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[bookmark: _Toc188803084]Introduction
[bookmark: _Hlk169120843]This report provides a detailed study of a transient heat conduction model. To implement the model, a MATLAB code was developed to model transient heat transfer through an aluminium plate. To simplify the implementation, the heat diffusion equation was discretised into linear equations using the Taylor series expansion and the Explicit Finite Difference Method (EFDM). 
The report begins by presenting the heat equation, emphasising its significance and providing the mathematical definition for two-dimensional geometry without a heat source. It then outlines the numerical methodology, introducing the Taylor series, finite difference approximations (forward, backward, and central differences), and the explicit finite difference method. The report highlights how discretisation replaces derivatives in the heat equation.
Initial and boundary conditions and the analytical solution used for validation are discussed next, forming the basis for comparing numerical and theoretical results. The implementation of the MATLAB code is detailed through screenshots and explanations of its key components. Following this, numerical results are compared with the analytical solution, focusing on the thermal equilibrium temperature map to evaluate the accuracy and reliability of the explicit finite difference method.
A sensitivity analysis investigates the impact of grid spacing, time-step, and thermal equilibrium tolerance on the model's behaviour. The model's limitations, including numerical challenges such as truncation, round-off errors and coding constraints, are then addressed. Potential improvements, such as adopting implicit methods to enhance accuracy and stability, and suggestions for future work on thermal equilibrium modelling are proposed.
The introduction concludes with a summary of the report’s findings, revisiting the objectives and providing a concise overview of the numerical analysis and its implications.

[bookmark: _Toc188803085]Aims and Objectives
[bookmark: _Toc188803086]Aims
Using an explicit finite difference method, this model aims to calculate the transient temperature distribution across a two-dimensional aluminium plate and determine the time required to reach thermal equilibrium. The results of the numerical method will be analysed to interrogate its accuracy and stability.
[bookmark: _Toc188803087]Objectives
· Discretise the partial differential heat equation using the Taylor series to derive the EFDM equation in a single linear finite difference equation, using forward and central difference approximations.
· Develop MATLAB code to solve the finite difference equation at each node and calculate the temperature distribution over each time-step.
· Utilise user inputs in the code for parameters, where different input values can help observe the model's behaviour and enable a sensitivity analysis.
· Generate graphical and numerical representations of the temperature distribution using MATLAB visual output and matrices functions for comparison.
· To validate the code through an analytical solution embedded in the code for comparison against explicit finite difference method results.


[bookmark: _Toc188803088]Heat Conduction Equation
The heat conduction equation is the governing partial differential equation for the model used in the MATLAB code on which this report is based.
The heat conduction process was investigated by Jean-Baptiste Joseph Fourier and presented in 1807. The heat conduction equation remains a foundation for analysing diverse physical, biological, and social systems, outlining its importance in theoretical and practical contexts (Narasimhan, 1999).
Conduction is a specific mode of heat transfer that occurs in solids or fluids when heat moves from a region of high temperature to a region of low temperature (the second law of thermodynamics), driven by the presence of a temperature gradient within the system (Özışık & Hahn, 1993) and (Kakaç & Yaman, 2018). 
[bookmark: _Toc188803089]Mathematical Definition
In two dimensions, the heat equation, assuming no internal heat source, is mathematically expressed as:
[bookmark: _Toc188697046][bookmark: _Toc188698497][bookmark: _Hlk186795099]Equation 3‑1 - Two-Dimensional Heat Equation

Where:
 


 



 

Solving the two-dimensional heat diffusion equation directly was deemed impractical due to th complexity of analytical solutions in two dimensions, as (Patankar, 1980) notes, an examination of a classical text on heat conduction reveals that closed-form analytic solutions can only address a limited number of practical problems.
A numerical approach was employed to approximate the equation using the Explicit Finite Difference Method (EFDM) due to its simplicity and computational efficiency. In contrast to the Crank-Nicolson implicit method, which requires solving simultaneous linear equations at each time-step and is more computationally demanding, the explicit method directly updates the solution at each node based on known values from the previous time-step (Smith, 1985).



[bookmark: _Toc188803090]Finite Difference Method
The finite difference method is a numerical approach for solving heat transfer problems. It replaces the governing partial differential equations with a system of algebraic equations known as finite difference equations. (Kreith, 2000). 
[bookmark: _Toc188803091]Taylor Series
The finite difference method employs approximations based on the Taylor series, using forward, backwards, and central differences to replace derivatives in differential equations with linear expressions. Derivations of these approximations can be found in the book "Heat Transfer Calculations Using Finite Difference Equations." (Croft & Stone, 1989) . For these approximations  
[bookmark: _Toc188697047][bookmark: _Toc188698498]Equation 4‑1 - Forward Difference Approximation

[bookmark: _Toc188697048]
[bookmark: _Toc188698499]Equation 4‑2 - Backward Difference Approximation

[bookmark: _Toc188697049]
[bookmark: _Toc188698500]Equation 4‑3 - Central Difference Approximation

[bookmark: _Toc188697050]
[bookmark: _Toc188698501]Equation 4‑4 - Central Difference Approximation (Second Derivative)

The second derivative central difference approximation is more accurate than both the forward and backward difference approximations, offering an error term of order compared to their order of . This results in a more accurate approximation of derivatives (Croft & Stone, 1989).

