of 0 when xdim/ydim are divided by all the values in the row vectors (RngX/RngY). A function called intersect creates another vector (GridXY) of all of the alike numbers in RngXGrid/RngYGrid, these numbers are all devisable by the x & y dimension so are therefore compatible grid spacings.
User inputted Grids spacings are collected in dialog boxes using the same ‘While true’ method discussed for the plate dimension inputs above. These values are then checked using the remainder function to ensure there is no remainder when xdim/ydim are divided by the entered grid spacing.
[image: ]Again, an if statement is used to detect incorrect grid spacings and thus prompt the user to retry, the conditions for this statement are; if the grid spacing is greater or equal to the x/y dimension, less than or equal to zero, an if the remainder checks mentioned above do not return a logical 1 (because the grid spacing isn’t divisible by xdim/ydim).
[bookmark: _Toc30999273][image: ]Initial matrix generation
[image: ]Once all the values are collected, it is logical to then generate the initial matrix, this is done by calling the function “GetNewMatrix”.  The inputs to this function are; xdim, ydim and GridSpacing. The function outputs GridSpacing, Ax,Ay and NewMatrix.
In this function, Ax and Ay add 1 to the x/y dimensions to account for the boundary conditions. The matrix is also pre-allocated with zeros in ‘NewMatrix’. Pre-allocation of matrices outside of a calculation loop is an optimisation technique to decrease solve time. 
[bookmark: _Toc30999274][image: ]Time Step Value (including Stability Criterion)
The next step is to collect a Time Step value, this is done by calling the ‘GetTimeStep’ Function. The input to this function is the grid spacing and the function outputs the user entered time step and the calculated  alpha and max time step values.
[bookmark: _Hlk30608930]The equation   is used in order to find the  thermal diffusivity of aluminium, which is then used to calculate the maximum time step. 
[image: ]Stability Criterion
It is necessary to calculate the upper limit to the time step in order to abide by the stability criterion, where Fourier’s number must not exceed 0.25 for 2 dimensional problems. The stability criterion will be discussed further in the limitations of the model section. The max time step is calculated by rearranging the Fourier’s number equation  for  and substituting in the max Fourier’s number value stipulated by the stability criterion ;

[image: ]Where;  = max time step, = Fourier’s number, = grid spacing,= thermal diffusivity.
[image: ]The time step value is collected using the same dialog box and ‘while true’ convention discussed above. The Max Time step is displayed in the dialog box string to prompt the user to enter a compatible time step value. The entered value is then checked with another if statement, the conditions of the if statement are; time step is empty, less than or equal to zero, is grater than the calculated max time step and is not a number.
[bookmark: _Toc30999275]Test Code 
Within the model there is also an option to run a test code with a linear boundary condition, this code will be used and hence discussed in the analysis section.
[bookmark: _Toc30999276][image: ]Gaussian Distribution 


The next section of code calculates and applies the Gaussian distribution to the northmost boundary of the domain. The standard deviation is unknown, hence the equation for normal distribution is rearranged for . Sigma is then plugged back into the normal distribution equation to calculate the temperature at each point in x at the northmost boundary.
[bookmark: _Toc30999277][image: ]Plot Type 
The code also gives the user the option of choosing the way in which the program plots the graph that displays the heat diffusion through the plate over time. The first option is a live plot, where the graph is plotted and updated within the calculation while loop, this method is advantageous in that it uses the least computer memory, however for problems with large plate sizes, small grid spacings or small time steps, this method can dramatically increase the overall solve time. In MATLAB, high-level plotting functions such as contourf and surf severely impact performance. 
The second option is to pre-allocate a 3-dimensional array, and using a sampling factor (in this case every 100 iterations) assign each layer of the array with the plate temperatures at each time step, this can dramatically reduce the solve time of the calculation as the program doesn’t need to plot inside of the calculation while loop. Once the calculations are completed, the code uses the data stored in the 3D array to plot a graph of the heat transfer through the plate. This is also beneficial in that the plate equilibrium time and total number of iterations are calculated more quickly, as well as  the ability to add multiple plots such as contourf, surf and line plots without affecting the solve time of the computation. One limitation to this method is  storage capacity, for large plates, plates with very small grid spacings or time steps, the arrays stored may require substantial free storage space.
[image: ]The section of code above is used to pre-allocate the heat distribution graph plot. Without pre-allocation these values, such as; axis labels, title, graph colour scheme etc., would be redefined on each iteration of the calculation while loop, this increases demand on computational resources and hence increases the solve time of the calculation. By implementing the pre-allocation method shown above, only the plotted data is redefined or updated on each iteration of the calculation loop.
[bookmark: _Toc30999278]Applying the FDM Equation 
This section of code is the calculation while loop or the finite difference scheme used to solve the thermal diffusion equation. Some initial variables are defined outside of the loop, these include; iteration counters used for the graph plot sampling factor as well, as the total number of iterations taken for the plate to reach equilibrium and a convergence value that is used later in the code to define equilibrium. 
Within the while loop, the variables mentioned above (iteration counters etc.) are updated on each iteration. The Matrix is duplicated at the start of each iteration by simply assigning the values to a new name (Matrix). After the finite difference equation has been applied to the matrix at least once, these 2 matrices essentially become the current and future representations of the temperature diffusion through the plate. The finite difference equation defined above is applied to the matrix on each iteration, in total 6 variations of the equation are used in order to account for the boundary conditions as well as the domain. Initially these equations were written using for loops containing vectors of each position with respect to the x or y direction however, they have since been vectorised in order to decrease solve time. 
[image: ]The Finite difference Equation (discussed above) is given by;

