
 
 

Andrew Burgess, 2115107, ACMA6012 Computational Methods 

 

 

 

  

2D DIFFUSION EQUATION 

MODEL USING THE EXPLICIT 

FINITE DIFFERENCE METHOD 
ACMA 6012 Computational Methods 

Andrew Burgess (2115107) 
2115107@student.uwtsd.ac.uk 



1 
 

Andrew Burgess, 2115107, ACMA6012 Computational Methods 

Contents 
Introduction to the Problem ............................................................................................................................................. 2 

The Underpinning Principles ............................................................................................................................................. 3 

Explicit Finite Difference Equation .................................................................................................................................... 4 

Substituting into the Heat Equation ............................................................................................................................. 6 

The Initial and Boundary Conditions ................................................................................................................................. 7 

Details of the Code ............................................................................................................................................................ 8 

Validation of the Numerical Model ................................................................................................................................. 10 

Sensitivity Analysis of the Model .................................................................................................................................... 11 

Grid Spacing ................................................................................................................................................................ 11 

Time Step .................................................................................................................................................................... 12 

Tolerance .................................................................................................................................................................... 13 

Numerical Model Limitations .......................................................................................................................................... 14 

Suggested Improvements and Future Developments. ................................................................................................... 15 

Conclusion ....................................................................................................................................................................... 16 

References ...................................................................................................................................................................... 17 

Appendix ......................................................................................................................................................................... 20 

Appendix 1 – MATLAB Code ....................................................................................................................................... 20 

Appendix 2 – Graphical Results................................................................................................................................... 23 

Appendix 3 – Numerical and Analytical Comparison .................................................................................................. 24 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2 
 

Andrew Burgess, 2115107, ACMA6012 Computational Methods 

Introduction to the Problem 
The purpose for the report is to describe and explain the process that has been used to develop a code that was 

intended to be used to solve a problem involving the heat equation. This code was developed in Matlab 2023b and 

aimed to determine the state of an aluminium plate at thermal equilibrium. Shown in figure 1, the boundary 

conditions were as follows. This report examined the principles behind the problem. The heat equation was 

discretised into a form suitable for the Explicit Finite Difference Method (EFDM) and derived using the Taylor’s 

series. 

 

Figure 1: The conditions of the plate, including fixed boundary conditions, plate dimensions and an example of the mesh grid. 

 

The code was developed in multiple stages and where they have been explained and decisions justified. To further 

determine the accuracy of the numerical method was validated using an analytical solution. 

Further evaluating the numerical solution, a sensitivity analysis was performed. Considering the input variables 

limitations of the model were established along with the recommendations for further developments. 
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The Underpinning Principles 
The problem involves an aluminium plate that is infinitesimally thin but six metres in length and six metres in width. 

Therefore, the equation was applied in two dimensions only. Given that heat travels through the plate and does not 

consider factors like air or external heat sources, it was assumed that heat transfer occurs in conduction only 

(Kirkwood, 2018, p.5). Thus, the thermal diffusion taking place in this instance was through the following equation. 

 

Properties like thermal diffusivity were obtained from the material properties. This value is a fixed value for 

aluminium, despite the difference in time and temperature. As this was a two-dimensional analysis, the Laplacian 

portion of the equation catered to the changing temperature in the x and y directions. These expressions are 

independent of the material properties. 

The thermal conductivity is a measure of a material’s ability to conduct thermal energy. This is significant as the 

aluminium plate is assumed to be homogeneous and conduct heat equally in all directions (Ambreen, et al., 2022, 

p.152). The specific heat is a measure of the heat required to raise the temperature over a unit length of material by 

one unit (Hillel, 2003). 

The thermal diffusivity is the ratio between the thermal conductivity and the specific heat. A higher thermal 

conductivity does not make it more effective at diffusing heat, rather expresses the difference between the thermal 

conductivity and the capacity to store heat (Dante, 2016, p.125). The heat equation considers the position within the 

x and y directions with two second order expressions. This considers the changing temperature over time, 

potentially finding the thermal equilibrium time. 
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Explicit Finite Difference Equation 
The Finite difference method is a technique used to solve problems with partial differential equations. In this case, 

the Explicit Finite Difference Method is used (Recktenwald, 2011). This method requires the equation is converted 

into a linear equation to be used over a finite number of calculations (Zeneli, et al., 2021, p.165). For the heat 

equation, the area of the plate is divided into a grid of squares. The calculation is completed at a node in each corner 

of each grid square.  