[bookmark: _Toc188803092]Explicit Finite Difference Scheme
The explicit finite method was utilised to replace the equation's first and second derivative parts, transforming the differential heat equation into a set of algebraic equations that can be solved in the MATLAB code (Chapra, 2008).
The central difference was used to discretise the spatial second derivative:


Forward differences were used to discretise the temporal first derivative:

[bookmark: _Toc188803093]Discretisation of The Spatial Domain
The region of interest, a rectangular aluminium plate, was divided into a uniform spatial grid using a Cartesian coordinate system, creating nodes for final equation calculations.
The grid spacing for this task was denoted by  and the four nodes located north, south, east, and west around a central point  would be denoted by  (Figure 1).
[image: ]
[bookmark: _Toc188697965]Figure 1 - Spatial Discretisation (Created in AutoCAD 2025)


The spacing  was to be a user input for the code, including the overall width and height of the plate to be modelled.
Using the applied notation for the four nodes around the point the spatial second derivatives were then approximated by Central differences approximation:


An important point to note is that spatial discretisation affects the accuracy of the final solution to the heat equation. This is a consequence of replacing the second derivative with respect to x and y using a central difference approximation by a linear term; this introduces a truncation error, which has an error of order  The error term is confined to each node calculation and can accumulate throughout the grid, hence selecting smaller grid spacing  will reduce the error at each node, resulting in higher accuracy of the approximations (Kreith, 2000).
[bookmark: _Toc188803094]Discretisation of The Temporal Domain
To calculate temperature evolution, the code required discrete time-steps to be input by the user. To achieve this, time was divided into discrete time-steps of  and by approximating the first derivative by forward difference approximation:

 = temperature at location at the current time 
= temperature at the same location at the next time-step
As with the central difference approximation, there is a truncation error introduced by replacing the partial difference equation with the finite difference equation in order of . The time-step  input also influences the outcome of the solution, as too significant a time-step will create instability in the calculation due to round-off errors (Croft & Stone, 1989). This phenomenon is counteracted in the model by a stability criterion involving the Fourier number, as discussed in section 4.6.

[bookmark: _Toc188803095]Explicit Finite Difference Form of The Heat Equation
[bookmark: _Toc188803096]Fourier Number
The Fourier number (Fo) is a dimensionless quantity that characterises the ratio of heat conduction to thermal storage (Bergman, et al., 2011)
It is defined as:
[bookmark: _Toc188697051][bookmark: _Toc188698502]Equation 4‑5 - Fourier Number

[bookmark: _Toc188803097]Explicit method
The following equation is derived by substituting the forward and central difference approximations into the heat equation (Croft & Stone, 1989):
[bookmark: _Toc188697052][bookmark: _Toc188698503]Equation 4‑6 - Heat Equation Approximations

Therefore, the explicit finite difference equation can be derived in the following steps:

Where:

Therefore:






[bookmark: _Toc188697053][bookmark: _Toc188698504]Equation 4‑7 - The explicit finite difference equation

This equation calculates the temperature at the time-step  purely in terms of time-step  (Croft & Stone, 1989)
[bookmark: _Toc188803098]Stability Criterion 
The stability of the explicit scheme is affected by the value of the Fourier number . Since 
  space  and time  increments should not be selected arbitrarily; instead, they must meet the stability criterion derived from the Courant–Friedrichs–Lewy (CFL) condition (Chapra, 2008). As per (Croft & Stone, 1989) the value of  is ideally 0.25 in a two-dimensional cartesian model.




[bookmark: _Toc188803099]Boundary Conditions & Analytical Solution.
[bookmark: _Toc188803100]Boundary Conditions
As shown in Figure 2, boundary and initial conditions were required for the EFDM form of the heat equation to be calculated at every internal node of the rectangular aluminium plate. The nodes internal to the boundaries would all be pre-set in the code to an initial temperature condition of 0°. These conditions were set at a time value equal to zero.
[image: ]
[bookmark: _Toc188697966]Figure 2 – Boundary Conditions
The Dirichlet Condition was applied to the north and south boundaries of the plate, Where temperature is used and maintained at a known temperature across the boundary, and the Neumann Condition was to be applied to the east and west boundaries, where   is applied across the boundary, if  then the boundary is considered perfectly insulated (Iserles, 2009).
The Dirichlet condition for the north and south boundaries was required to be input by the code user. The north boundary was coded to be a positive value, and the code was then required to match the north input for the south boundary and convert it to a negative value.
The derived EFDM heat equation was arranged such that it would calculate the four neighbouring points to  in the North, South, East and West directions while considering the Neumann boundary conditions at the east and west sides of the plate; it was necessary to adjust the equation to ignore the boundaries where there would be no node point adjacent, the following modifications were made:
It was determined that:

Hence:
[bookmark: _Toc188697054][bookmark: _Toc188698505]Equation 5‑1 - East Boundary Equation