Domain 
The first equation used in the calculation loop applies the finite difference equation to the centre section of the plate known as the domain.  The   is applied to every cell within the domain of the New Matrix;

 The north, south, east and west locations are given by.




[image: ]Bottom Boundary 
[bookmark: _Hlk30957981][bookmark: _Hlk30959081]The lines of code above calculate  at the bottom most boundary and then assign the values to NewMatrix.  The end function is used to specify the last row in the matrix. The East and West coordinates stay the same as those used in the equation for the domain. In this scenario there is no south node as the e  is in the bottom boundary. Applying the Neumann boundary relation;

[bookmark: _Hlk30961195][bookmark: _Hlk30959159]The condition essentially states that the boundary is perfectly insulated and there is no heat transfer across the boundary, this can also be interpreted as no heat is lost at the boundary. It is then necessary to use the relation   = .
Hence

[bookmark: _Hlk30959623]

[bookmark: _Hlk30960638][image: ]Right & Left Boundary 
[bookmark: _Hlk30961350] for the left most boundary is also calculated applying the Neumann boundary condition. The relationship  =  is used to satisfy the boundary condition, this is expressed as; 



[bookmark: _Hlk30961521]Due to the fact that the gaussian distribution used in this instance is perfectly symmetrical, as well as the Neumann conditions on both the right and left boundaries, the values for  for the left boundary and be ‘copied’ to the right boundary
[image: ]Bottom left & Bottom right boundary
at the bottom corners of the matrix is a combination of the horizontal and vertical boundary conditions. For the left bottom corner,  =  &  =  must be used to satisfy the boundary condition.



Again, the values for  for the bottom left boundary is copied to the right  bottom boundary.
[image: ]The lines of code above show the last section of the calculation loop, this section includes the live plot, definition of equilibrium. For the plot of the heat map, a sampling factor of 100 iterations is used, this means the plot is updated every 100 iterations within the loop, this increases the solve time by decreasing the computational resources used on each iteration. The .ZData function Is used to update the plotted data every 100 iterations.
[image: ]The variable named ‘Deviation’ is used in the definition of equilibrium for the finite difference scheme. Equilibrium in this model is defined as the value of the deviation calculation being less than or equal to the convergence value defined above (1e-4). The use of max in the calculation looks for the value with the biggest difference between the two arrays and ‘abs’ negates whether the value is negative. 
[bookmark: _GoBack][image: ][image: ]The time taken for the plate to reach equilibrium is calculated once the calculation loop is completed, this is  done by multiplying the total number of iterations by the time step. The time is then converted from seconds to a hh:mm:ss format for display.
A function was also created to save the results of each solve to an excel spreadsheet for use in the analysis section.
[bookmark: _Toc30999279]Analysis 
In this section, the Results of the linear distribution code are analysed. The linear code is used to validate the finite difference scheme used in the gaussian distribution model. It would be particularly difficult to complete such an analysis on the gaussian model as the equilibrium position for each variable combination is not as easy to define as that of the linear distribution code.  The methodology for the analysis is an empirical variable dependency study, in which each variable is changed independently of the others to see how they affect the results in each solve. The variable dependencies tested in the scope of this analysis include; 
1. Grid Spacing 
2. Time Step 
3. Convergence value 
Firstly, a set of control parameters are created, for the scope of this analysis, the control parameters are;
1. X dimension = 10m.
2. Y dimension = 10m
3. Grid Spacing = 1m
4. Time Step = 38s
5. [bookmark: _Hlk30973283]Convergence value = 1e-5
The convergence value specified above was chosen by trial and error when developing the model. Having changed and tested the convergence value multiple times, 1e-5 appear to allow the biggest range of plate size, grid spacings, and time step combinations to reach equilibrium.
[bookmark: _Toc30999280]Grid spacing
[bookmark: _Hlk30979897]To analyse how the grid spacing affects the results yielded from the model, the variables for x/y dimension, timestep and convergence were kept constant throughout all of the solves. The grid spacing value was increased on each iteration of the code, from 0.1 to 5 metres over the course of 11 runs. At the end of each iteration the values for the final equilibrium time and total number of iterations are calculated and compared against the changing Grid Spacing as to offer a tangible visualisation as to how the grid spacing affected the results of the model.
[image: ][image: ][image: ][bookmark: _Toc30986928]Figure 7 : Graph showing change in equilibrium time with grid spacing
[bookmark: _Toc30986929]Figure 8 Graph showing change in Iterations  with grid spacing
[bookmark: _Toc30986930]Figure 9 : Table of results for changing grid spacing