The linear form of the heat equation is derived by approximation. Approximations allow the equation to be solved 

quicker and accurately, under the correct conditions (Recktenwald, 2011). The approximations are derived through 

the Taylor series. This is a method where complex equations are calculated using constituent parts of the original 

equation and a series of differential equations.  

The Taylor series around the point 𝑥 =  𝑥0 is shown as  

 

This Taylor series does not consider the values at adjacent points, as required. To incorporate adjacent points, the 

Taylor series can be modified into the following. 

 

In this case, h was the mesh grid spacing, between nodes in the x and y directions. To simplify this equation, it can be 

transposed to give the following result. 

 

Assuming that h<1, the value of expressions above the first derivatives are negligible. Thus, a more accurate result. 

Expressions above the first derivatives can be ignored and the forward difference approximation can be shown as 

the following equation with the following error term. 

 

Instead of approximating ahead of x0 by h, an approximation can be formed by subtracting h from x0 to calculate the 

value of the point behind it. In doing so, the following equation is achieved. 

 

By transposing f(x0) to left side of the equation and dividing both sides of the equation by h gives the following 

result. 

 

Similar to the forward difference approximation, the expressions above the first order are negated. The error value 

would decrease linearly as the value of h decreases. 
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However, the error is similar to that of the forward difference approximation. By subtracting the forward difference 

approximation by the backward difference approximation, a different approximation is achieved. 

 

Transposing 2h through the division of 2h on both sides and negating expressions higher than the first derivative 

gives the central difference approximation. 

 

As the error term starts from the third derivative a lower value of h yields a more accurate result than that of the 

forward and backward difference approximations. On the other hand, the forward difference approximation and the 

backward difference approximation are added together. This is shown in the following equation. 

 

Transposing the equation to make the second derivative of x0 the subject of the equation and negating the 

expressions above the third derivative. The following equation was achieved. 

 

With the error approximation starting at an even higher derivative, the value of the error will be substantially less 

than all the previous approximations. 
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Substituting into the Heat Equation 
For the second order spatial elements, the central difference approximation to the second derivative was used. Both 

the elements and approximations were second order elements and produces a higher accuracy. To discretise the 

temporal element, the forward difference approximation was used. The result was conducive to the explicit FDM. 

The resulting time element accepted only a positive time step, as required to determine thermal equilibrium. This is 

shown below. 

 

Rearranged to make the temperature after the time step ( 𝑇𝑡+Δ𝑡) the subject of the equation, the equation is shown 

as the following. 

 

Although capable of determining the temperature at a particular node, the equation itself would yield an inaccurate 

answer if suboptimal inputs were used. This error may accumulate if an unsuitable combination of h and ∆t was 

chosen (Hoffman, 2001). Such errors involving inputs include the truncation and stability. Combining α, ∆t and h into 

one equation improved stability, which is a product of approximating differential equations. This equation is known 

as the Fourier number and shown in the equation below (Lee, 2018). 

 

Thus, substituting this value into the simpler explicit finite difference equation and factorising for 𝑇𝑝
𝑡 gives the 

following equation. 

 

This variation of the explicit finite difference equation will not yield a correct value if the value of the following 

expressions is a negative number. 

 

Therefore, the value of the Fourier number had to be a positive value no more than 0.25. Known as the stability 

criterion, values above this would yield a negative number and the calculated value of 𝑇𝑝
𝑡+Δ𝑡 would be incorrect. This 

is a limiting factor for the accuracy of this equation. 
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The Initial and Boundary Conditions 
Before any calculations, an initial set of conditions around the plate were defined. The time step does not apply to 

the initial condition or the boundary conditions, only the temperature at these nodes. 

Prior to this, the grid spacing was determined. The boundary conditions adapted value of h provided by the user. It 

was specified that the boundary conditions at the western, eastern and southern boundaries was fixed at 0°C, also 

known as the Dirichlet boundary condition (Zhu and Yan, 2023, p.173). The northern Boundary condition was to 

follow a different condition. Instead, the heat source was applied at a temperature of 50°C, with the temperature 

radiating from this point to each end of the plate. These conditions remained constant through all iterations of this 

analysis. The northern boundary conditions were as follows. 