[bookmark: _Toc188697055][bookmark: _Toc188698506]Equation 5‑2 - West Boundary Equation

[bookmark: _Toc188803101]Analytical Solution
Due to the specific set of boundary conditions chosen for the model, Dirichlet and Neumann, the results of the EFDM approximation could be validated, which is not possible with other types of complex boundary conditions (Croft & Stone, 1989). 
The MATLAB code used the heat equation's analytical solution (Equation 5-3) to check and validate the EFDM results.
[bookmark: _Toc188697056][bookmark: _Toc188698507]Equation 5‑3 - Analytical Solution
 
 
[bookmark: _Toc188803102]
Coding
This section of the report explains the functions of the code created for the EFDM model:
[image: ]
[bookmark: _Toc188697967]Figure 3 – Coding Section One
This section is necessary at the start of the code to clear the command window, remove variables from the workspace, close any open figures and set the numeric display format to short (four decimal places).

[image: A white screen with black text
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[bookmark: _Toc188697968]Figure 4 - Coding Section Two
Pre-set variables were added to the code to calculate aluminium's thermal diffusivity, which was necessary for determining the Fourier number used in the stability criterion.

[image: ]
[bookmark: _Toc188697969]Figure 5 - Coding Section Three
This section uses while loops to validate user inputs for plate dimensions and grid spacing. It ensures that the dimensions are positive and that the grid spacing is compatible with the plate's physical dimensions while confirming that the grid spacing is logical. Any invalid inputs will display a warning message.

[image: ]
[bookmark: _Toc188697970]Figure 6 – Coding Section Four
Using MATLAB's matrices function, the code converts the input physical dimensions to initialise a matrix representing the spatial grid superimposed over the plate, creating node points for the calculation locations.

[image: ]
[bookmark: _Toc188697971]Figure 7 – Coding Section Five
Dirichlet boundary conditions were applied through user input, where the input used for the north boundary condition (row one of the matrix) was duplicated with a negative value for the south boundary (the end row of the matrix).

[image: A screenshot of a computer screen

Description automatically generated]
[bookmark: _Toc188697972]Figure 8 - Coding Section Six
A user input for a timestep was implemented, where a while loop would check whether the input meets the stability criterion and if the value is greater than 0.



[image: A white background with black text
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[bookmark: _Toc188697973]Figure 9 - Coding Section Seven
Pre-set variables were defined for the convergence criterion, Initial time condition, maximum temperature change between iterations and the Fourier number calculation in readiness for the EFDM form of the heat equation. 

[image: ]
[bookmark: _Toc188697974]Figure 10 - Coding Section Eight
A new temperature matrix is initialised to calculate the EFDM heat equation at the next time-step, overwriting the previous calculation. This section is within a while loop, which checks the value of the maximum change in temperature across the matrix is greater than the convergence criteria to keep the loop active. This code segment also uses the modified heat equation to implement the Neumann boundary conditions at the east and west boundaries. When the criteria are met, and the max change is less than the CC value, the time and temperature matrix is updated with the final values.
[image: ]
[bookmark: _Toc188697975]Figure 11 - Coding Section Nine
This section implements the outputs for a temperature map and the matrix display of the numerical solution results.
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[bookmark: _Toc188697976]Figure 12 – Coding Section Ten
A time to equilibrium if/esleif statement was used to display the time to reach equilibrium in days, hours or seconds.
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[bookmark: _Toc188697977]Figure 13 - Coding Section Eleven
The analytical solution was added to a new matrix using a for loop for a set number of iterations to calculate the temperature map of the analytical solution.

[image: A computer screen shot of a computer code
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[bookmark: _Toc188697978]Figure 14 - Coding Section Twelve
This section implements the outputs for a temperature map and the matrix display of the analytical solution results.

[image: ]
[bookmark: _Toc188697979]Figure 15 - Coding Section Thirteen
This final section implements the outputs for the ‘absolute difference between the analytical solution and the numerical solution’ and the matrix display of the results.





[bookmark: _Toc188803103]Validation of The Code
To assess the codes' accuracy against the Analytical Solution, two temperature maps were produced in MATLAB, allowing visual comparison of the results.
[image: ]
[bookmark: _Toc188697980]Figure 16 - Temperature map (EFDM)
[image: ]
[bookmark: _Toc188697981]Figure 17 - Temperature map (Analytical Solution)
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[bookmark: _Toc188697982]Figure 18 - Temperature Matrix (EFDM)
[image: ]
[bookmark: _Toc188697983]Figure 19 - Temperature Matrix (Analytical Solution)
[image: A screenshot of a computer screen
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[bookmark: _Toc188697984]Figure 20 – Matrix (Absolute Difference)
[bookmark: _Toc188803104]Analysis:
The comparison between Figures 16 and 17 reveals minimal difference in the temperature map visualisation. A distinction can be observed only by examining the matrix values in Figures 18 and 19.
[bookmark: _Toc188803105]Conclusion
The temperature map visualisation suggests high numerical accuracy, confirmed by the matrix values. The matrix displayed in Figure 20 outlines the maximum difference of 0.0174°C across the plate. This demonstrates the stability and precision of the EFDM implementation when convergence precision constraints and stability criteria are applied in the coding.