All of the results collected in the 11 runs for the change in grid spacing appeared to converge. The definition of convergence is made by observing the colour map at the end of each solve. A converged result should have straight colour bars that start at 50oc and decrease linearly.
[image: ]





[bookmark: _Toc30986931]Figure 10: heat map showing linear distribution equilibrium

The results plotted in figure 7 show that as the grid spacing increases so does the equilibrium time. The rate of change of the equilibrium time appears to increase as the increment between the grid spacing increases. It has to be noted that there is a substantial difference between the range of results. between a grid spacing of 0.1 and 5, the range of calculated equilibrium time is 72,200 seconds. 
The results shown in figure 8 also follow this same trend, as the grid spacing increases, the iteration count increases substantially. 
It is fair to assume that a finer grid should yield more accurate results, according to  (lewis, 1996), the accuracy of finite difference schemes improves as grid spacing and timestep approach 0. In this case, the increase in equilibrium time and iterations may be attributed to an increasing truncation error.
[bookmark: _Toc30999281]Time Step
[bookmark: _Hlk30986127]To analyse how the time step affects the results from the model, the variables for x/y dimension, grid spacing, and convergence were kept constant throughout all of the solves. The time step value was increased  by factors of 10 on each iteration of the code, from 0.38 to 3800 metres over the course of 5 runs. At the end of each iteration, the values for the final equilibrium time and total number of iterations are calculated and compared against the changing time step as to offer some insight into how the time step affected the results of the model.
[bookmark: _Toc30986932]Figure 11: Graph Showing Equilibrium time vs Time Step
[bookmark: _Toc30986933]Figure 12: Graph Showing Iterations vs Time Step
[bookmark: _Toc30986934]Figure 13: Table of Results for change in time step

Two of the results plotted in figures 11 & 12 did not converge/ reach equilibrium. The red dashed line on each figure shows the point after which the results reached equilibrium. Figure 12 appears to show that the rate of change of the equilibrium time gets significantly larger the closer the time step is to zero. The figure also shows that generally the equilibrium time increases with increased time step, however this relationship Is far from linear. It appears that as the time step increases above 1/100 of the maximum time step the relationship becomes more linear.
The change in iteration count seems to be the inverse of change in equilibrium time. Again, as the time step value exceeds 1/100 of the max time step the change becomes more linear. As the time step nears 0, the iteration count falls drastically, generally the relationship can be described as decreasing with the increase in time step.
It is widely known that the accuracy and stability of Finite difference methods increases the closer the time step is to 0 (lewis, 1996). If this is true in this case, both of these graphs display a substantial disparity in the accuracy of equilibrium time and iteration calculations when large time steps are used.
[bookmark: _Toc30999282]Convergence
To analyse how the convergence value affects the results from the model, the variables for x/y dimension, grid spacing, and time Step were kept constant throughout all of the computations. The convergence value was increased  from 1e-1 to 10e-10 over the course of 10 runs. At the end of each iteration, the values for the final equilibrium time and total number of iterations are calculated and compared against the changing convergence as to show how the convergence affected the results of the model.[bookmark: _Toc30986935]Figure 14: Table of Results for change of Convergence