 

The northern boundary was governed by two equations. The equations described the dissipation of heat from the 

source located in the position above. As a result, the grid spacing was required to be divisible by the length of the 

plate, ideally with a node located exactly two thirds along the length of the plate to ensure the 50°C heat source was 

accounted for. Most acceptable dimensions for the grid dimensions will produce a node at two thirds the plate 

length, therefore it was not a concern. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



8 
 

Andrew Burgess, 2115107, ACMA6012 Computational Methods 

Details of the Code 
The beginning of the code focussed on the initialisation. This code aimed to establish the parameters to be used 

throughout the entire analysis. The first three lines of code were to clear the remnants of any previous code. These 

included the clearing of the command window, clearing the workspace window of previously assigned values and 

figures such as graphs. The full code is shown in Appendix 1. 

The plate dimensions were indicated in two values. These were assigned separately to allow the directions to be 

clearly indicated when solving in the x or y directions. A subsequent user input requested the grid spacing and 

assigned it to the value “h.” The value of h had to be divisible by the dimensions of the plate and be a positive 

number. Shown in Figure 2, failing this would produce a grid size would be inconsistent and fail to generate the 

matrix form of the plate. Using a while loop, values of h violating the above conditions caused the loop to present a 

message requesting another input to overwrite the current value and would repeat until a suitable value was 

selected. 

 

 

Figure 2: The resulting warning when an incorrect value was selected; followed by the result response to a compliant value. 

 

The grid spacing was used to create a matrix with the number of rows and columns specified using the value “h.” To 

obtain the correct number of rows and columns, the following equation was used. 

 

As the grid spacing does not directly correlate to the required number of nodes another row and column is added to 

reflect this. 

When the Fourier number was subsequently calculated, another check was performed to ensure a satisfactory 

result. The thermal diffusivity “α” was determined using the properties of aluminium. Another user input was 

requested, but for the time step “dt.” The Fourier number was determined before another while loop was used to 

ensure that the Fourier number met two conditions. Values less than 0 or greater than 0.25 would produce a 

message stating the value is either too high or too low and request another input to be calculated (Figure 3). 

 

 

Figure 3: The upper time step displayed before a requested input, the warning after receiving an incorrect value and a prompt to enter another 
time step. 

 

A matrix of the desired dimensions was constructed. The initial domain would consist of only zeros values across all 

but the northern boundary condition. The limit between the first two thirds and the last third of the plate length was 

defined as the conditions for the first row. 
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Figure 4:The indexing system within the explicit finite difference equation as used in MATLAB. 

The iterative calculations were completed using another while loop. Whilst the max element difference between the 

resulting matrix “t2” and t was greater than the tolerance value, the loop would repeat. Shown in Figure 4, the while 

loop is nested, with the first “for” loop counts row dimensions “i” in combination with the second “for” loop that 

counts the column dimensions “j” which performs the calculation on each element encompassed within this range. 

As the number of iterations increase, the results converged. The difference was calculated between the matrices 

“t2” and “t”, the result if which was another matrix. The maximum value “M,” when compared to the tolerance, was 

the condition to break the loop. 

A contour plot was generated for each iteration, with a colour map indicating higher and lower temperatures. Thes 

plots can be seen in appendix 2. The scales in the x and y directions were modified to reflect the dimensions of the 

matrix, counted in terms of h. Once the while loop is broken, the latest revision of the plot is shown to the user. 

Presented in Figure 5 is the message detailing the number of iterations and total time to reach thermal equilibrium 

once all calculations were completed. 

 

Figure 5: The resulting iteration count and thermal equilibrium time displayed within the command window. 
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Validation of the Numerical Model 
Using the numerical method makes it prone to a number of potential errors. To provide some validation for the 

numerical method, an analytical solution was sought. The analytical method was completed using a single formula, 

as shown below. 