[bookmark: _Toc188803106]Sensitivity Analysis
A sensitivity analysis was conducted on the code results with respect to variations in input for the grid spacing , the time-step  and the convergence tolerance condition, all tests were carried out on a plate 12m x 12m.
[bookmark: _Toc188803107]Grid Spacing
[bookmark: _Toc188698045]Table 1 – Grid Spacing Sensitivity Analysis
[image: ]
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[bookmark: _Toc188697985]Figure 21 – Variable Grid Spacing


[bookmark: _Toc188803108]Analysis
Table 1 and Figure 21 demonstrate that more significant grid spacing inputs increase the time to reach thermal equilibrium, with some fluctuations. The fluctuation in results diminishes as the grid spacing decreases and the trend converges to a consistent result for time to thermal equilibrium.
As discussed in Section 4.3, the numerical method used in this model, EFDM, is subject to approximation errors known as truncation. Truncation occurs when approximation methods which replace derivatives with differences, like EFDM, are used instead of exact mathematical methods (Chapra, 2008). 
These results highlight the limitations of spatial discretisation used in the calculations. Larger grid spacing leads to more significant approximation errors, which slows down convergence to equilibrium. In contrast, smaller grid spacing results in more realistic and consistent convergence to equilibrium, demonstrating improved approximation accuracy. (Chapra, 2008).
While it's impractical to demonstrate in this analysis, smaller grid spacing is shown to lead to high computational demands due to the increased number of nodes that require calculation (Croft & Stone, 1989).


[bookmark: _Toc188803109]Time-step
[bookmark: _Toc188698046]Table 2 – Time-step Sensitivity Analysis
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[bookmark: _Toc188697986]Figure 22 – Variable Time-step

[bookmark: _Toc188803110]Analysis
Table 2 and Figure 22 illustrate that the thermal equilibrium time varies with the time-step size. The curve demonstrates a rapid increase in thermal equilibrium time for smaller time-steps, which gradually levels out as the time-step size increases.
The graph indicates that inaccuracy due to round-off error is evident in smaller timesteps, reducing the time to equilibrium. This phenomenon reduces as the time-step increases, which suggests there is an optimum time-step where the round-off errors are minimal enough to affect the result (Croft & Stone, 1989)
Accumulation of round-off errors is a common issue in numerical computations, these errors arise from the finite precision of floating-point arithmetic used in computational tools like MATLAB (Mathworks, 2024). 
This truncation of numbers into a finite quantity of digits introduces a round-off error, which affects each step of the calculation (Croft & Stone, 1989) Round-off errors can cause calculations to become unstable, leading to erroneous results. Moreover, they can also lead to subtler discrepancies that are difficult to detect (Chapra, 2008). 
The method can be defined stable if truncation and rounding errors do not increase without limit as calculations progress from one node to another. As discussed in section 4.6, the stability of the method is heavily reliant on the value of Fo (Croft & Stone, 1989).


[bookmark: _Toc188803111]Tolerance
[bookmark: _Toc188698047]Table 3 – Tolerance Sensitivity Analysis
[image: A table with numbers and letters
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[bookmark: _Toc188697987]Figure 23 - Variable Tolerance
[bookmark: _Toc188803112]Analysis
Figure 20 illustrates that the thermal equilibrium time increases significantly after a value of 0.01 as the tolerance value decreases. This suggests that smaller tolerances require longer computation times to reach equilibrium.
Decreasing the tolerance leads to greater precision in determining the thermal equilibrium time, as reflected by the increased time to equilibrium. However, there is a point of diminishing returns, beyond which further reductions in the tolerance result in negligible improvements to precision while dramatically increasing computational time where a calculation strives to reach a precise value. This leads to the conclusion that a pragmatic approach must be taken when considering the tolerance value. 

[bookmark: _Toc188803113]Limitations of the Model
[bookmark: _Toc188803114]Numerical Method
Several EFDM limitations have been identified through sensitivity analysis and academic research. A significant issue already highlighted in the report is truncation error, which arises from the approximation errors encountered during the discretisation process (see sections 4.3 and 8.2.1). Additionally, round-off errors have been highlighted in the report, these arise from using truncated values in calculations (see sections 4.4 and 8.2.2). Both truncation and round-off errors can contribute to the instability of the EFDM if a stability criterion is not implemented (Croft & Stone, 1989). Therefore, addressing these errors is crucial for improving the reliability and accuracy of the EFDM.
The EFDM is also limited to simple rectangular geometries, more advanced techniques, such as the finite element method or boundary element method, are necessary when dealing with complex shapes (Smith, 1985).
[bookmark: _Toc188803115]Coding Limitations
A convergence criterion was set within the coding of this model to establish the precision tolerance of the calculation of thermal equilibrium. As previously established in the sensitivity analysis, this value has no theoretical significance and is chosen pragmatically; highlighting accuracy and precision require balance for an optimum result.