the results for both graphs (figure 15&16) show a linear increase in the equilibrium times and iteration counts while the convergence value increased. The model converges around convergence =1e-4. These results highlight a major flaw with the finite difference model in that the accuracy of the results is entirely dependent on how equilibrium is defined. For example, if the convergence value is too high for a given time step & grid spacing combination, the results may be drastically over estimated. [bookmark: _Toc30986936]Figure 15:Graph showing Iterations vs Convergence
[bookmark: _Toc30986937]Figure 16: Graph Plotting Equilibrium Time vs Convergence

[bookmark: _Toc30999283]Limitations and suggested improvements to the model.
[bookmark: _Toc30999284]Limitations 
· Equilibrium Definition
Analysis of the code revealed that the accuracy of the results outputted by the model is largely dependent on how the equilibrium state is defined. The convergence value is also dependent upon the time step and grid spacing combination. For example, a given convergence value may drastically overestimate the equilibrium time for one combination and simultaneously underestimate the equilibrium time for another.
· Time Step & Grid Spacing combinations
Although the model allows the freedom to model any Time Step & Grid Spacing combination, in order to achieve an acceptable level of accuracy the time step and grid spacing need to be as close to zero as possible. This can lead to lengthy calculation periods even for smaller plate parameters.
· Truncation error 
Defined as the difference between the exact analytical solution to the constitutive equation and the results from the finite difference approximations, truncation errors occur in all forms of FDM. Amplification of truncation errors can cause the incorrect  approximations of the temperatures within the model thus causing either over or underestimated equilibrium times.
· Roundoff error 
As with most computer based calculations, FDM is susceptible to roundoff errors, these occur because computers cannot represent some values exactly, these values get rounded to a value that can be represented. This error is then carried and amplified, especially in iterative problems like this model.
[bookmark: _Toc30999285]Improvements 
One possible improvement to the model could be to use higher order derivative approximations derived from Taylor series expansion in order to lower the truncation errors. 
Another method for improving the model could be to develop a system for automatic grid refinement, this could be done by calculating the lowest possible grid spacing and time step  combination available for a given plate dimension, this method would be heavily dependent on the computational resources available.

[bookmark: _Toc30999286] Conclusion
Finite difference methods can be very useful in approximating the solution to PDE’s that don’t have exact analytical solutions. Whilst other forms of numerical analysis may yield more accurate results for more complex problems, its relative simplicity and lower demand on computational resources makes FDM a valuable tool in solving transient problems such as heat diffusion. 
The model developed in this study is a good proof of concept in terms of the validity of using the finite difference method to solve heat diffusion problems. The model  is capable of accepting a wide range of plate dimensions, grid spacings, and timestep combinations and displaying results in a user friendly manner . It is however important to question the accuracy of the results of the model, as the analysis shows, a higher level of accuracy can be achieved by optimising the time step and grid spacing combination to bring it as close to zero as possible.
Further work on this model could be to develop a better means of defining equilibrium than simply calculating the difference between the plates and specifying and acceptable convergence. An equilibrium definition that doesn’t suffer the limitations incurred due to roundoff and truncation errors would enable the model to make even more accurate approximations and hence better results.
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%% Get Initial Matrix Values %%
[xdim, ydim, GridSpacing]=GetInitialValues(); $Function for collecting initial matrix values
if isnan (GridSpacing)

return
end
GridSpacing= double (GridSpacing) :
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while true

xydata = inputdlg({'Enter X Dimension in Metres:',...
'Enter Y Dimension in Metres:'},'Plate Properties', [l 50],{'0','0'})s

if isempty (xydata)
return
end

xdim = xydata(1,1);
xdim = str2double (xdim) ;
ydim=xydata(2,1) ;

ydim = str2double (ydim) ;

if isempty(xydata) || xdim <=0
Warning = questdlg({'X-Y Values are Incorrect

'Retry’', 'Retry’, ...
'Abort', 'Retry’);
switch Warning
case 'Abort'
return|
end
else
break
end
end

isnan(xdim) || isnan(ydim

!', "Would You Like to Retry?'},...
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if xdim>=0.01 && ydim>=0.01
xdim = single (xdim); %Convert X dimension from xydata.
ydim
RngX
RngXGrid = RngX (rem(xdim, RngX)==0) ;
Rng¥=0.001:0.001:ydim;  SFind a range of grid spacing
Rng¥Grid = RngY (rem(ydim, Rng¥)==0) ;
GridXY = intersect (RngXGrid,Rng¥Grid); SFind alike X-Y
[~, Y] = size(Gridxy);
GridxY(Y) = []; %Correct suggested grid spacings

single (ydim); $Convert Y dimension from xydata.
0.001:0.001:xdim; %Find a range of grid spacing