 

Given the sum element in this formula there will be some roundoff error. Given the error using this method was 

expected to be less than that of the numerical method (Neill and Hashemi, 2018). The calculation took place over 

each element of a new matrix, using the same boundary conditions. The calculations were completed using a nested 

“for” loop that calculated the values in both the x and y directions. The results of this were presented graphically in 

juxtaposition to the numerical plot for comparisons to be made. Shown in Appendix 2, the graph for each method 

shows very similar results with little variation. Calculating the difference between the numerical and analytical 

matrices found little variation, with the maximum difference occurring adjacent to the heat source (Appendix 3). 
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Sensitivity Analysis of the Model 
Despite the satisfactory results, the effects of differing values of the user inputs and tolerances impacted the results 

that are produced by the code. As part of this analysis, three tests were completed where the values of each variable 

were alternated one at a time to find their individual effect. It was seen in testing the code that the error, between 

numerical and analytical results, grew as the values of the grid spacing and time step increased. Though it was 

unclear how exactly each would impact the result. Therefore, a sensitivity analysis was carried out to determine 

what varying these factors will yield. 

Grid Spacing 
Shown in Figure 6, the thermal equilibrium time oscillated as the grid spacing increases. It was concluded, through 

these results and another test by Hoffman (2001), that minimising the grid spacing, the total variation was reduced. 

Similarly, the error term derived from the Taylor expression would be significantly lower if the value of the grid 

spacing was less than one as found by Abouelatta et al. (2020). Even at a grid spacing of one, variation was seen. This 

could have been attributed to the resulting Fourier number approaching the stability limit of 0.25, though compliant. 

 

 

Figure 6: A table and corresponding graph showing the relationship between the grid spacing and thermal equilibrium time. 
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Time Step 
With stability criteria satisfied in these tests, the effect on time in this case was not a result of exceeding this limit. It 

was found that increasing the time step, the thermal equilibrium time increased at a decreasing rate. By increasing 

time step reduces the intervals in which the time step increases, it was concluded the most accurate results were 

achieved with lower equilibrium time values (Strayer, 2019). Although, it would be necessary to limit the minimum 

time step, smaller time steps results in more iterations, increasing the accumulated roundoff error (Maia, et al., 

2017). These results are shown in Figure 7. 

 

 

Figure 7:A table and graph showing the relationship between the time step and thermal equilibrium time. 
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Tolerance 
The tolerance is the maximum difference between the latest calculated matrix and the previous iteration. The 

thermal equilibrium time was found to decrease as the tolerance increases (Figure 8). Too high a tolerance the result 

may converge before thermal equilibrium is fully achieved. Too low a tolerance, the result may converge beyond the 

thermal equilibrium or not converge at all. Transfer occurs at the macroscopic level, but with no visible change 

(Blomberg, 2007, p.86). It is unclear what tolerance to use without performing physical testing. 

 

 

Figure 8: A table and graph depicting the relationship between the tolerance and thermal equilibrium time. 
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Numerical Model Limitations 
The truncation error accumulates within numerical calculations. Within the Taylor Polynomial, the truncation error 

was derived from the spatial variable. Having an error term starting from the fourth derivative, provided the central 

difference method to the second derivative provided greater accuracy though the temporal term was calculated 

using the forward difference approximation, with an innately higher error term (Neill and Hashemi, 2018). 

The roundoff error was also considered due to the iterative nature of the calculations and the inputs for both the 

grid spacing and the time step. The software or device limited the maximum size of the result to maintain processing 

performance (Maia, et al., 2017). A smaller time step created a larger roundoff error whilst a larger time step 

resulted in a smaller roundoff error, at the cost of a lower resolution. A lower resolution would produce a thermal 

equilibrium time that could converge further away from the true value (Liu, et al., 1995, p.166). 

The square geometry of the plate was convenient, as the grid encompassed the surface without variation in element 

shape or size. Geometry more complex than a rectangle could not be analysed using this mesh structure (Reza-E-

Rabbi, et al., 2020, p.691). Analysis in three dimensions is possible, though is inefficient, increasing solve time 

(Hyman and Li, 2003). 

With an integral stability check within the explicit finite difference equation, exceeding a Fourier number of 0.25 

would yield inaccurate answers, thus a limit was imposed. This limit impairs the resolution of the result, either 

through calculated values or through the processing power of the host device (Suárez-Carreño and Rosales-Romero, 

2021). 

