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Matrices

In many engineering calculations, it is often necessary to handle large amounts of data. Matrices are used to store this data in a form that makes it relatively easy to carry out appropriate calculations. For example, they are used in control theory, electrical principles and structural analysis. Arthur Cayley (1821-1895) developed the theory of matrices. He was a lawyer before he became a mathematician – mad fool!
Eventually I shall show you how you use matrices to solve a system of simultaneous linear equations involving three unknowns. Firstly, here are the very important bits you need to remember.
A matrix consists of ‘elements’ which are often integers, and are arranged in rows and columns. The number of rows and columns that a matrix has is called the ‘dimension’ of the matrix. For example:

Notice: a matrix looks like a big bracket! In the one above, we have 2 rows (rows go across) and 3 columns (columns go down) and is so called a 2x3 matrix (we say ‘2 by 3 matrix’).
Remember, when you specify the dimension of a matrix, the number of rows are always specified first and the number of columns second. This is very important, so a 3x1 matrix would have 3 rows and 1 column:

This is also called a ‘column matrix’ because it consists of just one column. Other matrices have fancy names but I will only tell you the names of the important ones.
For example:
   and   
Are examples of ‘square matrices’. The first one is a 2x2 matrix and the second is a 3x3 matrix. The biggest matrix we will consider in this work will be a 3x3 one as anyone bigger than that gets too complex to handle, without the aid of a calculator or computer!


Manipulation of matrices  
You can only add or subtract matrices if they are the same dimension (i.e. same shape). Further, the dimension of the resulting matrix will be the same as the original ones.
For example:

Let’s find (i) , (ii)  and (iii) 
(i) All we do here is add the corresponding elements in both matrices:


(ii) Again, all we do is subtract the elements (be careful of double-negatives!)


(iii) Here we do the same as (ii), but the other way around:

Adding and multiplying is easy, and often you don’t have to do it. However, you nearly always need to multiply matrices.
Scalar Multiplication
This is when any shape of a matrix is multiplied by a single number, for example:

Find 3A
Here we just multiply each element by 3 – dead easy!

Another example:

Find  . Here all we have to do is multiply each element by  (which is the same as dividing by 2):


General matrix multiplication
This is where one matrix multiplies another matrix. 
Very important rule:
Two matrices can only be multiplied together if the number of columns in the first one is equal to the number of rows in the second one. Let’s see how we multiply two 3x3 matrices together.

First thing is to decide ‘can I multiply them together’. To avoid confusion, under each matrix state the dimension of each – remember rows are always stated first.

                                                                  3 x 3             3 x 3 
                                                                  r    c             r    c
As long as the two innermost numbers are the same, then you can multiply the matrices together. More importantly – the numbers on the outside give the dimension of the matrix you will end up with.
So in this case, the matrix we are after is another 3x3 matrix, and here is how you work it out:



Follow this template until you get used to it.



Let’s do an example:

Find AB.


Now let’s find BA:



Notice AB is not the same as BA, and so we say that matrix multiplication is ‘non-commutative’. This is different to ordinary number theory, as 7x5 is the same as 5x7. The same goes for algebra, as PQ=QP for example. This is called ‘commutative law’. Therefore, it is very important not to mess about with the order that matrices are written down.
Another example:

Find PQ:
This time the matrices are not the same shape, so we may not be able to multiply them, let’s see.

                                                               3 x 3                             3 x 2
The inner numbers are the same so we can multiply them. The outermost numbers give the dimension of the matrix you will get, so we can see that the matrix will look like this:

We now multiply the rows and columns together, as before:


Now find QP:

                                                               3 x 2                        3 x 3
Notice that the number of columns in the first matrix is not the same as the number of rows in the second matrix, and so they cannot be multiplied together – end of question!

Dividing matrices
It is not possible to divide matrices, however there is something called the ‘inverse matrix’, which comes pretty close to dividing them - see later notes about this.

The determinant of a matrix
If  is a square matrix, then the determinant is denoted by  . It is a number which gives the magnitude of the matrix. It is very useful when solving simultaneous linear equations. If you have a 2x2 matrix such as

Then its determinant is defined as being .
So:

Is 




Here is a template of how to evaluate the determinant of a 3x3 matrix:



You will need to remember this. Let’s look at an example:

Find .




Don’t forget your basic algebra, i.e. ‘minus times a minus is a plus’ etc.
Another example:

Find .










Here are a few more examples for you to try, with the answers:
Exercise: Find the determinants of each of the following matrices:

a)           answer: 221.

b)    answer: 36.

c)     answer: -176.

d)       answer: 46.



Use of determinants to solve a system of simultaneous linear equations involving three unknowns

This technique is often known as ‘Cramer’s rule’. The method is best illustrated with the aid of an example.
Solve the simultaneous equations:

Step 1 is to rewrite the equations in matrix form:

Notice the numbers in the 3x3 matrix above are the coefficients of x, y and z in exactly the position they are in within the equations. This 3x3 matrix is called the ‘coefficient matrix’ and is usually called ‘A’. The matrix on the right hand side is called the ‘inhomogeneous vector matrix’.
Step 2 is to find the determinant of the coefficient matrix i.e. .


Step 3 – write down matrices  - called the modified coefficient matrices, and then find the determinant of each.
To find , you simply replace the first column in the coefficient matrix with those numbers in the matrix on the right hand side of the matrix equation that we wrote down initially.

So 




So 



So


Step 4 – the solutions of the equations are as follows:









As with all equations, you can check if you answers are correct by putting your values for x, y and z back into the original equations that we were given.


The other way of solving simultaneous linear equations is by using the ‘inverse matrix’. Firstly I need to show you how you find the inverse of a square matrix. 
If  is a square matrix, its inverse is denoted by  and is defined as:


Looking at this, you should recognise the determinant of A. But, what do we mean by the ‘adjoint of A’ – often abbreviated as ‘adj A’.
Firstly, what is an inverse? Well, an inverse is the number you multiply by another number to get 1. For example:
If  the inverse is  
If  the inverse is 
If  the inverse is 
And so on. Now, in matrices when we multiply a matrix by its inverse we get the equivalent of 1 – which is called the ‘unit’ matrix. In the case of a 2x2 matrix it is:

And 3x3:


Consider the equation  where A and B are matrices and we are trying to find X. Now the obvious thing to do would be to write  , but remember we cannot divide matrices, so we wouldn’t be able to find .
If we multiply both sides by the inverse of A, we would obtain

Remember that  is equal to 1, or . If we cross-multiply we can get:

From here we can find X by multiplying both matrices on the LHS. Be careful of the order you multiply these matrices, as  is not equal to .
Let’s work out the inverse of a matrix.
If  find .

First step is to find  i.e. .

Step 2 is to find the ‘co-factor’ matrix. This is done by firstly putting the signs as shown below:

(This is often called the ‘chequered flag’).
Now, working out the elements:

These elements are derived much in the same way as the determinant elements are derived.

Step 3 is to transpose the cofactor matrix. When you transpose a matrix, all you do is change the rows into columns, so we have:

This is now the adjoint of A.

Step 4 is to apply the formula to find the inverse matrix.





Let’s now solve a simultaneous linear equation using the inverse matrix method.
Solve:

For x, y and z.
Step 1 – rewrite in matrix form:


Step 2 – find :




Now find the cofactor matrix:


Now we need to transpose it do give use the adjoint of A:

So:



Step 3 is to multiply both sides of our initial set of matrices that we created by the inverse matrix:



Remember that  is , the 3x3 unit matrix! So we can write the above as:


Step 4 – multiply out both sets of equations:









So our answers are 
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