% Create dialog box for suggested GridSpacing values
input = questdlg('How Would You Like to Calulate A Grid
'"User Input', ...
'See Suggested Values', 'Enter Own Value', 'Enter Own
switch input
case 'See Suggested Values
GridSpacing = string (GridxY);
[selection] = listdlg('ListString',GridSpacing,
'Select a Grid Spacing Value (Meters):',...
'Name', 'Grid Spacing Selection',...
'SelectionMode', 'single');
GridSpacing = GridSpacing(selection):

values for X.
values for Y.

grid values.

Spacing Value?'|, .

Value');

'PromptString’, ...
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switch input
case 'Enter Own Value'

while (true) % while loop for GridSpacing value.

GridSpacing = inputdlg({'Enter Grid Spacing Value in Meters:'},'Grid Spacing', [l 501,{'0'});
GridSpacing = str2double (GridSpacing) ;

% Check user inputed Grid Spacing Value.

GridCheckX = GridSpacing (rem(xdim, GridSpacing)==0);

GridCheckY = GridSpacing (rem(ydim,GridSpacing)==0);
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% Wrong Grid Spacing detection.

if GridSpacing>=ydim || GridSpacing>=xdim || 0>=GridSpacing || isempty(GridCheckX) || isempty (GridCheckY)
% Warning dialog box for wrong grid space values.

Warning = questdlg({'The Grid Spacing Value Entered is Incorrect!',...
"Would you like to try Again?'}, 'Retry',...
'Retry', 'See Suggested Values','Abort','Retry'):
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%% Initial Matrix Generation %3
[GridSpacing, Ax,Ay, NewMatrix]=GetNewMatrix (xdim, ydim, GridSpacing)
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function[GridSpacing,Ax,Ay,NewMatrix]=GetNewMatrix (xdim, ydim, GridSpacing) %Function for TimeStep value
GridSpacing= double (GridSpacing); SConvert GridSpacing from string to double

Ax = (xdim/GridSpacing)+l; 4Calculate the x row size for matrix
Ax = single (Ax);

Ay = (ydim/GridSpacing)+1l; 4Calculate the y column size for matrix
Ay = single(ay);

NewMatrix = zeros ([Ay Ax]); $Make a Ax-Ay matrix of zeros

end
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%% Get TimeStep Value %%
[TimeStep, Alpha,MaxTimeStep]=GetTimeStepValue (GridSpacing) ; $Function for TimeStep Value
if isnan (TimeStep)
return
end
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% Use thermal diffusivity equation & Fourier's equation to calculate availale time steps fo=oaxAt/h*2 (max fo=0.25)
Alpha = 143/((2.8%1073)*(795)); % Calculating alpha for aluminium.
MaxTimeStep = (0.25*GridSpacing~2)/Alpha; % Calculating max TimeStep using stability criterion fo(max)=0.25.
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while (true)

TimeStep = inputdlg((['Please enter a Timestep value < or = ' (num2str(MaxTimeStep)) ' :']),'TimeStep Selection', [l 55],{'0'});
TimeStep = str2double (TimeStep) ;

if isempty (TimeStep) || (TimeStep<=0) || (TimeStep>MaxTimeStep) || isnan(TimeStep)
% Warning dialog box for wrong grid space values.
Warning = questdlg({'The TimeStep Value Entered is Incorrect!',...
"Would you like to try Again?'}, 'Retry',...
'Retry', 'Abort', 'Retry')
switch Warning % allow user to end Program
case 'Abort’
return
end
else
break
end
end
end
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%% Test Code %%