Minimising the values of the grid spacing and the time step can increase the accuracy of the calculated results, by 

reducing the value of the error term linearly. This added to the computation time until the point where it becomes 

impossible to perform. Hence there was a limit on the maximum accuracy of this calculation (Hyman and Li, 2003). 

Thermal equilibrium was achieved through subtracting the current iteration from the previous iteration and 

comparing the maximum difference to the predetermined tolerance value. No optimum tolerance was found. This 

was apparent when compared to the analytical results.  This had the potential to yield results with a large degree of 

variation, not seen with other methods (Smolík, et al., 2018). 
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Suggested Improvements and Future Developments. 
To improve upon this method, measures could have been taken to rectify issues with the tolerance and time step. 

For instance, a limit to the maximum number of iterations could have been imposed to stop the analysis if a lower 

tolerance value was used. However, it would be unclear what this limit would be, as it would be required to consider 

the time step to ensure a correct analysis was stopped prematurely. Additionally, the roundoff error could be limited 

if it could be calculated. Passing its own threshold would prevent the start of or end the analysis if the round error 

grew too large. Without any means to determine the roundoff error from the software or device, this would be 

difficult to implement. 

Alternative numerical methods were sought as they are generally better suited to solving complex problems 

(Grünschloss, 2001, p.7491). An example of another numerical method is the implicit finite difference method. This 

method is derived from the forward difference approximation rather than the central difference approximation in 

this instance. According to (Yam and Cheng, 1993), the stability is unimpaired by the value of the time step or 

unconditionally stable. Therefore, this method can be regarded as more accurate than the current method 

(Langlands and Henry, 2005). An example of this method is the Crank-Nicolson method, which is suited towards 

problems with heat diffusion. However, the mesh remains in the form of a regular grid, which cannot solve for 

complex geometry (Recktenwald, 2011). Whilst improving on stability, it is unlikely it would improve this model as to 

improve accuracy, the time step and grid size would be reduced, but is limited by roundoff error and solve time. 

A sub-form of this method is the alternating direction implicit (ADI) method, which was proposed for heat flow 

problems (Douglas, Jr, 1957). The ADI method has a broad stability criterion for changing grid size and time step. This 

method has the potential to solve problems with an increasingly complex geometry but using a simpler grid similar 

to the explicit finite difference method (Wei, et al., 2018). Yet, the limitations are similar to that of the standard 

implicit method. 

Whilst these improve on stability and geometry, the results of these are often unrealistic as they do not consider the 

exact geometry, varying material properties and a number of temperature zones. To address this, the Finite element 

method may be used. This is a common method, adopted within multiple computer aided design packages to 

efficiently produce accurate results (Mendizabal, et al., 2023, p.96). This allows a complex mesh of varying sizes to 

encompass irregular geometry to measure areas of interest more accurately (Konrad and Tsukerman, 1995, p.270). 

The mesh can take many forms that can allow it to conform to complex geometry, with little to no simplification 

required in most cases with increasing computing power (Thelin, et al., 2021). The mesh can be further refined in 

areas of interest to better capture the results, whilst reducing solve time (Thompson and Thompson, 2017). This 

method would prove useful as the mesh could be optimised to produce accurate results at the heat source, where 

the greatest change would be seen. Though this would be computationally expensive, for an otherwise simple 

model. 

To improve upon accuracy, the finite volume method can be used. This method is intended to provide a better 

representation of spatial models. This domain is segmented into a number of points within a control volume, solving 

complex geometries with a polygonal mesh (Rapp, 2017). As shown by (Lian, et al., 2019), this method would be 

useful in finding realistic results for the aluminium plate, potentially modelling grain structures. The results of this 

would be valuable for future studies, to consider the grain structure of the plate if understanding the issue was 

critical to its function. 

To model larger areas more efficiently, the Boundary Element Method (BEM) is used. By calculating solutions at the 

boundary can be used to interpret the response within the domain (París, et al., 2018). This has the benefit of being 

able to generate a solution that would otherwise require an almost prohibitive number of elements (LaForce, 2006). 