[bookmark: _Toc188803116]Improvements and Future Development
Academic research was conducted on alternative numerical methods and techniques to improve the existing method and overcome the model limitations listed in Section 9.
[bookmark: _Toc188803117]Improvements
[bookmark: _Toc188803118]Time Weighted Average
This method considers the temperatures at multiple time-steps, assigning different weights to each based on their relevance or occurrence. While this method requires a stability criterion, the time-weighted average approach enhances stability by smoothing out numerical errors and improving convergence, ensuring precision in thermal simulations. (Yuste, 2006).
[bookmark: _Toc188803119]Accuracy and Stability
To increase accuracy and stability, the following alternative methods were identified:
[bookmark: _Toc188803120]Alternating Direction Implicit (ADI)
ADI is a numerical method for solving partial differential equations, especially in multidimensional issues like heat transfer, by breaking them into simpler one-dimensional forms and solving them implicitly along alternating coordinates; this feature also allows this method to be utilised more efficiently for complex geometries and can also reduce the computational load (Zhao, 2015). This method is unconditionally stable for diffusion-based problems, reducing truncation errors and allowing more significant time-steps without compromising accuracy (Peaceman & H. H. Rachford, 1955).
[bookmark: _Toc188803121]Implicit Finite Difference (IFD)
IFD improves stability and accuracy using implicit formulations to solve discretised equations where future states depend on current and subsequent values. This method enhances stability, as it removes the requirement of the Courant–Friedrichs–Lewy (CFL) condition typical of explicit methods, thus permitting larger time-steps (Tan, 2008).


[bookmark: _Toc188803122]Complex Geometry
Should the model need to account for a shape more complex than a rectangular plate, the following methods were outlined as suitable options over EFDM 
[bookmark: _Toc188803123]Finite Element Method (FEM) 
FEM is highly suited for complex geometries due to its ability to discretise irregular domains into smaller subdomains called finite elements, which can take various shapes, such as triangles or tetrahedra. This flexibility in meshing allows FEM to conform to intricate boundary conditions and non-uniform domains, making it suitable for engineering applications involving complex shapes (Zienkiewicz & Taylor, 2000).
[bookmark: _Toc188803124]Finite Volume Method (FVM)
FVM is effective for complex geometries because it integrates governing equations over control volumes that can conform to irregular and curved boundaries. This method ensures conservation laws are satisfied locally, even in highly non-uniform meshes, making it robust for simulations involving intricate domains (Ali, et al., 2022).






[bookmark: _Toc188803125]Conclusion
Through academic research and the knowledge that the EFDM utilised in this model is an approximation tool used in numerical methods; it can be considered that the model successfully simulated thermal equilibrium time with high accuracy. A maximum observed error of 0.0174°C outlined the model's accuracy and stability, provided the stability criterion is met and a sensible tolerance factor is considered.
Sensitivity analyses revealed the impact of grid spacing, time-step, and convergence tolerance on the model's accuracy and stability. Smaller grid spacing improved spatial accuracy by reducing truncation errors. Although not evident in this report's sensitivity analysis, this could lead to higher computational requirements for larger dimension domains. It also highlighted that smaller time-steps were required to maintain stability under the Courant-Friedrichs-Lewy (CFL) condition. Similarly, smaller time-steps enhanced temporal accuracy but could introduce round-off errors if minimal while also increasing computational effort in larger dimension domains. The tolerance factor governed the precision of convergence; smaller values yielded higher accuracy, but higher precision significantly prolonged thermal equilibrium times, resulting in un-practical time results. Balancing these parameters was essential to achieve accurate, stable, and computationally efficient results.
Despite the EFDM's simplicity and effectiveness in this model, limitations such as truncation errors and restrictions to rectangular geometries were noted. Future improvements could include adopting implicit methods for enhanced stability and extending the model to handle complex geometries using FEM or FVM.
Overall, the report highlights the functionality of EFDM in solving heat conduction problems, providing a foundation for further exploration of advanced numerical methods and their applications in engineering problems.
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%% Clear the workspace, close figures, and reset command window
clc              % Clear the command window
clear            % Remove all variables from the workspace
close all        % Close all open figure windows
format short     % Set numeric display format to short

%% Define material properties
i = 143;         % Thermal Conductivity [W.m^-1.K^-1]
d = 2.8 * 10^3;  % Density [kg.m^-3]
c = 795;         % Specific Heat Capacity [J.kg^-1.K^-1]
% Calculate thermal diffusivity
al = i / (d * c); % Thermal Diffusivity [m^2.s^-1]

%% Prompt the user for the grid dimensions and spacing
xdim = input('Enter the physical width of the aluminium plate (metres): '); % Width of the plate
while xdim <= 0
    % Ensure the user enters a positive value
    fprintf('Invalid value. Please enter a positive value.\n');
    xdim = input('Enter the physical width of the aluminium plate (metres): ');
end
ydim = input('Enter the physical height of the aluminium plate (metres): '); % Height of the plate
while ydim <= 0
    % Ensure the user enters a positive value
    fprintf('Invalid input. Please enter positive values only.\n');
    ydim = input('Enter the physical height of the aluminium plate (metres): ');
end
h = input('Enter a value for the grid spacing in metres: '); % Grid spacing
% Ensure the grid spacing divides both dimensions completely with no remainder
while mod(xdim, h) ~= 0 || mod(ydim, h) ~= 0 || h <= 0 || h == xdim || h == ydim
    % Grid spacing must meet conditions for valid discretisation
    fprintf('Invalid grid spacing. Width and height must be divisible by the grid spacing without remainder.\n');
    h = input('Enter a valid grid spacing: ');
end