[SwitchValue]= GetTestCodeDlg();

if SwitchValue ==1 %

%Function That allows user to run linear distribution code

return

[Fo, Convergence, Iteration, EquilibriumTime_S]= GetTestCode (ydim, NewMatrix,Alpha, TimeStep, GridSpacing,Ax,Ay) ;
[location]=SaveToExcel_Linear (xdim,ydim,Ax, Ay, GridSpacing, TimeStep, Convergence, Fo, EquilibriunTime_S, Iteration) ;
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%% Gaussian Distribution Calculations %%
Mu =(Ax+1)/2; % Mean average distribution column in matrix

Sigma = sqrt ( (- (Ax-Mu)~2)/(2* (log(10/60)))); % Calculate the
NewMatrix (1,1:Ax) = 60%exp (- (((1:Ax)-Mu).~2)/(2*(Sigma~2)));
Fo = (Alpha*TimeStep)/(GridSpacing”2);% Calculate the Fourie:
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%% Live Plot vs Simulation %%

[SwitchValue2]= GetPlotType(); % Function that allows user to run live/Simulated plots for Gaussain distribution

if SwitchValue2 ==0
[EquilibriumTime, Iteration, PlotStep, PlotMatrix]=GetSimulatedPlot (xdim, ydim, Ax,Ay, NewMatrix, Fo, TimeStep, MaxTimeStep) ;
return

else
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%Pre-allocate values for Live graph plot
figure ('units', 'normalized’, 'outerposition’, [0 0 1 1])
[~,PlotData]=contourf (NewMatrix, 'ShowText','on');
set(gca, 'ydir', 'reverse', 'xtick',[],'ytick',[]);
title('Heat Distribution Map','FontWeight', 'normal')
ylabel (['Plate Length:', (num2str(ydim)), 'M'])
xlabel(['Plate Width:', (num2str(xdim)), 'M'])

colorbar ('Ticks', [0,10,20,30,40,50,601);

colormap (jet) ;
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while Deviation>=Convergence

PlotCounter = PlotCounter+l; %Update Graph Plot Counter
Iteration = Iteration+l; %$Update Final Solve Counter
Matrix = NewMatrix; Sdupliate matrix from previous iteration

NewMatrix (2:Ay-1,2:Ax-1) = Fo* (Matrix((2:Ay-1)-1,2:Ax-1)+Matrix(2:Ay-1, (2:Ax-1)+1)...
+Matrix ((2:Ay-1)+1,2:Ax-1)+Matrix (2:Ay-1, (2:Ax-1)-1)+((1/Fo)-4) *Matrix (2:Ay-1,2:Ax-1)); Apply equation to domain
NewMatrix (end, 2:Ax-1) = Fo*((2*Matrix(end-1,2:Ax-1))...
+Matrix (end, (2:Ax-1) +1) +Matrix (end, (2:Ax-1)-1)+((1/Fo) -4) *Matrix (end, 2:Ax-1)) ; Apply equation to bottommost edge
NewMatrix (2:Ay-1,1) = Fo* (Matrix((2:Ay-1)-1,1)+Matrix((2:Ay-1)+1,1)+2*Matrix (2:Ay-1,2)+((1/Fo)-4)*Matrix(2:Ay-1,1)); %Apply equation
NewMatrix (2:Ay-1,end) = NewMatrix(2:Ay-1,1); %Copy Equation to the rightmost edge

NewMatrix (end, 1) = Fo*((2*Matrix(end-1,1))+2*Matrix (end,2)+((1/Fo)-4)*Matrix(end,1)); %Apply equation to leftmost corner
NewMatrix (end,end) = NewMatrix(end,1); %copy equation to righttmost corner
if PlotCounter == 100

PlotData.ZData=NewMatrix;
drawnow %Plot live graph
PlotCounter = 0;

end
Deviation = abs (max (max (NewMatrix-Matrix))); Calculate a Deviation Value to define Equilibrium

end
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Convergence = le-4; %Set an accepted convergence
Deviation = 1; $initialise deviation value
PlotCounter = 99;

sinitialise a counter for the graph plot
Iteration = 0; sinitialise a counter for total iterations
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while Deviation>=Convergence

PlotCounter = PlotCounter+l; %Update Graph Plot Counter
Iteration = Iteration+l; %$Update Final Solve Counter
Matrix = NewMatrix; Sdupliate matrix from previous iteration