The advantage in this instance is that a smaller mesh would produce a more accurate result but limited to mostly 

linear functions (Hampl, 2010, p.180). This method would be an improvement on the solve time, having to discretise 

only the boundary instead of the domain. There is concern that the function maybe limited if future studies were to 

be carried out. 
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Conclusion 
Using the explicit finite difference method and the code generated within MATLAB, a result was produced. When 

compared to the analytical method, it was determined that the numerical method was correct, owing to its likeness 

to the analytical method. Despite this, there remained differences between the two methods, warranting a 

sensitivity analysis to be performed. This found that by reducing the grid spacing and time step, the error was 

reduced. It also found that the tolerance had a significant impact over the results and that it had to be considered 

when selecting a time step to ensure the analysis would converge correctly. In learning this, other methods were 

sought that would address these issues. Such methods ranged from variations of the finite difference method to 

methods that would yield results closer to real-world findings. 
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Appendices 

Appendix 1 – MATLAB Code 
clc 
clear all 
close all 
 
h=input("Enter the gap size between each node\n"); 
x=6;                        %dimension of plate along x-axis 
y=6;                        %dimension of plate along y-axis 
fprintf("\n") 
%Check the input 'h' 
while rem(6,h)~=0 || h<=0 || 6<=h 
    fprintf(2,"You have entered an unsuitable value (%g). Please enter a value for h that lies 
between 0 - %g and can be divided into %g equally \n",h,x,x) 
    h=input("Enter the gap size between each node\n"); 
end 
fprintf("\n") 
% Establish the number of elements in each row and column (dimension) 
NC=(x/h)+1;                 %No. of columns in matrix 
NR=(y/h)+1;                 %No. of rows in matrix 
 
% Establish Fourier's number 'f' 
k=143;                      % Thermal Conductivity (W/m.C) 
r=2.8*10^3;                 % Density (kg/m^3) 
c=795;                      % Specific Heat (J/kg.C) 
alpha=k/(r*c);              % Thermal Diffusivity (m^2/s) 
 
% Max allowable time step 
mdt=(0.25*h^2)/alpha;      % Rearranged Fourier Number Equation 
 
fprintf("The time step, calculated with the previously entered grid spacing, must be less than 
%g \n", mdt) 
dt=input("Enter the amount of time between each iteration\n"); 
f=(alpha*dt)/h^2; 
 
while f<=0 || 0.25<f        % Check against stability criterion 
    if f<=0 
        fprintf(2,"The calculated Fourier number (%g) is too low\n", f) 
        fprintf(2,"The time step must be less than %g \n", mdt) 
         dt=input("Please enter a higher iteration time or restart the analysis with a lower 
node gap size\n"); 
         f=(alpha*dt)/h^2;  
    elseif 0.25<f 
        fprintf(2,"The calculated Fourier number (%g) is too high\n", f) 
        fprintf(2,"The time step must be less than %g \n", mdt) 
        dt=input("Please enter a lower iteration time or restart the analysis with a higher 
node gap size\n"); 
        f=(alpha*dt)/h^2; 
    end 
 
end 
 
............................................................................................... 
 
 
%Create matrix t 
 
t=zeros(NR,NC);             %Size of the matrix expressed as zeros 
 
%Nothern Boundary condition of the first 2/3 of dimension x of the plate 
x23 = 0:h:((2/3)*x);       %Range of applicable values 
r23 = x23.*12.5;          %f(x) applied to range 
 
lim = ((r23(1,end)/12.5)+h);   % Establish the limit of r23 as start point in r13 
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%Nothern Boundary condition of the last 1/3 of dimension x of the plate 
x1_3 = lim:h:x;     %Range of applicable values 
r1_3 = x1_3*-25.+150;       %f(x) applied to range 
 
%Applying Northern Boundary condition to matrix t 
NBC=[r23 r1_3];                 % Combined Nothern Boundary condition 
t(1,:)=NBC; 
 
t2=t;                           % Create matrix t2 for time step 
tol = 0.0001;                   % Iteration stop criteria 
M=1;                            % Max element difference value 
k=0;                            % Counter value assigned 
time = 0;                       % timer value assigned 
 
............................................................................................... 
 