%% Calculate the number of grid points in the x and y directions to initialise matrix
nc = (xdim / h) + 1; % Number of columns (grid points along x-direction)
nr = (ydim / h) + 1; % Number of rows (grid points along y-direction)

% Initialise the temperature matrix with zeros
T1 = zeros(nr, nc); % Create an empty temperature matrix for the grid

%% Set Dirichlet boundary conditions
T0 = input('Enter a value for the north boundary condition: '); % Temperature at the north boundary
T1(1, :) = T0;       % Apply north boundary condition (top row)
T1(end, :) = -T0;    % Apply south boundary condition (bottom row)

%% Time-step input
dt = input('Enter timestep: '); % Prompt the user for a timestep value
% Validate the timestep using the stability criterion
while dt > h^2 / (4 * al) || dt <= 0
    % Ensure the timestep meets the stability criterion for explicit method
    fprintf('Invalid timestep. The timestep must be a positive number and less than %.2f.\n', h^2 / (4 * al));
    dt = input('Enter a valid timestep: ');
end

%% Initialise variables for convergence criterion and calculate Fo
Cc = 0.01;      % Convergence criterion value
Time = 0;       % Initialise initial time condition
max_change = 5; % Initialise maximum temperature change between iterations
Fo = al * dt / h^2; % Stability parameter

%% Update temperature matrix for the next time step
while max_change > Cc
    T2 = T1; % Initialise new temperature matrix
    for m = 2:nr-1 % Loop through rows (excluding north and south boundaries)
        for n = 2:nc-1 % Loop through columns (excluding north and south boundaries)
            % Explicit finite difference method equation for interior nodes
            T2(m, n) = T1(m, n) + Fo * (T1(m+1, n) + T1(m-1, n) + T1(m, n+1) + T1(m, n-1) - 4 * T1(m, n));
        end
        % Neumann boundary conditions for east and west boundaries
        n = 1; % West boundary
        T2(m, n) = T1(m, n) + Fo * (T1(m+1, n) + T1(m-1, n) + T1(m, n+1) + T1(m, n) - 4 * T1(m, n));
        n = nc; % East boundary
        T2(m, n) = T1(m, n) + Fo * (T1(m+1, n) + T1(m-1, n) + T1(m, n-1) + T1(m, n) - 4 * T1(m, n));
    end
    % Calculate maximum change for convergence check
    max_change = max(abs(T2 - T1), [], "all");
    Time = Time + dt; % Update simulation time
    T1 = T2; % Update temperature matrix for the next iteration
end

%% Numerical temperature solution outputs
% Plot graph
figure(1); % Create figure for numerical solution
contourf(flip(T2), 100, 'linestyle', 'none');
xlabel('Number of Rows');
ylabel('Number of Columns');
zlabel('Temperature');
colorbar;
clim([-T0 T0])
colormap('jet');
grid;
title('EFDM Temperature Map at Thermal Equilibrium');
% Display numerical temperature matrix
fprintf('Numerical Temperature Matrix at Thermal Equilibrium: \n');
disp(T2);

%% Convert and display simulation time
if Time < 60
    fprintf('Time to reach thermal equilibrium: %.2f seconds\n', Time);
elseif Time < 3600
    fprintf('Time to reach thermal equilibrium: %.2f minutes\n', Time / 60);
elseif Time < 24 * 3600
    fprintf('Time to reach thermal equilibrium: %.2f hours\n', Time / 3600);
else
    fprintf('Time to reach thermal equilibrium: %.2f days\n', Time / (24 * 3600));
end

%% Analytical Solution
TA = zeros(nr, nc); % Initialise analytical temperature matrix with zeros
for i = 1:nr
    for j = 1:nc
        x = (j - 1) * h;  % X-coordinate based on grid spacing
        y = (i - 1) * h;  % Y-coordinate based on grid spacing
        ST = TA(i, j);    % Base linear profile for summation
        for k = 1:100 % Series summation for high accuracy
            
            % Calculate the analytical temperature
            ST = ST + 1 / (100 * k * pi)^2 * (1 - (-1)^k) * ...
                sin(k * pi * y / ydim) / sinh(k * pi * xdim / ydim) * ...
                (cosh(k * pi * x / ydim) - cosh(k * pi * (x - xdim) / ydim));
        end
        % Combine the linear profile with the summation terms
        TA(i, j) = -T0 + (2 * T0 / ydim) * y + ST;
    end
end

%% Analytical solution outputs
% Plot graph
figure(2);
contourf(TA, 100, 'lineStyle', 'none');
xlabel('Number of Rows');
ylabel('Number of Columns');
zlabel('Temperature');
colorbar;
clim([-T0 T0])
colormap('jet')
grid on
title('Analytical Solution Temperature Map at Thermal Equilibrium')
% Display matrix
disp('The Analytical Solution Temperature Matrix:')
disp(flip(TA));