NewMatrix (2:Ay-1,2:Ax-1) = Fo* (Matrix((2:Ay-1)-1,2:Ax-1)+Matrix(2:Ay-1, (2:Ax-1)+1)...
+Matrix ((2:Ay-1)+1,2:Ax-1)+Matrix (2:Ay-1, (2:Ax-1)-1)+((1/Fo)-4) *Matrix (2:Ay-1,2:Ax-1)); Apply equation to domain
NewMatrix (end, 2:Ax-1) = Fo*((2*Matrix(end-1,2:Ax-1))...
+Matrix (end, (2:Ax-1) +1) +Matrix (end, (2:Ax-1)-1)+((1/Fo) -4) *Matrix (end, 2:Ax-1)) ; Apply equation to bottommost edge
NewMatrix (2:Ay-1,1) = Fo* (Matrix((2:Ay-1)-1,1)+Matrix((2:Ay-1)+1,1)+2*Matrix (2:Ay-1,2)+((1/Fo)-4)*Matrix(2:Ay-1,1)); %Apply equation
NewMatrix (2:Ay-1,end) = NewMatrix(2:Ay-1,1); %Copy Equation to the rightmost edge

NewMatrix (end, 1) = Fo*((2*Matrix(end-1,1))+2*Matrix (end,2)+((1/Fo)-4)*Matrix(end,1)); %Apply equation to leftmost corner
NewMatrix (end,end) = NewMatrix(end,1); %copy equation to righttmost corner
if PlotCounter == 100

PlotData.ZData=NewMatrix;
drawnow %Plot live graph
PlotCounter = 0;

end
Deviation = abs (max (max (NewMatrix-Matrix))); Calculate a Deviation Value to define Equilibrium

end
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Convergence = le-4; %Set an accepted convergence
Deviation = 1; $initialise deviation value
PlotCounter = 99;

sinitialise a counter for the graph plot
Iteration = 0; sinitialise a counter for total iterations
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NewMatrix(2:Ay-1,2:Ax-1) = Fo* (Matrix((2:Ay-1)-1,2:Ax-1)+Matrix(2:Ay-1, (2:Ax-1)+1)...

+Matrix ((2:Ay-1)+1,2:Ax-1) +Matrix (2:Ay-1, (2:Ax-1)-1)+((1/Fo)-4) *Matrix (

ay-1,
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NewMatrix(end, 2:Ax-1) = Fo*((2*Matrix(end-1,2:Ax-1))...
+Matrix (end, (2:Ax-1)+1) +Matrix (end, (2:Ax-1)-1)+((1/Fo)-4) *Matrix (end, 2:Ax-1)) ;
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NewMatrix(2:Ay-1,1) = Fo* (Matrix((2:Ay-1)-1,1)+Matrix((2:Ay-1)+1,1)+2*Matrix(
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:Ay-1,2)+((1/Fo)-4) *Matrix(2:Ay-1,1)
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NewMatrix(end, 1) = Fo*((2*Matrix(end-1,1))+2*Matrix(end,2)+((1/Fo)-4)*Matrix(end, 1))
NewMatrix (end,end) = NewMatrix(end,1);
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if PlotCounter == 100
PlotData.ZData=NewMatrix;
drawnow
PlotCounter =

end
Deviation = abs (max (max (NewMatrix-Matrix)));

end

EquilibriumTime S = Iteration*TimeStep;

EquilibriumTime = duration (seconds (EquilibriumTime_S));

EquilibriumTime = char (EquilibriumTime, 'hhimm:ss');

title({'Heat Distribution at Equilibrium',['Total Iterations = ',.
(num2str (Iteration))], ['Equilibrium Time = ', (EquilibriunTime), ...
' (" num2str(EquilibriumTime_S),' Seconds)']}):
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EquilibriumTime S = Iteration*TimeStep;
EquilibriunTime

duration (seconds (EquilibriumTime_S));
EquilibriumTime = char (EquilibriumTime, 'hhimm:ss');
title({'Heat Distribution at Equilibrium',['Total Iterations =

(num2str (Iteration))], ['Equilibrium Time = ', (EquilibriunTime), ...

