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This topic extends the ideas of differentiation, and has many applications. Up to this point we have been given something like:

And we differentiated it to give  - the ‘derivative’ as it is often called. We see, looking at this equation, that  depends just on . In other words,  is a function of .
In real life situations, quantities often depend on more than one thing (or variable). For example, the formula   gives the volume  of a cylinder, which depends on two things – its height  and the radius of its base . We can say that  is a function of  and .
If you recall, some people think of    as: “The change in  as a result of a change in .” If we were asked to differentiate , we could only work out  .

But what if we were asked to differentiate  ? Because  depends on both  and , a change in either (or both) of these will affect .
So how do we represent these changes? Well, for a start we introduce slightly different notation. We use “curly D’s”, such as:  
   and   
These are called first order partial derivatives, and are obtained from  by differentiating  ‘partially’, with respect to both  and  respectively. It is quite easy really, although a little confusing at first.
The secret to remember is this: “Whichever variable (i.e.  or ) that you are differentiating, the other one is treated as a constant for the purpose of the differentiation.”
That is the most confusing part, treating  or  as if it were a constant (i.e. a number). Let’s see how we get  and  .
We will work out    first. The  on the bottom means that we are differentiating with respect to , so whilst doing that, we treat  as if it were a constant. Remember that  is already a constant.


So:

Therefore:

You’ll get used to it, with a little practice.

Example
If , find    and   .
Note that it doesn’t matter which one you do first. Finding  first means that I am differentiating   with respect to , and treating any ’s as constants.
So:


Now we’ll find  , differentiating the ’s and treating any  as a constant.



Example
If , find    and   .



We get zero instead of  as we are treating  as a constant, so  is just like one big number, and of course, when you differentiate a constant its derivative is zero.
Now differentiating the ’s and treating   as a constant:



Example
If , find    and  .




Second order partial derivatives
In the same way as being able to find    from    by differentiating for a second time, we can also do the same with partial differentiation.
Having found    for example, we could differentiate the ’s again to give   , or we could differentiate the ’s instead. Mathematically this is written  , which is more commonly written   .
Of course, we also have   , the other first order partial derivative. We could differentiate the ’s again to give us    or we could differentiate the ’s instead to give  , which is more commonly written   .

This gives us the four second order partial derivatives;


As examples will show,    which is useful as a check as to whether you worked them out correctly. Let’s do a couple of examples:
Example
If  find the four second order partial derivatives (obviously you have to work out the first order ones first).
First find  :



Now differentiate the ’s in  again:



Now go back to   , but this time differentiate the ’s:



Now go back to the very beginning to , and find the other first order partial derivative:



Differentiate the ’s again:



Finally, go back to   , but this time differentiate the ’s to give:



Notice that    as we were expecting.

Example
If , find the four second order partial derivatives (note that you will need to use the product rule for some parts of the differential).




A bit of a mess – leave it like that.
Now going back to   , but differentiate the ’s instead:


Now back to the beginning to find the other first order partial derivative:


Differentiate the ’s again, giving:


Finally, going back to   , but differentiate the ’s this time, giving:



This example may have caught you out, as it was a bit of a surprise to find . As this only contained ’s, we had no option than to use the product rule to differentiate it.
Obviously, you don’t always have ,  and . Any symbols may be used but the method is still the same – just try not to get confused!
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