%% Difference between numerical and analytical solutions outputs
% Display matrix
disp('Absolute Difference Between Analytical Solution and Numerical Solution:')
difference = abs(flip(TA)-T2);
max_difference = max(difference, [], "all");
disp(difference)
fprintf('Maximum Difference Between Numerical and Analytical Solutions: %.4f\n', max_difference);
% Plot graph
figure(3);
contourf(difference, 100, 'linestyle', 'none');
colormap(jet);
colorbar;
max_value = max(difference, [], "all");
clim([0, max_value])
xlabel('Number of Columns');
ylabel('Number of Rows');
grid on
title('Absolute Difference Between Analytical and Numerical Solutions')
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%% Clear the workspace, close figures, and reset

cle
clear

close all
Format short

% Clear the command window

% Remove all variables from the
% Close all open figure windows
% Set numeric display format to

command window
workspace

short.
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%% Define material properties

1= 143; % Thermal Conductivity [W.m*-1.K"-1]
d=2.8 % 10°3; % Density [kg.m-3]
= 795; % Specific Heat Capacity [J.kg~-1.k*-1]

% Calculate thermal diffusivity
al =i/ (d* c); % Thermal Diffusivity [m*2.s*-1]
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%% Prompt the user for the grid dimensions and spacing
xdim = input('Enter the physical width of the aluminium plate (metres): '); % Width of the plate
while xdim <= @

% Ensure the user enters a positive value

fprintf(‘Invalid value. Plesse enter a positive value.\n');

xdim = input(’Enter the physical width of the aluminium plate (metres):

s

end
ydim = input(Enter the physical height of the aluminium plate (metres): '); % Height of the plate
while ydim <= @

% Ensure the user enters a positive value

fprintf(‘Invalid input. Plesse enter positive values only.\n');

ydim = input('Enter the physical height of the aluminium plate (metres)

end

h = input(*Enter a value for the grid spacing in metres: '); % Grid spacing

% Ensure the grid spacing divides both dimensions completely with no remainder

while mod(xdim, h) ~= @ || mod(ydim, h) ~= 0 || h <= @ || h == xdim || h == ydim
% Grid spacing must meet conditions for valid discretisation

fprintf('Invalid grid spacing. Width and height must be divisible by the grid spacing without remainder

h = input('Enter a valid grid spacin

end

AAn)s
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Calculate the number of grid points in the x and y directions to initialise matrix
nc = (xdim / h) + 1; % Number of columns (grid points along x-direction)
nr = (ydim / h) + 1; % Number of rows (grid points along y-direction)

% Initialise the temperature matrix with zeros
T1 = zeros(nr, nc); % Create an empty temperature matrix for the grid
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X% Set Dirichlet boundary conditions
o = input('Enter a value for the north boundary condition: '); % Temperature at the north boundary
131, 1) = To; % Apply north boundary condition (top row)

Ti(end, :) = -To; % Apply south boundary condition (bottom row)
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X% Time-step input
dt = input('Enter timestep: '); % Prompt the user for a timestep value
% Validate the timestep using the stability criterion
while dt > h"2 / (4 * al) || dt <= @
% Ensure the timestep meets the stability criterion for explicit method
fprintf(‘Invalid timestep. The timestep must be a positive number and less than %.2f.\n‘, h%2 / (4 * al));
dt = input(‘Enter o valid timestep: ');

end




image10.png
%% Initialise variables for convergence criterion
cc = 0.01; % Convergence criterion value
Time = 0; % Initialise simulation time
max_change = 5; % Initialise maximum change betueen iterations
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%% Update temperature matrix for the next time step
while max_change > Cc
T2 = T1; % Initialise new temperature matrix
for m = 2:nr-1 % Loop through rows (excluding north and south boundaries)
For n = 2:nc-1 % Loop through columns (excluding north and south boundaries)
% Explicit finite difference method equation for interior nodes
T2(m, n) = Ti(m, n) + Fo * (TL(m1, n) + Ti(m-1, n) + Ti(m, nt1) + Ti(m, n-1) - 4 * T(m, n));
end
% Neumann boundary conditions for east and west boundaries
n = 1; % Uest boundary
T2(m, n) = Ti(m, n) + Fo * (T(ml, n) + Ti(m-1, n) + Ti(m, n+l) + Ti(m, n) - 4 * Ti(m, n));
n = nc; % East boundary
T2(m, n) = Ti(m, n) + Fo * (T(mtl, n) + Ti(m-1, n) + Ti(m, n-1) + Ti(m, n) - 4 * Ti(m, n));
end
% Calculate maximum change for convergence check
max_change = max(abs(T2 - T1), [1, "all");
Time = Time + dt; ¥ Update simulation time
T1 = T2; % Update temperature matrix for the next iteration

end
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%% Numerical temperature solution outputs
% Plot graph

figure(1); % Create figure for numerical solution

contourf(flip(T2), 100, 'linestyle’, 'none’);

xlabel(“Number of Rous');

ylabel(“Number of Columns');