(" num2str (EquilibriumTime_S),' Seconds)']}):
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93—  [location]=SaveToExcel (xdim, ydim,Ax,Ay,GridSpacing, TimeStep, Convergence, Fo,EquilibriumTime_S, Iteration);
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function [location]=SaveToExcel (xdim, ydim,Ax,Ay,GridSpacing, TimeStep, Convergence,Fo,EquilibriumTime_S, Iteration)
FileName= 'AnalysisDataGaussian.xlsx';

FileRead = readcell (FileName);

[Y , ~]=size(FileRead);

Data= [xdim, ydim,Ax,Ay, GridSpacing, TimeStep, Convergence, Fo, EquilibriunTime_S, Iteration];
Pos_1 = num2str(Y+l); Pos_2 = num2str(Y+l);

A = char('A'); J = char('d");

Cell 1 = [A Pos_1];Cell 2 = [J Pos_2];

Colon= char(':');

location = [Cell 1 Colon Cell 2];

writematrix (Data,FileName, 'Sheet', 1, 'Range',location);

fprintf ('Results Saved to Excell File: AnalysisDataGaussian.xlsx')

B
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image37.emf
X-Dimension Y-Dimension Grid SpacingTime StepConvergence Fourier's NumberEquilibrium TimeTotal Iterations Converged?

10 10 0.1 38 1.E-05 0.24411501 597474 15723 yes

10 10 0.125 38 1E-05 0.156233609 597474 15723 yes

10 10 0.4 38 1E-05 0.061028752 597550 15725 yes

10 10 0.25 38 1E-05 0.039058402 597626 15727 yes

10 10 0.4 38 1E-05 0.015257188 597626 15727 yes

10 10 0.5 38 1E-05 0.009764601 598196 15742 yes

10 10 0.625 38 1E-05 0.006249344 598614 15753 yes

10 10 1 38 1E-05 0.00244115 600400 15800 yes

10 10 1.25 38 1E-05 0.001562336 602072 15844 yes

10 10 2.5 38 1E-05 0.000390584 615980 16210 yes

10 10 5 38 1E-05 9.7646E-05 669674 17623 yes
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X-DimensionY-DimensionGridSpacingTime StepConvergenceFouriers Number Equilibrium Time Total Iterations Converged?

10 10 1 0.38 1E-05 2.44115E-05 234329.2813 616656 no

10 10 1 3.80 1E-05 0.000244115 417414.8125 109846 no

10 10 1 38 1E-05 0.00244115 600400 15800 yes

10 10 1 380 1E-05 0.024411501 782420 2059 yes

10 10 1 3800 1E-05 0.24411501 950000 250 yes
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X-DimensionY-DimensionGridSpacingTime StepConvergenceFouriers Number Equilibrium Time Total Iterations Converged?

10 10 1 0.38 1E-05 2.44115E-05 234329.2813 616656 no

10 10 1 3.80 1E-05 0.000244115 417414.8125 109846 no

10 10 1 38 1E-05 0.00244115 600400 15800 yes

10 10 1 380 1E-05 0.024411501 782420 2059 yes

10 10 1 3800 1E-05 0.24411501 950000 250 yes
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X-DimensionY-DimensionGridSpacingTime Step Convergence Fouriers Number Equilibrium Time Total Iterations Converged?

10 10 1 38 1.00E-01 0.00244115 4788 126 no

10 10 1 38 1.00E-02 0.00244115 60192 1584 no

10 10 1 38 1.00E-03 0.00244115 234346 6167 no

10 10 1 38 1.00E-04 0.00244115 417392 10984 yes

10 10 1 38 1.00E-05 0.00244115 600400 15800 yes

10 10 1 38 1.00E-06 0.00244115 783446 20617 yes

10 10 1 38 1.00E-07 0.00244115 966492 25434 yes

10 10 1 38 1.00E-08 0.00244115 1149538 30251 yes

10 10 1 38 1.00E-09 0.00244115 1332584 35068 yes

10 10 1 38 1.00E-10 0.00244115 1515630 39885 yes
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X-DimensionY-DimensionGridSpacingTime Step Convergence Fouriers Number Equilibrium Time Total Iterations Converged?

10 10 1 38 1.00E-01 0.00244115 4788 126 no

10 10 1 38 1.00E-02 0.00244115 60192 1584 no

10 10 1 38 1.00E-03 0.00244115 234346 6167 no

10 10 1 38 1.00E-04 0.00244115 417392 10984 yes

10 10 1 38 1.00E-05 0.00244115 600400 15800 yes

10 10 1 38 1.00E-06 0.00244115 783446 20617 yes

10 10 1 38 1.00E-07 0.00244115 966492 25434 yes

10 10 1 38 1.00E-08 0.00244115 1149538 30251 yes

10 10 1 38 1.00E-09 0.00244115 1332584 35068 yes

10 10 1 38 1.00E-10 0.00244115 1515630 39885 yes
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