 
% Numerical Iterative heat equation calculation 
 
while M>tol 
t=t2; 
for i = 2 : 1 : (NR-1)      % row count 
    for j = 2 : 1 : (NC-1)  % Column Count 
        t2(i,j)=f*(t(i,j+1)+t(i,j-1)+t(i+1,j)+t(i-1,j)-t(i,j)*(4-(1/f))); 
    end 
end 
D=t2-t; 
M = max(D,[],'all'); 
 
k=k+1;                      % Iteration Counter 
time = time + dt;           % Time Counter 
 
% Plotting The temperature graph 
figure(1) 
set(gcf, 'Position', get(0, 'Screensize')); 
subplot(1,2,1) 
contourf(t2,50,"LineWidth",0.2) 
title("The Numerical Solution to the Heat Equation at "+time+" seconds and "+k+" Iterations") 
set(gca, 'YDir','reverse') 
xticks([0:h:NC]) 
yticks([0:h:NC]) 
xlabel("Plate Dimension in x-direction") 
ylabel("Plate Dimension in y-direction") 
grid 
colorbar 
colormap(jet) 
 
end 
............................................................................................... 
 
 
% Thermal Equillibrium Time Calculation 
 
Hours = floor(time/3600);           % Determine Hours 
htm = time - (Hours*3600);          % Determine Remaining Time 
Minutes = floor(htm/60);            % Determine Minutes 
Seconds = htm - (Minutes*60);       % Determine Seconds 
............................................................................................... 
 
 
%Testing With Analytical Solution 
 
%Create New Matrix 
tcheck=zeros(NR,NC); 
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tcheck(end,:)=NBC; 
 
% Analytical Calculation 
for yt = 2 : 1 : NR-1     % row count 
 
    for xt = 2 : 1 : NC-1  % Column Count 
        for n=1:200 
 
            ft1=sin((2*n*pi)/3); 
            ft2=(n^2)*sinh(n*pi); 
            ytc=sinh(n*pi*((yt-1)*h)/6); 
            xtc=sin(n*pi*((xt-1)*h)/6); 
 
            tcheck(yt,xt)=tcheck(yt,xt)+((ft1/ft2)*(xtc)*(ytc)); 
             
        end 
        tcheck(yt,xt)=(450/pi^2)*tcheck(yt,xt); 
    end 
 
end 
 tcheck=flip(tcheck); 
 
%Comparing Numerical and Analytical Results 
tcomp = t2 - tcheck; 
 
% Plotting The Numerical Temperature graph 
subplot(1,2,2) 
contourf(tcheck,50) 
title("The Analytical Solution to the Heat Equation" + ... 
    "") 
set(gca, 'YDir','reverse') 
xticks([0:h:NC]) 
yticks([0:h:NC]) 
xlabel("Plate Dimension in x-direction") 
ylabel("Plate Dimension in y-direction") 
grid 
colorbar 
colormap(jet) 
............................................................................................... 
 
% Displayed Results 
fprintf("\n") 
fprintf("\n") 
fprintf("The result has converged in %g iterations\n",k) 
fprintf("\n") 
fprintf("Thermal equillibrium was reached within %g hours, %g minutes and %g seconds or %g 
seconds\n", Hours, Minutes, Seconds, time) 
fprintf("\n") 
fprintf("\n") 
fprintf("The final iteration of the numerical solution is shown below\n") 
fprintf("\n") 
disp(t2) 
fprintf("\n") 
fprintf("The matrix of the analytical solution is shown below\n") 
fprintf("\n") 
disp(tcheck) 
fprintf("\n") 
fprintf("The difference between the numerical and analytical solutions are shown below\n") 
fprintf("\n") 
disp(tcomp) 
fprintf("\n") 
% End of Code 
 
Appendix 1: The code developed in MATLAB 2023b to solve the explicit finite difference equation for the aluminium plate
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Appendix 2 – Graphical Results 

 

Appendix 2: The results achieved by both the numerical solution and the analytical solution at a grid spacing of 0.5m and 900s time step. This shows agreement between the two methods, with minor differences.
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Appendix 3 – Numerical and Analytical Comparison 

 

Appendix 3: The matrix-form of the solutions displayed in Appendix 2 with an additional difference matrix, determining the error between the 
numerical and analytical method. 

 