Zlabel( ' Temperature’);

colorbar;

clin([-Te To])

colormap('jet’);

grid;

title("EFDH Temperature Map of Aluninium Plate at Thermal Equilibrium');
% Display numerical temperature matrix

fprintf('Nunerical Temperature Matrix at Thermal Equilibrium: \n');
disp(T2);
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%% Convert and display simulation time

if T

else:

else:

else

end

ime < 60
fprintf('Tine to reach thermal
if Time < 3600

fprintf('Tine to reach thermal
if Time < 24 * 3600
fprintf('Tine to reach thermal

fprintf('Tine to reach thermal

equilibrium:

equilibrium:

equilibrium:

equilibrium:

%.2f

%.2f

%.2f

%.2f

seconds\n’, Time);
minutes\n’, Time / 60);
hours\n', Time / 3600);

days\n’, Time / (24 * 3600));
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%% Analytical Solution
TA = zeros(nr, nc); % Initialise analytical temperature matrix with zeros
for 1 = Linr

for §

(3-1) * h; % X-coordinate based on grid spacing

(- 1) h; % Y-coordinate based on grid spacing

ST = TA(L, §); % Base linear profile for summation

for k = 1:100 % Series summation for high accuracy
% Compute the analytical temperature using Fourier series
ST =ST+1/ (100° k= pi)w2 = (1- (-1)°k) * ...

sin(k < pi *y / ydim) / sinh(k * pi * xdim / ydim) * .

(cosh(k * pi * x / ydim) - cosh(k = pi * (x - xdim) / ydin));

end
% Combine the linear profile with the summation terms
TAGS, 3) = -To + (2 % To / ydim) * y + ST;
end
end
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%% Analytical solution outputs
% Plot graph

Figure(2);

contourf(TA, 100, 'linestyle’, ‘none’);

xlabel(“Number of Rous’);

ylabel(“Mumber of Columns');

Zlabel( ' Temperature’);

colorbar;

clin([-Te To])

colormap('jet’)

grid on

title(*Analytical Solution Temperature Map at Thermal Equilibrium’)
% Display matrix

disp('The Analytical Solution Temperature Matrix:')
disp(flip(TA));
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%% Difference between numerical and analytical solutions outputs
% Display matrix

disp("Absolute Difference Betueen Analytical Solution and Numerical Solution:')

difference = abs(flip(TA)-T2);

max_difference = max(difference, [1, "211");

disp(difference)

fprint("Maximum Difference Betueen Numerical and Analytical Solutions: %.4f\n', max_difference);
% Plot graph

Figure(3);

contourf (difference, 100, 'linestyle’, 'none');

colormap(jet);

colorbar;

max_value = max(difference, [1, "all");

clin([o, max_valve])

xLabel(*Nunber of Columns');

ylabel(*Nunber of Rous');

grid on

title(*Absolute Difference Between Analytical and Numerical Solutions')
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EFDM Temperature Map at Thermal Equilibrium
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Analytical Solution Temperature Map at Thermal Equilibrium
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The Analytical Solution Temperature
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Zbsolute Difference Between Analytical Solution and Numerical Solution:

o o o o o o
0.017¢  0.0174  0.017¢  0.0174  0.0174  0.0174
0.0107  0.0107  0.0107  0.0108  0.0108  0.0108
0.0108  0.0108  0.0108  0.0107  0.0107  0.0107
0.017¢  0.0174  0.017¢  0.0174  0.0174  0.0174

o o o o o o




image22.png
Time Step

Tolerance

Thermal Equilibrium Time

0.75
0.6
0.5
0.4
0.3

0.25
0.2

(s) (fixed)
150
150
150
150
150
150
150
150
150
150
150
150
150

(s) (fixed)
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

(s)
282528
279072
254880
258336
253152
254880
253152
252288
252288
251424
251424
251424
251424





image23.png
rium Time (5)

Thermal Equil

Variable Grid Spacing Influnce on Thermal Equilibrium

285000
280000
275000
270000
265000
260000
255000
250000
245000

05

15

Time

2 25
Grid Spacing (m)

3

35

45




image24.png
Grid Spacing Tolerance  Thermal Equ
i ime Step (s) i
(m) (fixed) (s) (fixed) (s)

0.75 2000 0.0001 527904.00
0.75 1500 0.0001 513216.00
0.75 1000 0.0001 491616.00
0.75 800 0.0001 480384.00
0.75 600 0.0001 463968.00
0.75 400 0.0001 441504.00
0.75 200 0.0001 401760.00
0.75 100 0.0001 362016.00
0.75 50 0.0001 322272.00

0.75 25 0.0001 282528.00





image25.png
Variable Time Step Influnce on Thermal Equilibrium Time

600000.00

500000.00

in seconds)

400000.00

300000.00

200000.00

100000.00

0.00

Thermal Equilibrium Time

500

1000 1500
Time Step

2000

2500




image26.png
Grid Spacing  Time Step [ C1 Thermal Equilibrium Time
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1 500 0.000001 723168.00
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